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Introduction

by Alan D. Taylor

Notions of obvious breadth and importance should, when possible, be examined
under a number of different disciplinary lenses. This is the spirit in which the
present offering by Julius Barbanel (a mathematician) joins recent books by
Hervé Moulin (an economist) [32] and Nicholas Rescher (a philosopher) [35].
But fairness — or, more explicitly, fair division — comes in a number of different
flavors, and we should begin by setting forth something of a general framework
in which we can place the present book.

One of the more important dichotomies in the treatment of fairness is the ex-
tent to which the treatment is normative. Is the author trying to argue that certain
methods of allocation are superior to others? The treatment of fair division by
economists, philosophers, and political scientists tends to lie in the normative
camp. Mathematicians, on the other hand, focus on what is possible and what
is not, and often leave subjective judgments to others, as Barbanel does here.

Yet there is a normative aspect of the present work that sets it apart from
the great majority of mathematical treatments, and it is revealed in Barbanel’s
choice of title. The work is not called “The Geometry of Fair Division” but “The
Geometry of Efficient Fair Division.” Efficiency — also called Pareto optimal-
ity, after the nineteenth-century Italian scholar Vilfredo Pareto — is, according
to Hervé Moulin, “the single most important tool of normative economics”
[32, pg. 8].

Economists also tend to focus (although not exclusively) on issues of fairness
in the context of a finite collection of divisible homogeneous goods. Mathemati-
cians, however, far more often work with a single divisible heterogeneous good
and typically phrase the discussion in terms of the cake-cutting metaphor that
dates back to the seventeen-century English political theorist James Harrington
[26].

Discussions of cake cutting almost always begin with the procedure known
as divide-and-choose. Historically, this two-person scheme traces its origins
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back 5000 years to the Bible’s account of land division between Abram (later
to be called Abraham) and Lot, and it resurfaces more explicitly two-and-a-half
millennia ago as Hesiod, in his Theogony, describes the division of meat into
two piles by Prometheus, with Zeus then choosing the pile that he preferred.

But even narrowed to the context of a mathematician’s non-normative treat-
ment of cake cutting, there is an important second dichotomy that sets the present
work apart from earlier efforts such as those by Steven Brams and myself [16]
and by Jack Robertson and William Webb [36]. This dichotomy is, in a sense,
one of process versus product. Is one searching for a constructive procedure — a
process — that will, in a step-by-step fashion, lead to desirable allocations, or is
one trying to establish, by any mathematical means possible, the very existence
of the desired allocation itself — the product?

The Brams—Taylor book and the Roberston—Webb book both focus on
constructive procedures. The present work, on the other hand, is the first one
on fair division to sit squarely in the existence camp. Yet economists will find it
remarkably accessible — and an absolute gem in terms of illustrating how much
insight the hands of an expert can wring from a couple of abstract results.

This distinction between constructive procedures and existence results is
also reflected in the assumptions made in formalizing the preferences of the
various participants in a fair-division situation. But in order to illustrate these
differences, we need a few procedures on which to hang such a discussion. A
quick historical tour will provide what is required.

Mathematical investigations of fair division date from the early 1940s. The
constructive vein was first opened by the Polish mathematician Hugo Steinhaus
(see [40]) and his colleagues Stefan Banach and Bronislaw Knaster. Steinhaus
appears to have been the first to ask if there is an obvious extension of divide-
and-choose to the case wherein there are three participants instead of two, and
he derived the scheme referred to in a number of mathematical texts for non-
majors (see [18] and [42]) as “the lone-divider method.” But extending this
procedure to four or more participants is somewhat complicated, and was not
actually achieved until Harold Kuhn [30] did so in 1967. Banach and Knaster,
however, took an entirely different tack and devised a fair-division scheme for
any number of participants that is known today as the “last-diminisher method.”

Each of these schemes generalizes divide-and-choose in the sense of pro-
viding a finite constructive procedure by which a group of people can allocate
a “cake” among themselves in such a way that each has a strategy that ensures
his or her own “satisfaction” even in the face of a conspiracy by all of the
others. The word “protocol” is often used to capture both the algorithmic and
the strategic aspects of such procedures, and this game-theoretic view results
in the use of “player” in place of “participant.”



Introduction 3

Yet it turns out that the devil is in the details. “Satisfied” in what sense?
For the procedures of Steinhaus, Banach, and Knaster, the answer is something
called “proportionality” — each of n players is assured of receiving a piece that
he or she thinks is at least %th of the total in size or value. Divide-and-choose is
obviously proportional: if the divider makes it a 50-50 division, he or she will
get exactly one-half; the chooser can’t go wrong. Proportionality, however, is
only the easy answer.

In 1959, the physicist George Gamow and the mathematician Marvin Stern
published a book [24] in which they pointed out that with divide-and-choose,
each of the two players is assured of getting a piece that he or she thinks is at least
tied for largest (or tied for most valuable). They asked if there were procedures
that would do the same for three or more players. The name attached to such
allocations today is “envy-free” or “no-envy,” a notion that economists trace
back to Duncan Foley [22] in 1967. Envy-freeness is harder to come by than
proportionality, although the existence results we turn to momentarily show
that much more is, in some sense, possible.

Within a year of the Gamow—Stern question, John Conway of Princeton
and John Selfridge of Northern Iowa University independently constructed an
elegant envy-free protocol for three parties (see [16]), although the general
question for four or more parties remained open until it was settled in the
affirmative in 1992 [15]. There is, however, an important issue that still awaits
attention: The three-person scheme never requires more than five cuts, whereas
the general procedure, even if there are only four players, has no upper bound on
the number of cuts needed that is independent of the preferences of the people
involved.

Buthow do we formalize these “preferences’ of the players, and what kind of
an object do we take this “cake” to be? If we begin with the most general context
that suggests itself, the “cake” C would be an arbitrary set and each player’s
preferences over (certain) subsets of C would be given by a binary relation R
that is reflexive, transitive, and complete (with XRY intuitively meaning that
this player finds the subset X to be at least as desirable as the subset Y). And, as
first pointed out by David Gale [23], discrete cake-cutting protocols implicitly
assume only three additional postulates: (i) a partitioning postulate, asserting
that a player can divide a piece of cake into any number of smaller pieces that
he or she considers equivalent to each other, (ii) a trimming postulate asserting
that if a player prefers one piece of cake to another, then there is a subset of
the former that he or she considers equivalent to the latter, and (iii) a weak-
additivity postulate asserting that if a player prefers piece 1 to piece 2, and
piece 3 to piece 4, and pieces 1 and 3 are disjoint, then that player will prefer
the union of pieces 1 and 3 to the union of pieces 2 and 4.
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The easiest way to obtain such a relation is to let Player i’s preferences be
given by a finitely additive, non-atomic probability measure over some algebra
of subsets of the arbitrary set C. That is, one starts with a collection of subsets of
C that is closed under complementation, finite unions, and finite intersections —
this is what an algebra is — and a function p that assigns a real number in
the interval [0, 1] to each set in the algebra so that if A;,..., A, is a finite
collection of pairwise disjoint sets in the algebra, then u(A; U---UA,) =
W(Ay) + -+ u(A,) — this is finite additivity — and such that, if ©(A) > 0,
then there is some B C A such that 0 < u(B) < u(A) — this is what it means
to be non-atomic.

In point of fact, there is only one difference between working in the general
context of a preference relation satisfying Gale’s three postulates and working
with a finitely additive, non-atomic probability measure: the latter ensures that
the players’ preferences satisfy an Archimedean property asserting that, if a
subset of C is strictly preferred to the empty set, then the entire cake C can be
partitioned into finitely many pieces, all of which are less desirable than the
given piece. This is the only difference in the sense that one can prove [10]
that any Archimedean preference relation satisfying Gale’s three postulates is
induced by a finitely additive, non-atomic probability measure.

Protocols — or, more generally, all cake-division schemes with a legitimate
claim to being finite and constructive — work in the context of finitely additive,
non-atomic probability measures. Existence results, on the other hand, both
assume more and deliver more.

Historically, the first existence result to explicitly address fair division may
have been Jerzy Neyman’s 1946 result [34] asserting that a cake can be divided
among n players in such a way that every player thinks every piece is %th of the
total. This theorem assumes, as do virtually all of what are called “existence
results” in this context, that the players’ preferences are given by non-atomic
probability measures that are not only finitely additive, but countably additive:
If Ay, As, ... 1is acollection of pairwise disjoint sets in the algebra indexed by
the set of natural numbers, then pw(A; U Ay U---) = w(Ay) + u(Az) + - - -

There are stepping stones between protocols and existence results that
deserve mention. These are the so-called “moving-knife schemes” that date
back to the observation of Lester Dubins and E. H. Spanier [20] that the
Banach—Knaster scheme can be envisioned as one in which a knife is slowly
moved across the cake, with each player having the option to call “cut” at any
time and to exit the game with the resulting piece. A moving-knife alterna-
tive to the three-player envy-free Selfridge—Conway procedure was found by
Walter Stromquist [41] in 1980, and, in 1982, A. K. Austin [3] introduced a
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moving-knife version of the n = 2 case of Neyman’s theorem. A number of
questions in the context of moving-knife schemes remain open (see [17] and
[9]). The reader seeking an additional challenge can try to extend to the moving-
knife arena the myriad of results set forth by Barbanel in what follows.

So now we have the context: Barbanel is giving a non-normative, mathemat-
ical treatment of existence results that deal with efficiency as well as fairness,
in the context of a single heterogeneous good with the preferences of players
given by countably additive, non-atomic, probability measures. All that remains
is to address the question of how geometry enters the picture.

Geometry is the study of size and shape. Thus, one might expect Barbanel
to study the size and shape of, well, the cake (or at least pieces thereof). But
that’s not at all what he does. His study of the geometry of fair division is much
more in the spirit of Donald Saari’s study of the geometry of voting [39]. For
Saari, a ballot in an election corresponds to a point in n-space. For Barbanel, an
allocation of the cake corresponds to a point of n-space in one of the two main
geometric objects considered. In the other, each point of the cake corresponds
to a point in n-space, but in a non-obvious manner. Either way, once he has a
set of points in n-space, he is geometrically off and running.

The book is laid out as follows. After introducing some basic notation,
terminology, and background in Chapter |, Barbanel defines the first geometric
object on which he focuses: the Individual Pieces Set (IPS). He introduces the
IPS for two players in Chapter 2 and then exploits it in the context of fairness
and efficiency in Chapter 3.

In Chapter 4, Barbanel moves on to the general case of n players, where he
generalizes the IPS to the FIPS, the Full Individual Pieces Set, and he proves
an important result concerning the possible shapes of the FIPS. In Chapter 5,
he considers what the IPS and FIPS reveal about fairness and efficiency in the
general n-player context.

Barbanel next focuses exclusively on efficiency, and he presents three quite
different characterizations of Pareto optimality. After some introductory no-
tions in Chapter 6, he characterizes Pareto optimality using the optimization
of convex combinations of measures (Chapter 7) and partition ratios (Chapter
8). In Chapter 9, Barbanel introduces the second of his two main geometric
objects: the Radon—Nikodym Set (RNS), and he uses it, together with an idea
of Dietrich Weller, to present a third characterization of Pareto optimality in
Chapter 10.

In Chapter 11, Barbanel considers the possible shapes of the IPS, and he
provides a complete characterization in the case of two players and a partial
result in the general n-player context. In Chapters 12 and 13, he studies the
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relationship between the IPS and the RNS, and he provides a new presentation
of the fundamental result that ensures the existence of a partition that is both
Pareto optimal and envy-free.

In Chapter 14, Barbanel introduces a strengthening of Pareto optimality
that he calls “strong Pareto optimality,” and he presents both characterization
theorems and existence results. He also discusses the relationships between the
number of strongly Pareto optimal partitions and the number of Pareto optimal
partitions that are not strongly Pareto optimal.

Barbanel’s characterizations of Pareto optimality in Chapters 7 and 10
involve what is essentially an iterative procedure. In Chapter 15, he shows
that these ideas can be greatly simplified by the use of hyperreal numbers and
non-standard analysis.

Finally, in Chapter 16, Barbanel shows that the IPS can be viewed as a piece
of a larger structure that he calls the Multicake Individual Pieces Set (MIPS).
Earlier chapters reveal certain peculiarly non-symmetric possibilities for the
IPS; symmetry reasserts itself in the MIPS.
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Notation and Preliminaries

Our “cake” C is some set. We wish to partition C among n players, whom
we shall refer to as Player 1, Player 2, ..., Player n. Foreachi = 1,2,...,n,
Player i uses a measure m; to evaluate the size of pieces of cake (i.e., subsets
of C). Unless otherwise noted, we shall always assume that C is non-empty.

Definition 1.1 A o-algebra on C is a collection of subsets W of C satisfying
that

a.CeW,

b. if A € W then C\A € W, and

c. if A; € Wforeveryi € N, then (UieN A;) € W (where N denotes the set of
natural numbers).

Definition 1.2 Assume that some o-algebra W has been defined on C.

A countably additive measure on W is a function u : W — R (where R de-
notes the set of real numbers) satisfying that

a. u(A) > Oforevery A € W,

b. u(@) =0, and

c. if Ay, A,, ... s a countable collection of elements of W and this collection
is pairwise disjoint, then ({5 Ai) = Y ;en H(AD).
In addition, p is

d. non-atomic if and only if, for any A € W, if u(A) > O then for some B C

A,B e Wand0 < u(B) < u(A) and
e. a probability measure if and only if u(C) = 1.

Unless otherwise noted, all measures that we shall consider will be countably
additive, non-atomic probability measures, and we shall simply use the term
“measure” to refer to them. Notice that for any measure ¢ and any a € C, the
non-atomic nature of p implies that pu(a) = 0.

7
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Also, unless otherwise specified, C shall denote an arbitrary cake. We assume
that there are n players, Player 1, Player 2, ..., Player n, with corresponding
measures mp, my, ..., m,, respectively. At times, we shall work with specific
examples and shall give specific definitions of C and m, m,, ..., m,.

Whenever a subset of C is mentioned, we assume it is a member of some
common o -algebra on which all of the measures are defined. We shall never
explicitly define a specific o -algebra.

We will be concerned with partitions of the cake C among the players. When
we consider an ordered partition (P, P,, ..., P,) of C, our intention is that P;
goes to Player 1, P, goes to Player 2, etc. The term “partition” always means
“ordered partition.” Part denotes the set of all partitions of the appropriated
size, which will always be clear by context.

Consider the set {(m(A), ma(A), ..., m,(A)): A C C}, which is a subset
of R”. This set will be important for us. A central tool concerning this set is
Lyapounov’s theorem.

Theorem 1.3 (Lyapounov’s Theorem [31]) {(m(A), ma(A), ..., m,(A)):
A C C}is a closed and convex subset of R".

Another important set is {[m;(P;)]; j<n : (Pi, P2, ..., P,) is a partition of
C}. This is a subset of the set of all n x n matrices and can be viewed as a
subset of R™). An element of this set gives each player’s evaluation of the size
of each piece of cake in a given partition. A central tool concerning this set is
Dvoretsky, Wald, and Wolfovitz’s theorem.

Theorem 1.4 (Dvoretsky, Wald, and Wolfovitz’s Theorem [21])
{[m;(Pp))i j<n : {P1, Pa, ..., Py) is a partition of C} is a closed and convex
subset of the set of all n x n matrices.

(Dvoretsky, Wald, and Wolfovitz’s theorem actually is more general than
the preceding statement. The number of players need not equal the number of
pieces of the partition, and thus the set under consideration is {[1;(P;)]i<m;j<n :
(Py, Py, ..., P,) is apartition of C}. The theorem says that this set is a closed
and compact subset of the set of all m x n matrices. We shall always have the
number of players equal to the number of pieces of partitions, and so we have
stated the theorem in this more restricted form.)

Notice that {(m(A), my(A), ..., m,(A)) : A C C} is the set of all first (or
second, or third, etc.) columns of {[m;(P;)]; j<u : (P1, P2, ..., P,) is a parti-
tion of C}. This tells us that Lyapounov’s theorem follows immediately from
Dvoretsky, Wald, and Wolfovitz’s theorem.

We shall frequently need to find subsets of C having certain sizes on which
all players agree. The following corollary to Lyapounov’s theorem will often
provide exactly what we need.
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Corollary 1.5 Fix non-negative real numbers pi, pa, ..., p, such that p; +
p2+ -+ pu = 1. There is a partition P = (P, P,, ..., P,) of C such that
foralli, j=1,2,...,n,mi(P;) = p,.

Proof: Fix pi, p2,..., p, as in the statement of the corollary and let
G = {[m;(Pj))i j<n : (P1, P2, ..., P;) is a partition of C}. For each i =
1,2,...,n, let M; be the matrix with all ones in column i and zeros

everywhere else. Then, by considering the partitions (C, @, 9, ..., 3, ?),
@,C,0,....,0,0),...,(0,8,0,...,0,C), we see that each M; is in G. By
Dvoretsky, Wald, and Wolfovitz’s theorem, G is convex and hence p; M, +
poMy+ -+ p,M, € G.But pyMy + p My + - - - + p, M, is the matrix with
every entry in the first column equal to p;, every entry in the second column
equal to p», etc. This implies that there is a partition P = (Py, P>, ..., P,) of
C suchthatforalli, j =1,2,...,n, m;(P;) = pj, as desired. O

Corollary 1.5 has many simple applications. Two are given by the following
two corollaries.

Corollary 1.6 For any A C C and non-negative real numbers q1, qz, . .., qyn
with q1 + g2 + - -+ + g, = 1, there is a partition Q = (Q1, Oz, ..., On) of A
such that foralli, j =1,2,...,n, mi(Q;) = qjm;(A).

Proof: Fix A and qy, q2, ..., q, as in the statement of the corollary and let
8 ={i <n:m;(A) > 0}. Foreach i € §, we define m; on A as follows:

m;(B)
m;(A)

foreach B C A, m'(B) =

Each such m] is a measure on A. For each i ¢ §, let m} be any measure
on A.

It follows from Corollary 1.5, with A playing the role of C, that there is
a partition Q = (Q1, Q», ..., Q) of A satisfying that m;(Q;) = ¢; for all
i,j=1,2,...,n.Weclaimthatforalli, j = 1,2,...,n,m;(Q;) = g;m;(A).
Fix such an i and j. We consider two cases.

Case 1: i € 8. Then m;(Q;) = m\(Q;)m;(A) = qjm;(A).
Case 2: i ¢ §. Then m;(A) = 0 and hence, since Q; € A, m;(Q;) = 0.

Therefore, m;(Q;) = 0 = (¢;)(0) = g;m;(A).
This establishes that for all i, j =1,2,...,n, mi(Q;)=¢q;m;(A), as
desired. O
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Corollary 1.7 Fix some A C C and k =1,2,...,n. If my(A) > 0, then for
any r with 0 <r < my(A), thereisa B C A withmy(B) =r.

Proof: Let A and k be as in the statement of the corollary, assume that m;(A) >
0, and fix some r with 0 < r < my(A). Set g, = m. Then 0 < ¢ < 1. For
eachi = 1,2,...,nwithi # k,let g; be an arbitrary non-negative real number,
subject to the condition that ¢; +¢> + - - - + g, = 1. By Corollary 1.6, there
is a partition Q = (Q1, Q», ..., Q) of A such thatforalli, j =1,2,...,n,
mi(Q;) = q;m;(A). Set B = Q. Then my(B) = mi(Qy) = qumi(A) =r, as
desired. U

We will be interested in what it means for a partition of C to be a “good”
partition. Various notions of what good means in this context have been
considered. These notions are of two types. One is concerned with fairness
and the other with efficiency. Before we can define fairness and efficiency
properties, we must first consider a more basic question: Do players want as
much cake as possible or do they want as little cake as possible? For example,
if the cake represents money to be distributed among the players, then it is
reasonable to assume that each player wants as much of the cake as possible.
On the other hand, if the cake represents some task that all players view as
unpleasant, then each player wants as little of the cake as possible. We shall
refer to the first setting, in which “bigger is better,” as the standard setting,
and shall refer to the latter setting, in which “smaller is better,” as the chores
setting (since, in this case, pieces of cake may be viewed as “chores”). Unless
otherwise noted, we shall assume that we are working in the standard setting.
Our approach for most sections is to first concentrate on the standard setting
and then on the chores setting. (However, there will be some sections where we
find it most convenient to consider the standard setting and the chores setting
at the same time.) Most of the time, results about the chores setting will simply
be symmetric adjustments of results about the standard setting. However, there
will be important exceptions.

What does it mean to say that a partition of the cake is fair? We shall say
that a partition is fair if and only if every player thinks that it is fair, and so the
question becomes: When does a player think that a partition is fair? Consider the
following five answers for the standard setting. A player thinks that a partition
is fair if and only if that player thinks that his or her piece of cake is

a. at least of average size.
b. of bigger-than-average size.
c. at least as big as every other piece.
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d. bigger than every other piece.
e. of bigger-than-average size, and everyone else’s piece is of smaller-than-
average size.

Notice that for a given partition P, each player’s decision as to whether or not P
is fair (in each of the five aforementiond senses) entails comparisons involving
this player’s evaluation of his or her own piece, this player’s evaluation of the
pieces of the other players, and the number % (the average size of a piece of
cake, where n is the number of players).

Each of these five answers yields a different notion of fairness for a partition.
These are given by the following definition (where parts a, b, ¢, d, and e of the
definition correspond to previously listed answers a, b, ¢, d, and e, respectively).

Definition 1.8 Fix a partition P = (P, P», ..., P,) of C. P is

. proportional if and only if, foreachi = 1,2, ..., n, m;(P;) > %

. strongly proportional if and only if, foreachi = 1,2, ..., n,m;(P;) > %

. envy-free if and only if, for all i, j = 1,2, ..., n, m;(P;) = m;(P;).

. strongly envy-free if and only if, for all distincti, j = 1,2, ...,n, m;(P;) >
m;(P)).

e. super envy-free if and only if, for all distincti, j = 1,2, ...,n, m;(P;) > %

and m,(P,) < %

e o0 o

The reason for the name “envy-free” should be clear: A partition is envy-free
if and only if no player envies another player or, in other words, no player would
be happier if he or she traded pieces with some other player.

It follows immediately from the definition that, for any partition P,

e if P is super envy-free, then P is strongly envy-free.

* if P is strongly envy-free, then P is envy free and strongly proportional.
e if P is envy-free, then P is proportional.

e if P is strongly proportional, then P is proportional.

As we shall see (in Chapters 4 and 5), the converses of these implications need
not hold.
The fairness properties for the chores setting are as follows.

Definition 1.9 Fix a partition P = (P, P», ..., P,) of C. P is

a. chores proportional if and only if, foreachi = 1,2, ..., n, m;(P;) < %
b. strongly chores proportional if and only if, for each i =1,2,...,n,
mi(P) < .

c. chores envy-free if and only if, for all i, j = 1,2, ..., n,m;(P;) < m;(P)).



12 1. Notation and Preliminaries

d. strongly chores envy-free if and only if, for all distinct i, j =1,2,...,n,
mi(P;) < m;(P;).
e. super chores envy-free if and only if, for all distinct 7, j =1,2,...,n,

m;(P;) < % and m;(P;) < %

We shall generally abbreviate the terms ‘“chores proportional,” “strongly
chores proportional,” “chores envy-free,” “strongly chores envy-free,” and “su-
per chores envy-free” by writing “c-proportional,” “strongly c-proportional,”
“c-envy-free,” “strongly c-envy-free,” and “super c-envy-free,” respectively.

Next, we consider efficiency. In contrast with fairness, efficiency involves
comparing different partitions. A partition P is efficient if and only if no other
partition makes every player at least as happy as does P, and makes some
player happier. This leads to the following definitions for the standard and
chores settings.

Definition 1.10 Fixapartition P = (Py, P», ..., P,) of C. P is Pareto maximal

if and only if for no partition Q = (Qy, Q», ..., Q) is it true that, for each
i=1,2,...,n,m;(Q;) = m;(P;), with at least one of these inequalities being
strict.

Definition 1.11 Fix apartition P = (P, P,, ..., P,) of C. P is Pareto minimal
if and only if for no partition Q = (Q, Q», ..., Q,) isittrue that, for eachi =
1,2,...,n,m;(Q;) < m;(P;),with at least one of these inequalities being strict.

We shall say that a partition is Pareto optimal if and only if it is either Pareto
maximal or Pareto minimal. Many references use the term Pareto optimal for
what we have called Pareto maximal. Our present terminology seems more
natural, since we shall be considering both the standard and the chores setting.

We shall say that partition P = (Py, P, ..., P,) is Pareto bigger than parti-
tion Q = (Q1, Q2, ..., Q,) if and only if, foreachi = 1,2, ..., n, m;(P;) >
m;(Q;), with at least one of these inequalities being strict. Similarly, partition
P = (P, Py, ..., P,) is Pareto smaller than partition Q = (Qy, Q2, ..., Oy)
if and only if, foreachi = 1,2, ..., n, m;(P;) < m;(Q;), with at least one of
these inequalities being strict. Then, a partition P is Pareto maximal if and only
if no partition is Pareto bigger than P, and a partition P is Pareto minimal if
and only if no partition is Pareto smaller than P.

Sometimes, we shall assume that any piece of cake that has value zero to one
player has value zero to all players, whereas at other times we shall not make
this assumption. This is the notion of absolute continuity.
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Definition 1.12 Measure m; is absolutely continuous with respect to measure
m  if and only if forany A € C, if m j(A) = 0 then m;(A) = 0.

Our approach for most chapters is to first assume that all measures are ab-
solutely continuous with respect to each other and, after completing this study,
to consider the situation without this assumption. Notice that if the measures
are all absolutely continuous with respect to each other, then we may use ter-
minology such as “almost all @ € C” or “A is a set of measure zero” without
specifying a measure, since the given statement is true with respect to one mea-
sure if and only if'it is true with respect to all measures. If the measures are not
absolutely continuous with respect to each other, then such statements cannot
me made without specifying to which measure they refer. We shall often simply
say that “absolute continuity holds” to mean that the measures are all absolutely
continuous with respect to each other, and that “absolute continuity fails” to
mean that this is not so.

The following lemma tells us that if absolute continuity holds, then we may
change the inequalities in Definitions .10 and 1.11 to strict inequalities. In other
words, if absolute continuity holds and a partition P is not Pareto maximal, then
there exists a partition that makes each player happier than he or she was with
partition P. A similar statement holds for Pareto minimality.

Lemma 1.13 Assume that all measures are absolutely continuous with respect
to each other.

a. Partition P = (Py, P», ..., P,) is Pareto maximal if and only if for no
partition Q = (Q1, Qa, ..., Q,) is it true that, for each i =1,2,...,n,
m;(Q;) > m;(P).

b. Partition P = (Py, P», ..., P,) is Pareto minimal if and only if for no
partition Q = (Q1, Qa, ..., Q,) is it true that, for each i =1,2,...,n,
mi(Q;) < m;i(P;).

Proof: The forward direction of part a is trivial and does not require ab-
solute continuity. For the reverse direction, assume that P is not Pareto

maximal and let R = (R, R», ..., R,) be a partition that is Pareto bigger
than P. Then, for some k = 1, 2, ..., n, mi(Ry) > my(Py). It follows by re-
peated use of Corollary 1.7 that there is a partition S = (Si, S», ..., Sy)

of Ry such that m;(Sy) > mi(Py) and, for each i = 1,2, ..., n, m(S;) >
0. (We first apply the corollary to find Sy € Ry with my(Py) < mp(S;) <
my(Ry), and then we find the S; fori # k.)
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Define a new partition Q = (Qy, Q», ..., Q,) of C as follows: for each
i=1,2,...,n,

0, [RUS ifiFk
s ifi =k

Since my(S;) >0 for each i=1,2,...,n, it follows by absolute
continuity that, for each such i, m;(S;) > 0. Hence, for ik, we
have m;(Q;) =m;(R; U S;) = m;(R;) +m;(5;) > m;j(R;) > m;(P;). Since

mp(Qx) = mp(Sy) > myi(P;), we have shown that, for every i =1,2,...,n,
mi(Q;) > m;(P;).
The proof for part b is analogous and we omit it. O

The idea behind the lemma is quite simple. Every player is at least as happy
with partition Q as with partition P, and at least one player is happier. A player
that is happier can give away a piece of cake of positive measure to each player
and still be happier than he or she was with partition P. By absolute continuity,
all of the other players will now be happier than they were with partition Q
and, hence, happier than they were with partition P.

Many of our geometric constructions will involve the simplex. When
there are n players, the relevant simplex is (n — 1)-simplex, which is the set
{(x1,x2, .00y X)) s X1, X2, .., X, >0 and x;y +x2 + - - -+ x, = 1}. Thus, the
number of players determines which is the relevant simplex. We shall just refer
to the “simplex” rather than the “(n — 1)-simplex” when the “n — 17 is clear by
context. We will generally let S denote the simplex and S7 its interior. Thus,
St ={(x1,x2, ..., %) : X1, X0, ..., x, >0and x; +x, + -+ x, =1}. (We
use “+” because, for w € S, w € ST if and only if each coordinate of w is
positive.) The (n — 1)-simplex is an (n — 1)-dimensional subset of R”.

The one-simplex, two-simplex, and three-simplex are one-dimensional, two-
dimensional, and three-dimensional objects, respectively, and hence can easily
be pictured. These are shown in Figure 1.1. The one-simplex two-simplex,
and three-simplex are shown in Figures 1.1a, 1.1b, and 1.1c, respectively. In
these figures, we have shown only the simplex. Often, we shall want to view

©.2.1 0,0,0, 1)

(1,0 0,1) (1,0,0,0) (0,0,1,0)
(1,0,0) 0,1,0) (0,1,0,0)
(a) (b ©
Figure 1.1
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the one-simplex and the two-simplex in the context of the xy- and the xyz-
coordinate system, respectively.

Another geometric object that will be important is the unit hyper-
cube, which we always assume includes its interior. In R”, this is the
set {(x1,x2,...,x,) : foreach i =1,2,...,n,0<x; <1}. When n =2,
this is the square with vertices (0, 0), (0, 1), (1, 1), and (1,0), together
with its interior and, when n = 3, this is the cube with vertices (0, 0, 0),
(0,0,1),(0,1,1),(0,1,0),(1,0,0), (1,0, 1), (1, 1, 1), and (1, 1, 0), together
with its interior.

For any G € R", a point p € R" is a convex combination of the el-
ements of G if and only if p=a;p' +ap*+- - +a,p™ for some

p', p% ..., p" € G and non-negative ay, ay, ..., a, with o +ay +--- +
a,, = 1 (or, equivalently, if and only if p = a;p' + aap® + -+ + e, p™ for
some p', p?, ..., p" € G and (a1, o2, . .., @) € S). The convex hull of G,

which we denote by CH(G), is the set of all p € R” that are convex combina-
tions of the elements of G.

For any set G, |G| denotes the cardinality of G.

Some of the material in this book previously appeared in other work by the
author (see [4-8, 11]).
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Geometric Object #1a
The Individual Pieces Set (IPS) for Two Players

In this chapter, we introduce the first of two geometric objects that we associate
with cake division. We also introduce various notions and questions that will
be important in later chapters. We call this geometric object the Individual
Pieces Set, or IPS. Our present focus is the two-player context. In Chapter 4,
we consider the general case of n players, where we shall also introduce a
generalized version of the IPS, called the Full Individual Pieces Set. Throughout
this chapter, the measures m and m, may or may not be absolutely continuous
with respect to each other.

Definition 2.1 For any partition P = (P, P;) of C, let m(P) = (m(Py),
my(P,)). The Individual Pieces Set, or IPS, is the set {m(P) : P € Part}.

Notice that IPS < R*.

Of course, the IPS depends upon C, m, and m,, and thus we shall always
need to be sure that when we write “the IPS” the corresponding cake and
measures are clear by context.

We wish to understand the general shape and geometric properties of the IPS.
What do we know about points in the IPS? We can imagine all of the cake being
given to Player 1. The associated partition is (C, ¥) and the corresponding point
in the IPS is (1, 0). Similarly, we see that (0, 1) € IPS. These facts, together
with Dvoretsky, Wald, and Wolfovitz’s theorem (Theorem 1.4), imply that the
convex hull of these points, which is simply the line segment between them, is
in the IPS. Without further assumptions, this is all we can say.

Theorem 2.2
a. The IPS contains the closed line segment between (1, 0) and (0, 1).
b. The IPS consists precisely of this line segment if and only if m; = m,.

16
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Proof: We have already seen that the IPS includes the closed line segment
between (1, 0) and (0, 1).

For the forward direction of part b, we first note that a point (p;, p,) is on the
closed line segment connecting (1, 0) and (0, 1) if and only if p; > 0, p» > 0,
and p; + p» = 1. Suppose that m;| # m;. Then for some A C C,m(A) #
my(A). Since my(A) = 1 — my(C\A), we know that m(A) # 1 — my(C\A),
and hence m(A) 4+ my(C\A) # 1. Since (A, C\A) € Part, it follows that
(m1(A), my(C\A)) is a point in the IPS that is not on the closed line segment
connecting (1, 0) and (0, 1).

For the reverse direction of part b, we assume that m; = m,. Any point
of the IPS is of the form (m(P;), my(P,)) for some partition (P;, P>). Then
ml(Pl) + mz(PQ) = ml(Pl) + ml(Pz) = ml(P1 U PQ) = ml(C) =1. Clearly,
m1(Py) > 0 and m,(P,) > 0. It follows that (m(P;), m,(P,)) is on the closed
line segment between (1, 0) and (0, 1). O

Continuing our study of the general shape of the IPS, we find that it possesses
a nice symmetry property.

Lemma 2.3 The IPS is symmetric about the point (%, %).

Proof: Suppose (pi, p2) € IPS. Then, for some partition (P, P;) of
C, (mi(P1), ma(P2)) = (p1, p2), and it follows that (m(P2), my(Py)) =
(m(C\P1), ma(C\Pp))=(1 —m(P1), 1 —ma(P2))=(1— p1, 1 — py) €IPS.
Since (1 — py, 1 — p») is the reflection of (p;, p») about the point (%, %), the
lemma follows. O

After we have defined the IPS for n > 2 in Chapter 4, we will consider the
symmetry of the IPS for this more general setting. For now, we simply note that
there is no obvious generalization of the proof of Lemma 2.3 for n > 2.

Theorem 2.2 and Lemma 2.3 begin to give us a picture of what the IPS looks
like. What else can we say about the shape of the IPS? Since the measures take
on values in the closed interval [0, 1], we know that the IPS is a subset of [0, 1]2,
the unit square together with its interior. Also, we recall that Dvoretsky, Wald,
and Wolfovitz’s theorem implies that the IPS is closed and convex.

Let us assemble the facts that we presently know about the IPS.

Theorem 2.4 The IPS

a. is a subset of [0, 173,

. contains the points (1, 0) and (0, 1),
. is closed,

. is convex, and

. is symmetric about the point (%, %).

[TV oW
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Are there other facts that must hold of any IPS? In Chapter 1 1, we will show
that the answer to this question is “no.” For the case of two players, these five
properties characterize the possible shapes of the IPS. In other words, given any
A C R? satisfying these five conditions, we can find a cake C and measures m
and m; on C so that A is the IPS corresponding to C, my, and m5. In Chapter 11
we shall also see that the situation is very different when there are more than
two players.

Six sets satisfying the five previously listed properties are shown in Figure
2.1. Once we have established the result mentioned in the previous paragraph,
we will know that each of these regions is the IPS for some cake C and corre-
sponding measures m; and m,. Notice that

there is a point p in the IPS that is in the interior of the line segment between
(0, 1) and (1, 1) or that is in the interior of the line segment between (1, 0)
and (1, 1),

if and only if
there is a piece of cake A such that m(A) > 0 and m,(A) = 0 or such

that my(A) > 0 and m(A) = 0, respectively,

if and only if
m is not absolutely continuous with respect m, or m, is not absolutely

continuous with respect m, respectively.

Thus, the IPSs in Figures 2.1a, 2.1b, 2.1c, and 2.1d correspond to measures
that are absolutely continuous with respect to each other, the IPS in Figure 2.1e
corresponds to a situation in which neither measure is absolutely continuous
with respect to the other, and the IPS in Figure 2.1f corresponds to a situation
in which m is not absolutely continuous with respect m,, but m, is absolutely
continuous with respect m;. We also observe that parts of the boundaries of
these IPSs are straight and parts are curved. We shall study the significance of
this distinction in Chapter 12.

The function m given in Definition 2.1 maps Part onto the IPS. Is this mapping
one-to-one? The answer is: certainly not. Given any partition P = (P, P,), let
0 = (Q1, 0») be a partition obtained by transferring a single point of cake
from one player to the other. Since the measures are non-atomic, any single
point has measure zero, and it follows that m(P) = m(Q). (It is easy to see that
there are infinitely many such partitions Q = (Q1, Q») such that P # Q but
m(P) = m(Q).) However, we want to consider P and Q to be essentially the
same partition in this case, because they differ only on a set of measure zero.
This leads us to the following definition.
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Figure 2.1

Definition 2.5 Two partitions P = (P, P,) and Q = (Q;, Q,) are s-
equivalent (“s” for “set”) if and only if m;(PiA Q) = 0 and my(P,A Q) =0,
where A denotes the symmetric difference.

Given two partitions P and Q, we may view each of these partitions as
arising from the other by two transfers of cake, one from Player 1 to Player 2
and one from Player 2 to Player 1. Then, P and Q are s-equivalent if and only
if each player views each of these transfers as consisting of a piece of cake of
measure zero.

Clearly, s-equivalence is an equivalence relation. We shall refer to the asso-
ciated equivalence classes as s-classes.

It is obvious that the function m from Part to the IPS respects s-equivalence.
(That is, if partitions P and Q are s-equivalent, then m(P) = m(Q)). We are
interested in whether or not m is one-to-one for non-s-equivalent partitions. Or,
equivalently, we are interested in whether the function induced by m that maps
s-classes of Part to the IPS is one-to-one.

Theorem 2.6 Let p be a point of the IPS. The following are equivalent:

a. p is the image, under m, of infinitely many mutually non-s-equivalent par-
titions.
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b. p is the image, under m, of at least two non-s-equivalent partitions.
c. p lies in the interior of a line segment contained in the IPS.

Before beginning the proof of the theorem, we establish a lemma.

Lemma 2.7 For any piece of cake A, there is a collection of subsets of A such
that, for each player, each subset in the collection has size halfthat of A, and any
player who believes that A has positive measure also believes that all pairwise
symmetric differences from this collection have positive measure. Also, if either
player believes that A has positive measure, then this collection is infinite. In
other words, for any A C C, there is a collection T'(A) of subsets of A such
that

a. forany B e T'(A)andi = 1,2, m;(B) = %m[(A),

b. fori = 1,2, ifm;(A) > 0, then for distinct By, B, € T'(A), m;(B1AB;) > 0,
and

c. if either m(A) > 0 or my(A) > 0, then I'(A) is infinite.

Proof: We repeatedly use Corollary 1.6. Fix A € C and let (D, 1, D2, D13)
be a partition of A into sets that both players agree are each one-third of A. Next,
let (Dy 1, D;2, D 3) be a partition of D 3 into sets that both players agree are
each one-third of D, 3. Continuing in this manner, we obtain sets D ; for each
j=1,2,...and k =1, 2, 3 so that for each such j and k, (D; 1, Dj», D;3)
is a partition of D;_; 3 such that, foreachi = 1,2, m;(D; ) = (%)mi(D_,-_]”g),
where we set Dy 3 = A.

Let I'(A) = {(UjeK Dy (Uj¢K Dj,): K € N}. Then T'(A) is a col-
lection of subsets of A. We claim that I"(A) satisfies the conditions of the
lemma.

For condition a, fix B € I'(A). For some K CN, B = (UjeK D; U
(UMK D;,). We know that for each i =1,2, j=1,2,3,..., and k =
1,2,3,mi(D;;) = (%)mi(Dj_1,3). Then, recalling that Dy 3 = A and noting
that the D;; for k = 1, 2 are pairwise disjoint, we have

1 1 1
m;(B) = |:§mi(D0,3)j| + I:gmi(Dl,S)] + |:§mi(D2,3)i| + -

- Emim)} 4 [(%)zmim)} T [(%)3mi(fx>} o
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_ [% N (%)2 + (%)3 +.. ] mi(A)

= : m;i(A) = lm-(A)
1 l 2 1

1
3

where the fourth equality uses the standard formula for summing a geometric
series. (The geometric series a + ar + ar? +ar’ + .-, with |r| < 1, sums
to %)

For condition b, fix i = 1, 2, suppose that m;(A) > 0, and choose distinct
By, B, € I'(A). Since B| # B,, we know that some D ; is in one of these sets
and not in the other and, since m;(A) > 0, it follows that m;(D; ;) > 0. Hence,
mi(BlABz) > 0.

Finally, for condition c, assume that either m;(A) > 0 or m(A) > 0. Then
all of the D; ; are non-empty. This implies that each choice for K C N results
in a different element of I'(A), and there are infinitely many such choices
for K. O

Proof of Theorem 2.6: Fix some p € IPS. Part a obviously implies part b. We
shall show that part b implies part ¢ and that part ¢ implies part a.

To show that part b implies part ¢, suppose that partitions P = (P, P,)
and Q = (Q;, Q») are non-s-equivalent partitions and m(P) = m(Q) = p.Let
Ri» = PiN Qyand Ry; = Q1 N P,. We can view R, and R;; as the portions
of cake that Player 1 must transfer to Player 2, and that Player 2 must transfer
to Player 1, respectively, in changing from partition P to partition Q.

The non-s-equivalence of P and Q and the fact that m(P) = m(Q) together
imply that, for at least one of the two players, R, and R, are each sets of positive
measure. Also, since m(P) = m(Q) and Q is obtained from P by swapping the
sets Ry and R, between the two players, it must be that m(R12) = m(R1)
and my(Ry2) = ma(Ray).

Consider the following two partitions: S = (P; U Ry;, P,\Ry;) and T =
(P1\R12, P, U Ry;). We may view S and T as each having been obtained from
partition P by completing one of the two transfers of cake discussed in the
preceding paragraph. Since, for at least one player, Rj, and R;; are each sets
of positive measure, we know that m(S) # m(T).

We claim that p is the midpoint of the line segment connecting m(S) and
m(T). We establish this as follows:

midpoint of the line segment connecting m(S) and m(T')

= midpoint of the line segment connecting (m;(P; U Ry;), ma(P>\R21))
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and (m(P1\Ry2), m>(P, U Ry))
_ (m](Pl U R>1) + mi(PI\Ri2) ma(P>\Ray) +ma(Pr U Ru))

2 2
_ <m1(P1) + m(Ra1) + m(P) — mi(Ry2)
> ,
my(Py) — my(Ra1) + ma(Pr) + mz(Rlz))
2

= (m(P1), my(P2)) = p

This establishes that p is the midpoint of the line segment between m(S) and
m(T). By convexity, this line segment is contained in the IPS. Hence, p lies in
the interior of a line segment contained in the IPS.

Next, we show that part ¢ implies part a. Suppose that p is a point that lies
in the interior of some line segment contained in the IPS. Let P = (P, P,) and
0 = (Q1, 0») be two partitions such that p is the midpoint of the line segment
connecting m(P) and m(Q). We can imagine Q as being obtained from P by
two transfers of cake, one from Player 1 to Player 2, and one from Player 2 to
Player 1.

Since p is the midpoint of the line segment connecting m(P) and m(Q),
p = m(R) where R is any partition obtained by completing “half” of each of
these two transfers. In other words, suppose that in switching from partition P
to partition Q, Player 1 transfers piece S, to Player 2, and Player 2 transfers
piece S»; to Player 1. Let I'(S)2) and I'(S>;) be as in Lemma 2.7. If instead of
completing the full transfer of S, and S,;, Player 1 and Player 2 each transfer
any piece chosen from I'(S},) and I'(S,;), respectively, then p = m(R), where
R is the resulting partition. It remains for us to show that there are infinitely
many mutually non-s-equivalent such partitions R with m(R) = p.

Since m(P) # m(Q), we know that P and Q are not s-equivalent. This
implies that at least one of S;, and $,; has positive measure to at least one
player. Assume, without loss of generality, that for some i = 1, 2, m;(S12) > 0.
Then, by Lemma 2.7, I'(S},) is infinite and, for all distinct By, B, € I'(S)2),
m;(B1AB,) > 0. This implies that the infinitely many choices that Player i
has in transferring a piece of cake from I'(S},) to the other player result in
infinitely many mutually non-s-equivalent partitions, each of which is sent by
the function m to the point p. This completes the proof of the theorem. O

Theorem 2.6 may be restated in terms of the composition of certain natural
equivalence classes.
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Definition 2.8 Two partitions P = (P}, P,) and Q = (Q,, Q») are p-
equivalent (“p” for “partition”) if and only if m(P;) = m(Q;) and m,(P,) =
my(Q»). Or, equivalently, P and Q are p-equivalent if and only if m(P) =
m(Q).

Clearly, p-equivalence is an equivalence relation. We shall refer to the as-
sociated equivalence classes as p-classes.

As in the case of s-equivalence, it is obvious that the function m from Part
to the IPS respects p-equivalence in the sense that if partitions P and Q are
p-equivalent, then m(P) = m(Q). It follows that m induces a bijection from
the set of p-classes of Part to the IPS. In addition to its original meaning as
a function from Part to the IPS, we shall also use “m” to denote the induced
function from the set of s-classes of Part to the IPS, and the induced function
from the set of p-classes of Part to the IPS.

If partitions P and Q are s-equivalent, then they are certainly p-equivalent.
(The converse is sometimes true and sometimes false. This follows from the
equivalence class version of Theorem 2.6, to follow) Hence, every p-class is a
union of s-classes.

Let[P], and [ P], denote the s-class and the p-class, respectively, of partition
P. Then, Theorem 2.6 may be restated as follows.

Theorem 2.6 — Equivalence Class Version For any partition P, the following
are equivalent:

a. [P], is the union of infinitely many s-classes.
b. [P], is the union of at least two s-classes.
c. m(P) lies in the interior of a line segment contained in the IPS.

Theorem 2.6 sheds light on the question of whether m is one-to-one with
respect to s-equivalence. Since we know that m is one-to-one on p-classes, it
follows from the theorem that a point p in the IPS is the image under m of more
than one s-class if and only if p lies in the interior of a line segment contained
in the IPS. Hence, m is never one-to-one with respect to s-equivalence, since
certainly there are line segments (such as the line segment connecting (1, 0) and
(0, 1)) in the IPS. On the other hand, depending on the shape of the boundary of
the IPS, it may be that m is one-to-one with respect to s-equivalence on some
subsets of Part. For example, m is one-to-one with respect to s-equivalence on
all partitions corresponding to points on the boundary of the IPS of Figure 2.1c,
because the boundary of this IPS contains no line segments.
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We shall have more to say about points on the boundary of the IPS in the
next chapter. We close this section with a result concerning points not on the
boundary of the IPS.

Corollary 2.9 Any point of the IPS that is not on the boundary of the IPS is
the image, under m, of infinitely many mutually non-s-equivalent partitions.

Proof: The corollary follows immediately from the theorem, since any point
not on the boundary of the IPS certainly lies in the interior of a line segment
that is contained in the IPS. O

Corollary 2.9 — Equivalence Class Version For any partition P, if m(P)
is not on the boundary of the IPS, then [P], is the union of infinitely many
s-classes.
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What the IPS Tells Us About Fairness and
Efficiency in the Two-Player Context

In this chapter, we continue to restrict our attention to the two-player context and
we consider how the fairness or efficiency of partitions is reflected in the IPS. In
other words, if a partition P has some fairness property or some efficiency prop-
erty, what can be said about the location of m(P) in the IPS? In Section 3A, we
consider fairness; in Section 3B, we consider efficiency; and in Section 3C, we
consider fairness and efficiency together. In these sections, we assume that mea-
sures m and m, on some cake C are absolutely continuous with respect to each
other. In Section 3D, we consider the situation when absolute continuity fails.

3A. Fairness

We begin by noting that when there are only two players, proportionality and
envy-freeness correspond:

(P1, P») is a proportional partition if and only if
(P, P») is an envy-free partition if and only if
1

mi(Py) > 5 and my(Py) > 3

Similarly, strong proportionality, strong envy-freeness, and super envy-
freeness correspond:

(P, P») is a strongly proportional partition if and only if
(P, P») is a strongly envy-free partition if and only if
(P, P») is a super envy-free partition if and only if
my(Py) > % and m,(P>) > %

In Chapter 4, we shall see that these notions are all distinct if there are more
than two players. For the remainder of this chapter, in which we study only the
two-player context, we shall only use the terms “proportional” and “strongly

25
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proportional.” It should be kept in mind that these two notions are equivalent to
other fairness notions, as described in the two preceding paragraphs. We begin
our study with the notion of proportionality.

Partition P = (P, P») of C is proportional if and only if m;(P;) > % and
my(Pa) > % Thus, P is proportional if and only if the corresponding point in
the IPS (i.e., m(P)) is to the right of and above (%, %), where neither, one, or
both of these relationships may be strict. In the IPS of Figure 3.1a, the only such
point is (%, %), whereas in the IPS of Figure 3.1b, there are infinitely many such
points. In this figure, the proportional points are the darker points, including
the points on the two line segments that bound the darker region.

Partition P = (Py, P,) is strongly proportional if and only if m(P;) > %
and my(P,) > % Thus, (P, P») is strongly proportional if and only if the
corresponding point in the IPS is to the right of and above (%, %), where both of
these relationships are strict. In the IPS of Figure 3.1a, there are no such points,
whereas in the IPS of Figure 3.1b, there are infinitely many such points. In this
figure, the strongly proportional points are the darker points, not including the
points on the two line segments that bound the darker region.

Because a point’s location in the IPS determines whether partitions associ-
ated with that point are proportional or strongly proportional, it makes sense to
refer to “proportional points” or “strongly proportional points” in the IPS.

Definition 3.1 Suppose p = (pi, p2) € IPS.

a. p is a proportional point if and only if p; > % and py > %

b. p is a strongly proportional point if and only if p; > % and p, > 1

E.
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Thus, a point in the IPS is a proportional point if and only if any and all
corresponding partitions are proportional, and a point in the IPS is a strongly
proportional point if and only if any and all corresponding partitions are strongly
proportional. Next we consider the possible numbers of proportional points and
the possible numbers of strongly proportional points.

Theorem 3.2
a. If my = my, then
i. the IPS has exactly one proportional point and that point is (%, %).
ii. the IPS has no strongly proportional points.
b. If m| # my, then
i. the IPS has infinitely many proportional points. In particular, for any «
with 0 < k < oo, there are mﬁnztely many points (py, pz) € IPS that are

+ = k (where we set & = 00 for any
real number A # 0). Lo

ii. the IPS has infinitely many strongly proportional points. In particular, for
any k with 0 < k < 00, there are infinitely many pomts (p1, p2) € IPS

that are strongly proportional and are such that =K.

Proof: For part a, we assume that m| = m,. By Theorem 2.2, the IPS consists
of the closed line segment between (1, 0) and (0, 1). Hence (% , %) € IPS and any
point of the IPS other than (%, %) has one coordinate less than % This implies
that (%, %) is the only proportional point of the IPS. Also, there are no points
in the IPS with both coordinates greater than % Thus the IPS has no strongly
proportional points. This establishes parts ai and aii.

For part b, we assume that m; # m;. Theorem 2.2 tells us that the closed
line segment between (1, 0) and (0, 1) is a proper subset of the IPS. By the
symmetry and convexity of the IPS (see Theorem 2.4), it follows that (2, 2) is
an interior point of the IPS. This implies that any line that contains the point

2, 2) and has non-negative slope k (where we count “co” as a non-negative
number) will pass through infinitely many proportional points. Hence, for any
k with 0 < k < 00, there are infinitely many proportional points (p;, p2) € IPS

with 2=

The proof for bii is the same except that here we must not allow x = 0 or

k = 00, since this would correspond to a point (p;, p») with either p; = ; or

P2 = %, and such a point is not strongly proportional. O

= k. This establishes part bi.

The theorem is illustrated in Figure 3.2. The line segment in the figure
contains the point (%, %) and has slope . Every point along the solid part of
this line segment, including (%, %), is proportional, and every point along this
part of the line segment, not including (%, %), is strongly proportional.
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Corollary 3.3
a. If my = my, then
i. there are infinitely many mutually non-s-equivalent proportional
partitions.
ii. all proportional partitions are p-equivalent.
iii. there are no strongly proportional partitions.
b. If my # my, then
i. there are infinitely many mutually non-s-equivalent proportional
partitions.
ii. there are infinitely many mutually non-p-equivalent proportional
partitions.
iii. there are infinitely many mutually non-s-equivalent strongly proportional
partitions.
iv. there are infinitely many mutually non- p-equivalent strongly proportional
partitions.

Proof: For part ai, note that (%, %) is a point corresponding to at least one
proportional partition P. Then, since m(P) = (%, %) is an interior point of the
line segment connecting (1, 0) and (0, 1), and this line segment lies in the IPS,
Theorem 2.6 tells us that (%, %) is the image, under m, of infinitely many
mutually non-s-equivalent partitions. Thus there are infinitely many mutually
non-s-equivalent partitions that are p-equivalent to P. Clearly any partition that
is p-equivalent to P is a proportional partition. Hence, there are infinitely many
mutually non-s-equivalent proportional partitions.



3A. Fairness 29

Part aii follows easily from part ai of the theorem.

Part aiii is just a rewording of part aii of the theorem.

Next, we observe that parts bi, bii, and biii all follow trivially from part biv.
For part biv, we recall that distinct points of the IPS are the image, under m, of
non-p-equivalent partitions. Hence, the infinitely many strongly proportional
points of the IPS given to us by part bii of the theorem correspond to infinitely
many mutually non- p-equivalent strongly proportional partitions. O

It is easy to see that proportionality and strong proportionality respect
s-equivalence and p-equivalence. In other words, if partitions P and Q are
either s-equivalent or p-equivalent, then

¢ P is proportional if and only if Q is proportional and
¢ P is strongly proportional if and only if Q is strongly proportional.

(We used this fact for p-equivalence and proportionality in the proof of part
ai of the preceding corollary.) Then, it makes sense to refer to “proportional
strongly proportional p-classes,” etc. We can now restate the
previous corollary as follows.

EL I3

s-classes,

Corollary 3.3 — Equivalence Class Version
a. If my = my, then
i. there are infinitely many proportional s-classes.
ii. there is exactly one proportional p-class.
iii. there are no strongly proportional s-classes or p-classes.
b. If m| # my, then
i. there are infinitely many proportional s-classes.
ii. there are infinitely many proportional p-classes.
iii. there are infinitely many strongly proportional s-classes.
iv. there are infinitely many strongly proportional p-classes.

The definitions and results of this section have analogous chores versions. If
p = (p1, p2) € IPS, then p is a chores proportional point if and only if p; < %
and p; < % and is a strongly chores proportional point if and only if p; < % and
P2 < % Chores proportional s-classes, strongly chores proportional p-classes,
etc. are defined in the obvious way. We shall abbreviate this terminology by
writing “c-proportional point,” “strongly c-proportional point,” “c-proportional
s-class,” “strongly c-proportional p-class,” etc. The following are the chores
versions of Theorem 3.2 and Corollary 3.3. The proofs are entirely analogous,
and we omit them.

ELNT3
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Theorem 3.4
a. If my = my, then
i. the IPS has exactly one c-proportional point and that point is (2, 2)
ii. the IPS has no strongly c-proportional points.
b. If my # my, then
i. the IPS has infinitely many c-proportional points. In particular, for any
k with 0 < k < 00, there are infinitely many points (p1, p2) e IPS that
are c-proportional and are such that = 2 = K (where we set % = oo for
any real number A # 0). o
ii. the IPS has infinitely many strongly c-proportional points. In particular,
for any k with 0 < k < oo, there are infinitely many points (p1, p2) €
IPS that are strongly c-proportional and are such that 2= 2

=K.
2

In Figure 3.2, we assumed that the line segment has slope «. Every point
along the dashed part of this line segment, including (%, %), is c-proportional,
and every point along this part of the line segment, not including (%, %), is
strongly c-proportional.

Corollary 3.5
a. If my = my, then
i. there are infinitely many mutually non-s-equivalent c-proportional par-
titions.
ii. all c-proportional partitions are p-equivalent.
iii. there are no strongly c-proportional partitions.
b. If m| # my, then
i. there areinfinitely many mutually non-s-equivalent c-proportional partit-
ions.
ii. there are infinitely many mutually non- p-equivalent c-proportional parti-
tions.
iii. there are infinitely many mutually non-s-equivalent strongly c-proporti-
onal partitions.
iv. there are infinitely many mutually non- p-equivalent strongly c-proporti-
onal partitions.

Corollary 3.5 — Equivalence Class Version
a. If my = my, then
i. there are infinitely many c-proportional s-classes.
ii. there is exactly one c-proportional p-class.
iii. there are no strongly c-proportional s-classes or p-classes.
b. If m| # my, then
i. there are infinitely many c-proportional s-classes.
ii. there are infinitely many c-proportional p-classes.
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iii. there are infinitely many strongly c-proportional s-classes.
iv. there are infinitely many strongly c-proportional p-classes.

3B. Efficiency

We turn now from fairness to efficiency. Suppose that (P, P,) is a partition
of C. We recall that (P;, P,) is Pareto maximal if and only if for no partition
(Q1, Q2) of C do we have m(Q1) > m1(P1) and ma(Q2) > ma(P,), with at
least one of these inequalities being strict, and (P;, P,) is Pareto minimal if
and only if for no partition (Q;, Q) of C do we have m(Q;) < m;(P;) and
m,(Q») < my(P,), with at least one of these inequalities being strict. Of course,
Pareto minimality is the chores version of Pareto maximality.

Let P = (Py, P>) be a partition of C. As we did for fairness properties in
the previous section, we consider what the Pareto maximality or the Pareto
minimality of P says about the location of m(P) in the IPS. It is clear that P is
Pareto maximal if and only if there is no point in the IPS that is to the right of
and above m(P), with at least one of these relationships being strict. Similarly,
P is Pareto minimal if and only if there is no point in the IPS that is to the left
of and below m(P), with at least one of these relationships being strict.

Just as we did for proportionality and strong proportionality, we note that
because a point’s location in the IPS determines whether partitions associated
with that point are Pareto maximal, Pareto minimal, or neither, it makes sense
to refer to “Pareto maximal points” or “Pareto minimal points” in the IPS.

Definition 3.6 Suppose p = (p;, p») € IPS.

a. pisa Pareto maximal point if and only if there is no ¢ = (¢, ¢2) € IPS such
thatg; > p; and ¢, > p,, with at least one of these inequalities being strict.
b. p is a Pareto minimal point if and only if there is no ¢ = (g1, ¢») € IPS such
that g; < p; and g, < p,, with at least one of these inequalities being strict.

Thus, a point in the IPS is a Pareto maximal point if and only if any and all
corresponding partitions are Pareto maximal, and a point in the IPS is a Pareto
minimal point if and only if any and all corresponding partitions are Pareto
minimal.

We wish to name, and geometrically describe, the region of the IPS that
consists of Pareto maximal points and the region of the IPS that consists of
Pareto minimal points. We shall call these regions the outer Pareto boundary
and the inner Pareto boundary, respectively. It will be convenient for us to also
define the outer boundary and the inner boundary of the IPS.

First, for any (xo, yo) € R?, we define B*(xo, yo) = {(x,y) € R* : x > xg
and y > yo}. Similarly, we define B~ (xo, yo) = {(x,y) € R : x < x¢ and
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Figure 3.3

y < yo}. Hence, BT (xo, yo) is the set of all points that are to the right of and
above (xg, yo), where neither, one, or both of these relationships may be strict,
and B~ (xg, yo) is the set of all points that are to the left of and below (xq, yo),
where neither, one, or both of these relationships may be strict. These notions
are illustrated in Figure 3.3. In the figure, BT (xq, yo) and B~ (xq, o) are the
regions with the dashed lines, as indicated. Each of these sets includes the re-
gion’s boundary, which consists of the point (x¢, yo) and a horizontal and a
vertical half-line.

Definition 3.7

a. The outer boundary of the IPS consists of all points (p;, p») on the boundary
of the IPS for which p; + p, > 1, and the inner boundary of the IPS consists
of all points (p;, p») on the boundary of the IPS for which p; + p, < 1.

b. The outer Pareto boundary of the IPS consists of all points (p;, p») € IPS
for which BT (p1, p2) NIPS = {(p1, p»)}, and the inner Pareto boundary of
the IPS consists of all points (p;, p») € IPS for which B~ (py, p2) NIPS =
{(p1, p2)}. The Pareto boundary is the union of the outer Pareto boundary
and the inner Pareto boundary.

Obviously, the union of the outer boundary and the inner boundary of the IPS
is equal to the boundary of the IPS. If m| = m,, then the outer boundary and
the inner boundary are each equal to the simplex and, if the two measures are



3B. Efficiency 33

not equal, then the intersection of the outer boundary and the inner boundary is
the set consisting of the two points (1, 0) and (0, 1).
Definition 3.7 makes the following theorem trivial.

Theorem 3.8

a. The outer Pareto boundary of the IPS consists precisely of the set of all
Pareto maximal points of the IPS.

b. The inner Pareto boundary of the IPS consists precisely of the set of all
Pareto minimal points of the IPS.

It is easy to see that every point on the Pareto boundary of the IPS is on the
boundary of the IPS. Are there points on the boundary of the IPS that are not
on the Pareto boundary? The answer is “no” in our present context, in which
we are assuming that m; and m, are absolutely continuous with respect to each
other.

Theorem 3.9

a. The outer Pareto boundary of the IPS is equal to the outer boundary of
the IPS.

b. The inner Pareto boundary of the IPS is equal to the inner boundary of
the IPS.

In order to establish Theorem 3.9, we first prove a lemma.

Lemma 3.10 The only points of the IPS that lie on the unit square are (1, 0)
and (0, 1).

Proof: Suppose, by way of contradiction, that p = (p;, p2) € IPS, p # (1, 0),
p # (0, 1), and p is on the unit square. Since p € IPS, there is a partition P =
(Py, P») of C such that m(P) = p.

First, let us assume that 0 < p; < 1 and p, = 0. Then, m(P;) < 1 and
mo(P>) = 0. Butthenm(P;) = 1 — m(Py) > 0. This violates absolute conti-
nuity.

The argument for p; =0 and 0 < p, < 1 is similar. The other two cases
(pr=1with0 < p; <1,and 0 < p; <1 with p, = 1) follow by symmetry
(i.e., by Theorem 2.4, part e). O

Proof of Theorem 3.9: We prove part a. The proof for part b is similar.

Let p = (p1, p2) be a point on the outer Pareto boundary of the IPS. Then
BT (p) NIPS = {p}. We have already observed that such a point is on the
boundary of the IPS. Suppose, by way of contradiction, that p is not on the
outer boundary. It follows that p is on the inner boundary, and thus p; + p> < 1.
This implies that BT (p) contains points of the simplex. (In particular, if we set
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&= l_”%”z then, since p; + p, < 1, it follows that ¢ > 0. This implies that

(p1 + &, p2 +€) € BT(p).Itiseasy tocheck that p; + ¢ + p, + & = 1; hence,
(p1 + &, p2 + ¢) is a point in the simplex.) Since any point of the simplex is in
the IPS, this contradicts the fact that B*(p) N IPS = {p}.

Next, we assume that p = (p;, p») is a point on the outer boundary of the
IPS. We consider three cases.

Case 1: The measures are equal. In this case, the outer boundary and the outer
Pareto boundary are equal (and are both equal to the simplex). Hence p
is on the outer Pareto boundary.

Case 2: The measures are not equal and either p = (1, 0) or p = (0, 1). Since
the IPS is a subset of [0, 1]2, Lemma 3.10 implies that B*(1,0) N IPS =
{(1,0)} and BT(0, 1) N IPS = {(0, 1)}. Hence, p is on the outer Pareto
boundary.

Case 3: The measures are not equal, p # (1, 0), and p # (0, 1). Since the
measures are not equal, the outer boundary intersects the simplex only at
the points (1, 0) and (0, 1). Since p is equal to neither of these points, p is
not on the simplex. Then, since p is on the outer boundary, we must have
p1 + p2 > 1. Assume, by way of contradiction, that p is not on the outer
Pareto boundary. Then there is a point ¢ € B (p) NIPS with ¢ # p.
Consider the set G = {g, (1, 0), (0, 1)} and recall that CH(G) denotes
the convex hull of G. Since each point in G is in the IPS and the IPS
is convex, we know that CH(G) C IPS. But it is easy to see that p is an
interior point of CH(G) and thus p is an interior point of the IPS. This
contradicts the fact the p is on the outer boundary of the IPS. O

The theorem tells us that the Pareto boundary of the IPS is the same as the
boundary of the IPS. As we shall see in Section 3D (see Theorem 3.22), this
correspondence does not hold if absolute continuity fails and, as we shall see in
Chapter 5 (see Theorem 5.13), this correspondence also does not hold whenever
there are more than two players and the measures are not all equal (regardless
of whether absolute continuity holds).

Our geometric perspective makes it easy to see that there are many Pareto
maximal partitions and many Pareto minimal partitions. This fact is a corollary
to the following theorem.

Theorem 3.11 The IPS has infinitely many Pareto maximal points and infinitely
many Pareto minimal points. In particular, for any k with 0 < k < oo, there
is a point (py, p2) € IPS and a point (q1, q2) € IPS that are Pareto maximal
and Pareto minimal, respectively, and are such that Z—T = L — i (where we set

3 q1

5 = 0o for any real number ). # 0).
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Figure 3.4

Proof: The first statement clearly follows from the second. For the second
statement, we first note that the points (1, 0) and (0, 1) are on the outer and
inner boundaries of the IPS and the outer and inner boundaries are curves that
connect these two points. Every line that goes through the origin and has non-
negative slope (where we count “o00” as a non-negative number) intersects each
of these curves exactly once. Letting « denote the slope of any such line, the
theorem follows easily from Theorems 3.8 and 3.9. O

The theorem is illustrated in Figure 3.4. The line segment in the figure passes
through the origin and has slope k. The point (p;, p») is the point of intersec-
tion of this line segment with the outer boundary of the IPS and is therefore
a Pareto maximal point. Similarly, the point (¢;, g») is the point of intersection
of this line segment with the inner boundary of the IPS and is therefore a Pareto
minimal point.

We note that the line through the origin having slope « =0 (i.e., the
horizontal line through the origin) intersects the outer and inner boundaries
at the same point, namely (1, 0). Similarly, the line through the origin having
slope k = oo (i.e., the vertical line through the origin) intersects the outer and
inner boundaries at the same point, namely (0, 1). The points (1, 0) and (0, 1)
are each Pareto maximal and Pareto minimal.

The reader may wonder why we stated Theorem 3.11 in terms of the slope
k of a line containing the origin rather than a line containing the point (%, %),
as in Theorems 3.2 and 3.4. It is clear that these theorems, which involved
proportionality, strong proportionality, and the corresponding chores notions,
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need to use the point (%, %) rather than the origin. On the other hand, we could

have presented Theorem 3.11 using either point (with appropriate differences
in the allowed values of the slope ). We chose to use the origin because this
version will generalize in a natural way to the context of more than two players,
whereas the version involving the point (%, %) will not. (See Theorem 5.18 and
the discussion following the statement of the theorem.)

Corollary 3.12

a. There are infinitely many mutually non-s-equivalent Pareto maximal
partitions and infinitely many mutually non-s-equivalent Pareto minimal
partitions.

b. There are infinitely many mutually non-p-equivalent Pareto maximal
partitions and infinitely many mutually non-p-equivalent Pareto minimal
partitions.

Proof: Part a follows immediately from part b. For part b, we recall that distinct
points of the IPS are the images, under m, of non- p-equivalent partitions. Hence,
each of the two infinite collections of points given to us by the theorem yields
an infinite collection of mutually non- p-equivalent partitions. O

Corollary 3.12 — Equivalence Class Version

a. There are infinitely many Pareto maximal s-classes and infinitely many
Pareto minimal s-classes.

b. There are infinitely many Pareto maximal p-classes and infinitely many
Pareto minimal p-classes.

We close this section with an easy result on partitions that are neither Pareto
maximal nor Pareto minimal.

Theorem 3.13 If partition P is neither Pareto maximal nor Pareto minimal,
then P is p-equivalent to infinitely many mutually non-s-equivalent partitions.

Proof: Suppose that P is neither Pareto maximal nor Pareto minimal. Then
m(P) is on neither the outer nor the inner Pareto boundary of the IPS. It follows
from Theorem 3.9 that m(P) is on neither the outer nor the inner boundary of
the IPS and, hence, is not on the boundary of the IPS. Corollary 2.9 tells us
that m(P) is the image, under m, of infinitely many mutually non-s-equivalent
partitions. Each of these partitions is p-equivalent to P. O

Theorem 3.13 — Equivalence Class Version If partition P is neither Pareto
maximal nor Pareto minimal, then [ P, is the union of infinitely many s-classes.
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3C. Fairness and Efficiency Together: Part 1a

In this section, we first consider the existence of partitions that are both Pareto
maximal and either proportional or strongly proportional, and then we consider
the corresponding chores properties.

We have learned that a point in the IPS is

¢ proportional if and only if it is to the right of and above (%, %), where neither,
one, or both of these relationships may be strict;

¢ strongly proportional if and only if it is to the right of and above (%, %), where
both of these relationships are strict; and

¢ Pareto maximal if and only if it is on the outer Pareto boundary of the IPS.

The following theorem and its corollary generalize Theorems 3.2 and 3.11
and their corollaries.

Theorem 3.14
a. If my = my, then
i. the IPS has exactly one point that is both proportional and Pareto
maximal, and that point is ( %, %).
ii. the IPS has no points that are both strongly proportional and Pareto
maximal.
b. If m| # my, then
i. the IPS has infinitely many points that are both proportional and Pareto
maximal. In particular, for any k with 0 <k < oo, there is a point

(p1, p2) € IPS that is both proportional and Pareto maximal and is such

that i?j = K (where we set % = 00 for any real number A # 0).

ii. theIPS iias infinitely many points that are both strongly proportional and
Pareto maximal. In particular, for any k with 0 < k < 00, there is a point
(p1, p2) €IPS tillat is both strongly proportional and Pareto maximal and

is such that 2222 = k.
Pi1—3

Proof: For part a, we assume that m; = m,. Then, by Theorem 3.2, the IPS
has exactly one point that is proportional and that point is (%, %). Theorem 2.2
implies that (%, %) is on the outer boundary of the IPS and therefore, by Theo-
rem 3.9, we know that (%, %) is on the outer Pareto boundary and thus is Pareto
maximal. This establishes part ai.

Part aii follows trivially from part aii of Theorem 3.2.

For part b, we assume that m; # m,. For part bi, we first note that the first
statement clearly follows from the second. For the second statement, we simply
note that for each x with 0 < k¥ < oo, the infinite collection of proportional
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points given to us by Theorem 3.2 contains one point that is also Pareto maximal.
This is the point obtained by moving in the direction given by « until we reach
the outer boundary of the IPS (which, by Theorem 3.9, is also the outer Pareto
boundary of the IPS).

The proof for part bii is similar. O

Partb of the theorem is illustrated in Figure 3.5. In the figure, the proportional
and strongly proportional points are the points in the darker region of the IPS.
(The set of proportional points includes the points on the horizontal and the
vertical line segments that bound this region; the set of strongly proportional
points includes none of these points.) The outer Pareto boundary is darkened.
The set of points that are proportional or strongly proportional, and also Pareto
maximal, is the intersection of these two sets and is the thicker curve in the
figure. (Each of the two endpoints of this thicker curve is proportional, but
neither is strongly proportional.)

Corollary 3.15
a. If my = my, then
i. there are infinitely many mutually non-s-equivalent partitions that are
both proportional and Pareto maximal.
ii. all partitions that are both proportional and Pareto maximal are
p-equivalent.
iii. there are no partitions that are both strongly proportional and Pareto
maximal.

Figure 3.5
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b. If m| # my, then
i. there are infinitely many mutually non-s-equivalent partitions that are
both proportional and Pareto maximal.
ii. there are infinitely many mutually non-p-equivalent partitions that are
both proportional and Pareto maximal.
iii. there are infinitely many mutually non-s-equivalent partitions that are
both strongly proportional and Pareto maximal.
iv. there are infinitely many mutually non-p-equivalent partitions that are
both strongly proportional and Pareto maximal.

Proof: For part a, we assume that m| = m,. For part ai, part ai of the theorem
implies that (%, %) is a point of the IPS that is both proportional and Pareto
maximal. Since (3, 1) is an interior point of the line segment connecting (1, 0)
and (0, 1), it follows from Theorem 2.6 that there are infinitely many mutually
non-s-equivalent partitions that are mapped by m to (%, %). Each of these par-
titions is proportional and Pareto maximal.

For part aii, part ai of the theorem tells us that (%, %) is the only point in the
IPS that is both proportional and Pareto maximal. The result then follows from
the fact that m maps non- p-equivalent partitions to different points in the IPS.

Part aiii is just a rewording of part aii of the theorem.

For part b, we assume that m; # m,. Parts bi, bii and biii are implied by part
biv. For part biv, we note that since distinct points of the IPS are the image,
under m, of non- p-equivalent partitions, it follows from part bii of the theorem
that there are infinitely many mutually non- p-equivalent partitions that are both
strongly proportional and Pareto maximal. O

Corollary 3.15 — Equivalence Class Version
a. If my = my, then
i. there are infinitely many s-classes that are both proportional and Pareto
maximal.
ii. there is exactly one p-class that is both proportional and Pareto maximal.
iii. there are no s-classes or p-classes that are both strongly proportional
and Pareto maximal.
b. If my # my, then
i. there are infinitely many s-classes that are both proportional and Pareto
maximal.
ii. there are infinitely many p-classes that are both proportional and Pareto
maximal.
iii. there are infinitely many s-classes that are both strongly proportional
and Pareto maximal.
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iv. there are infinitely many p-classes that are both strongly proportional
and Pareto maximal.

The chores versions of Theorem 3.14 and Corollary 3.15 are as follows. The
proofs are similar and we omit them.

Theorem 3.16
a. If my = my, then
i. the IPS has exactly one point that is both c-proportional and Pareto
minimal, and that point is (%, %).
ii. the IPS has no points that are both strongly c-proportional and Pareto
minimal.
b. If m| # my, then
i. the IPS has infinitely many points that are both c-proportional and
Pareto minimal. In particular, for any « with 0 < k < 0o, there is a
point (p1, p2) € IPS that is both c-proportional and Pareto minimal
272 — k& (where we set % = o0 for any real number

and is such that =—
A #£0).

ii. the IPS has infinitely many points that are both strongly c-proportional
and Pareto minimal. In particular, for any k with 0 < k < 00, there is

a point (py, p2) € IPS that is both strongly c-proportional and Pareto
P2—3
=K.

£ =
173

2
1
2

minimal and is such that

Corollary 3.17
a. If my = my, then
i. there are infinitely many mutually non-s-equivalent partitions that are
both c-proportional and Pareto minimal.
ii. all partitions that are both c-proportional and Pareto minimal are
p-equivalent.
iii. there are no partitions that are both strongly c-proportional and Pareto
minimal.
b. If my # my, then
i. there are infinitely many mutually non-s-equivalent partitions that are
both c-proportional and Pareto minimal.
ii. there are infinitely many mutually non-p-equivalent partitions that
are both c-proportional and Pareto minimal.
iii. there are infinitely many mutually non-s-equivalent partitions that are
both strongly c-proportional and Pareto minimal.
iv. there are infinitely many mutually non-p-equivalent partitions that are
both strongly c-proportional and Pareto minimal.
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Corollary 3.17 — Equivalence Class Version
a. If my = my, then
i. there are infinitely many s-classes that are both c-proportional and Pareto
minimal.
ii. there is exactly one p-class that is both c-proportional and Pareto mini-
mal.
iii. there are no s-classes or p-classes that are both strongly c-proportional
and Pareto minimal.
b. If my # my, then
i. there are infinitely many s-classes that are both c-proportional and Pareto
minimal.
ii. there are infinitely many p-classes that are both c-proportional and
Pareto minimal.
iii. there are infinitely many s-classes that are both strongly c-proportional
and Pareto minimal.
iv. there are infinitely many p-classes that are both strongly c-proportional
and Pareto minimal.

3D. The Situation Without Absolute Continuity

In this section, we reconsider the results of previous sections, dropping our
assumption of absolute continuity. For this section, we explicitly assume that at
least one of the measures is not absolutely continuous with respect to the other.
Hence, either there is a piece of cake that has positive value to Player 1 but has
no value to Player 2 or there is a piece of cake that has positive value to Player 2
but has no value to Player 1, or both. We recall that in the first case we say that
m is not absolutely continuous with respect to m,, and in the second case we
say that m, is not absolutely continuous with respect to m.

How does the assumption that the measures are not absolutely continuous
with respect to each other affect the results of the previous sections? We begin by
considering fairness issues. The idea here is quite easy, since none of the results
in Section 3A rely on absolute continuity and, hence, all hold in our present
context. We observe that the failure of absolute continuity certainly implies that
my # my. Thus, the appropriate adjustments of Theorem 3.2, Corollary 3.3,
Theorem 3.4, and Corollary 3.5 are the following.

Theorem 3.18
a. The IPS has infinitely many proportional points. In particular, for any k
with 0 < k < 00, there are infinitely many points (py, p2) € IPS that are
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_1
proportional and are such that =% = i (where we set % = o0 for any real

P
number A # 0). b
b. The IPS has infinitely many strongly proportional points. In particular, for

any k with 0 < Kk < oo, there are infinitely many points (p1, p2) € IPS that
P2—>

are strongly proportional and are such that =K.

1

2

Corollary 3.19

a. There are infinitely many mutually non-s-equivalent proportional partitions.

b. There are infinitely many mutually non- p-equivalent proportional partitions.

c. There are infinitely many mutually non-s-equivalent strongly proportional
partitions.

d. There are infinitely many mutually non- p-equivalent strongly proportional
partitions.

Corollary 3.19 — Equivalence Class Version

a. There are infinitely many proportional s-classes.

b. There are infinitely many proportional p-classes.

c. There are infinitely many strongly proportional s-classes.
d. There are infinitely many strongly proportional p-classes.

Theorem 3.20

a. The IPS has infinitely many c-proportional points. In particular, for any k
with 0 < k < 00, there are infinitely many points (p1, p2) € IPS that are
c-proportional and are such that iz:z = k (Where we set % = o0 for any
real number )\ # 0). ’

b. The IPS has infinitely many strongly c-proportional points. In particular, for
any k with 0 < k < 0o, there are infinitely many points (p1, p2) € IPS that

Pz—? = k.

)

are strongly c-proportional and are such that

Corollary 3.21

a. There are infinitely many mutually non-s-equivalent c-proportional parti-
tions.

b. There are infinitely many mutually non-p-equivalent c-proportional parti-
tions.

c. There are infinitely many mutually non-s-equivalent strongly c-proportional
partitions.

d. There are infinitely many mutually non- p-equivalent strongly c-proportional
partitions.

Corollary 3.21 — Equivalence Class Version
a. There are infinitely many c-proportional s-classes.
b. There are infinitely many c-proportional p-classes.
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c. There are infinitely many strongly c-proportional s-classes.
d. There are infinitely many strongly c-proportional p-classes.

Next, we reconsider our results on efficiency from Section 3B. It follows
trivially from the corresponding definitions that the union of the outer and
inner boundaries of the IPS is the boundary of the IPS and that Theorem 3.8
holds regardless of any assumptions about absolute continuity. However, this
is not the case for Theorem 3.9, which told us that the outer Pareto boundary is
equal to the outer boundary and the inner Pareto boundary is equal to the inner
boundary. In particular, the first use of absolute continuity occurs in the proof
of Lemma 3.10, and this lemma is used in the proof of Theorem 3.9.

In contrast with Lemma 3.10, our present assumption, together with the fact
that the IPS is symmetric about (%, %), implies that the IPS includes points of
the form (1, @) and (0, 1 — a), or else points of the form (a, 1) and (1 — a, 0),
for some a with 0 < a < 1. Examples of possible IPSs are shown in Figure 3.6.
Figure 3.6a shows an IPS corresponding to m| not absolutely continuous with
respect to m,, but m, absolutely continuous with respect to m . Figure 3.6b
shows an IPS corresponding to the reverse situation. Figure 3.6¢ shows an IPS
corresponding to neither 7 nor m, being absolutely continuous with respect
to the other. It shall follow from our work in Chapter 11 that these are correct
examples; i.e., for each of these figures, there exists a cake C and corresponding
measures m and m, such that the given figure is the IPS corresponding to C,
m1, and m,. Notice that in Figure 3.6a the point (1, 0) is Pareto maximal but not
Pareto minimal, and the point (0, 1) is Pareto minimal but not Pareto maximal.
In Figure 3.6b, the situation is exactly the opposite. In Figure 3.6c, neither the
point (1, 0) nor the point (0, 1) is Pareto maximal or Pareto minimal.

y y y
1 1 1
IPS IPS IPS
X X P
1 1 1
(a) (b) (©)
Figure 3.6
Theorem 3.22

a. The outer Pareto boundary of the IPS is a proper subset of the outer boundary
of the IPS.
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b. The inner Pareto boundary of the IPS is a proper subset of the inner boundary
of the IPS.

Proof: For part a, the proof that the outer Pareto boundary is a subset of the
outer boundary is precisely as in Theorem 3.9, because that part of the proof did
not use absolute continuity. We will find a point that is on the outer boundary
but is not on the outer Pareto boundary.

As noted previously, the failure of absolute continuity implies that the IPS
either contains points of the form (1, a) and (0, 1 — a) or else points of the
form (a, 1) and (1 — a, 0) for some a with 0 < a < 1. Let us first assume that
it contains points of the form (1, @) and (0, 1 — a) for some a with0 < a < 1.
In particular, we shall focus on the point (1, a).

Pick any b with 0 < b < a. Since (1,0) € IPS and the IPS is convex, it
follows that (1, b) € IPS and, since this point is on the unit square, it is clearly
on the boundary of the IPS. Also, since 1 + b > 1, it is on the outer boundary.

We claim that (1, ) is not on the outer Pareto boundary. Note that (1, ) is
an interior point of the line segment between (1, 0) and (1, @). Then (using the
notation developed just before Definition 3.7) it is clear that B*(1, b) contains
many points from this line segment. Finally, since this line segment lies com-
pletely in the IPS, it follows that BT (1, b) N IPS # {(1, b)}. Thus, (1, b) is not
on the outer Pareto boundary.

If the IPS does not contain a point of the form (1, a) for some a with0 < a <
1, then it must contain a point of the form (1 — a, 1) for some a with0 < a < 1.
The argument in this case is similar and we omit it.

This establishes part a. Part b follows from part a and the fact that the IPS is
symmetric about the point (%, %). O

This theorem, together with Theorem 3.8, immediately yields the following
corollary.

Corollary 3.23 There are points on the boundary of the IPS that do not cor-
respond to Pareto maximal or to Pareto minimal partitions.

In particular, the point (1, b) in the proof of the theorem (or the analogous
point (b, 1), if we are working with (1 — a, 1) instead of (1, a)) is an example
of a boundary point that is neither Pareto maximal nor Pareto minimal. It turns
out that points of this form are the only such examples. This fact will be needed
in Chapter 11 and is made precise in the following theorem and corollary.

Theorem 3.24 Supposethat p = (p1, p2) €IPS,0 < p; < 1,and0 < p; < 1.

a. p is on the outer boundary of the IPS if and only if it is on the outer Pareto
boundary of the IPS.
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b. p is on the inner boundary of the IPS if and only if it is on the inner Pareto
boundary of the IPS.

Proof: Assume that p = (py, p2) € IPS, O < p; <1, and 0 < p, < 1. We
prove part a. The proof for part b is similar.

For the forward direction, we first note that because the measures are not
absolutely continuous with respect to each other, they are not equal, and hence
the outer boundary of the IPS is not equal to the simplex. In particular, the outer
boundary intersects the simplex only at the points (1, 0) and (0, 1). Assume that
p = (p1, p2) is on the outer boundary of the IPS. Our assumptions tell us that
p # (1,0) and p # (0, 1). It follows that p; 4+ py > 1.

We proceed as we did in part of the proof of Theorem 3.9. Suppose, by way of
contradiction, that p is not on the outer Pareto boundary of the IPS. Then there is
apointg € BT (p) NIPS withgq # p, and itis not hard to see that p is an interior
point of CH(G), the convex hull of G, where G = {q, (1, 0), (0, 1)}. Since each
point in G is in the IPS, the convexity of the IPS implies that CH(G) < IPS.
Thus p is an interior point of the IPS. This contradicts the fact the p is on the
outer boundary of the IPS.

The reverse direction follows from part a of Theorem 3.22. O

Corollary 3.25 [f p is on the boundary but not on the Pareto boundary of the
IPS, then p lies on the unit square.

In Figure 2.1, we showed six IPSs. In Figure 3.7, we repeat these IPSs,
darkening the outer boundary and outer Pareto boundary. The outer Pareto
boundary is shown with the thicker curve. In Figures 3.7a, 3.7b, 3.7¢c, and 3.7d,
the associated measures are absolutely continuous with respect to each other,
so the outer boundary and the outer Pareto boundary are the same. In Fig-
ures 3.7e and 3.7f, this is not the case and, therefore, the outer Pareto boundary
is a proper subset of the outer boundary.

Next we consider the question of how many points of the IPS are Pareto
maximal or Pareto minimal. In other words, we consider how the first statement
in Theorem 3.11 looks when absolute continuity fails. It turns out that this
statement is still true, with one exception. That exception involves the most
extreme case of the failure of absolute continuity.

Definition 3.26 Measures m and m, concentrate on disjoint sets if and only
if there is a partition (P, P,) of C with m(P;) = 1 and m,(P,) = 1.

If P, and P, are as above, then we shall say that measures m; and m;,
concentrate on the disjoint sets P; and P,, respectively. It is not really necessary
for us to insist that ( Py, P,) be a partition of C. Itis only necessary that P, and P,
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Figure 3.7

be disjoint and that m(P;) = 1 and m,(P>) = 1. If Py U P, # C, then we can
simply replace P; by P; U (C\(P; U P,)), or P, by P, U(C\(P; U Py)), since
C\(P; U P,) has measure zero to each player. The resulting two sets would then
form a partition of C that is the same as the partition (P, P,), except for a set
that has measure zero to each player. Insisting that (P, P,) be a partition of C
is simply a convenience.

Theorem 3.27

a. If my and m, concentrate on disjoint sets, then the IPS has exactly one Pareto
maximal point and exactly one Pareto minimal point, and these points are
(1, 1) and (0, 0), respectively.

b. If my and m;, do not concentrate on disjoint sets, then the IPS has infinitely
many Pareto maximal points and infinitely many Pareto minimal points.

Proof: We will need the following observation for both parts: m; and m,
concentrate on disjoint sets if and only if (1, 1) € IPS.

For part a, we assume that m; and m, concentrate on disjoint sets. By
Theorem 3.8, it suffices for us to show that the outer Pareto boundary con-
sists of the one point (1, 1) and the inner Pareto boundary consists of the one
point (0, 0).
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IPS
(1,6)

Figure 3.8

Since m; and m, concentrate on disjoint sets, we know that (1, 1) € IPS
and, by symmetry, this implies that (0, 0) € IPS. Since the IPS is a subset
of the unit square including its interior, it follows easily that (1, 1) is Pareto
maximal and no other point is Pareto maximal. (In this particular case, since
we know that (0, 0), (0, 1), (1, 0), (1, 1) € IPS, convexity implies that the IPS
is equal to the unit square, together with its interior.) Similarly, (0, 0) is the
only Pareto minimal point. Therefore, the outer Pareto boundary consists
of the one point (1, 1), and the inner Pareto boundary consists of the one
point (0, 0).

For part b, we assume that m; and m, do not concentrate on disjoint sets.
Leta =sup{x : (x,1) €eIPS}andletb = sup{y : (1, y) € IPS}. We know that
these suprema are taken over non-empty sets, since (0, 1) € IPS and (1, 0) €
IPS. Also, since the IPS is closed, (a, 1) €IPS and (1, b) € IPS. And, since
we are assuming that m; and m, do not concentrate on disjoint sets, we know
that (1, 1) ¢ IPS and, hence, (a, 1) # (1, 1) and (1, b) # (1, 1). This implies
that (a, 1) # (1, b). It is then geometrically clear that the outer Pareto bound-
ary is precisely the (shorter) portion of the boundary of the IPS between
(a, 1) and (1, b), including the points (a, 1) and (1, b). This is illustrated in
Figure 3.8, where we have darkened the outer Pareto boundary. It follows
that the IPS containsinfinitely many Pareto maximal points. The result for
the inner Pareto boundary and Pareto minimal points follows from symmetry
considerations. O

Notice that in the preceding proof it might be that (a, 1) = (0, 1) or that
(1, b) = (1, 0), but these two equalities cannot both hold, since we are assuming
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that one of the measures fails to be absolutely continuous with respect to
the other. In the situation illustrated in Figure 3.8, neither of these equal-
ities holds since neither measure is absolutely continuous with respect to
the other.

Figure 3.8 also illustrates the fact that, in contrast with the absolute continuity
context of Theorem 3.11, we cannot move from the origin along a straight line
in every possible direction into the first quadrant and expect to hit a Pareto
maximal point. In the figure, a line through the origin that either passes through
the point (c, 1) for some ¢ with 0 < ¢ < a, or passes through the point (1, d)
for some d with 0 < d < b, fails to hit any such point.

Corollary 3.28
a. If my and m, concentrate on the disjoint sets Py and P,, respectively, then

i. all Pareto maximal partitions are s-equivalent (and are s-equivalent to
(P1, P2)) and all Pareto minimal partitions are s-equivalent (and are
s-equivalent to (P,, Py)).

ii. all Pareto maximal partitions are p-equivalent (and are p-equivalent to
(P1, P»)) and all Pareto minimal partitions are p-equivalent (and are
p-equivalent to (P, Py)).

b. If m; and m, do not concentrate on disjoint sets then

i. there are infinitely many mutually non-s-equivalent Pareto maximal
partitions and infinitely many mutually non-s-equivalent Pareto minimal
partitions.

ii. there are infinitely many mutually non-p-equivalent Pareto maximal
partitions and infinitely many mutually non- p-equivalent Pareto minimal
partitions.

Proof: For part a, we assume that m; and m, concentrate on the disjoint sets
P, and P», respectively. Set P = (P, P»). Then P is Pareto maximal and
m(P) = (1, 1). Suppose that Q is any Pareto maximal partition. By part a of
the theorem, (1, 1) is the only Pareto maximal point and, hence, m(P) = m(Q).
Since no points of the IPS lie outside of the unit square, we know that the
point (1, 1) is not an interior point of any line segment in the IPS. Hence, it
follows from Theorem 2.6 that P and Q are s-equivalent. This establishes that
all Pareto maximal partitions are s-equivalent to P = (P;, P,). The proof that
all Pareto minimal partitions are s-equivalent to (P, P;) is similar. (Notice
that m({P», P1)) = (0, 0).) This establishes part ai.
Part aii follows from part ai.
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Part bi follows from part bii. Part bii follows from part b of the theorem
and the fact that distinct points of the IPS are the image, under m, of non-
p-equivalent partitions. O

Corollary 3.28 — Equivalence Class Version
a. If my and my concentrate on the disjoint sets Py and P, respectively, then
i. there is exactly one Pareto maximal s-class (and that class is [{ P, P>)]s)
and exactly one Pareto minimal s-class (and that class is [(Pa, P1)]y).
ii. there is exactly one Pareto maximal p-class (and that class is [{ Py, P>)],)
and exactly one Pareto minimal p-class (and that class is [( P2, P1)],).
b. If my and m, do not concentrate on disjoint sets then
i. there are infinitely many Pareto maximal s-classes and infinitely many
Pareto minimal s-classes.
ii. there are infinitely many Pareto maximal p-classes and infinitely many
Pareto minimal p-classes.

We can see the truth of part a of the corollary by more direct reasoning. It is
clear that if m| and m, concentrate on disjoint sets, then any Pareto maximal
partition must give each player a piece of cake on which that player’s measure
concentrates. Any remaining cake has measure zero to each player. Hence, all
possible choices of how to distribute the remaining cake result in partitions that
are s-equivalent and p-equivalent. And, all Pareto maximal partitions are of
this form. This idea is similar for Pareto minimality, with each player taking
the piece of cake on which the other player’s measure concentrates.

Next, we consider Theorem 3.13 in light of the failure of absolute continuity.
Whether or not this theorem is true in our current setting depends on whether
just one of the measures fails to be absolutely continuous with respect to the
other, or whether both fail to be absolutely continuous with respect each other.
Recall that Figures 3.6a and 3.6b illustrate the first of these situations and Fig-
ure 3.6c¢ illustrates the second. Our main result on this topic is Theorem 3.30.
First we prove a lemma from which the theorem will follow easily.

Lemma 3.29

a. Suppose that one of the measures is absolutely continuous with respect to the
other and p is a point in the IPS that is neither Pareto maximal nor Pareto
minimal. Then p is an interior point of a line segment contained in the IPS.

b. Suppose that neither measure is absolutely continuous with respect to the
other.
i. The points (1, 0) and (0, 1) are each neither Pareto maximal nor Pareto

minimal.
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ii. Suppose that p is a point in the IPS that is neither Pareto maximal nor
Pareto minimal. Then p is an interior point of a line segment contained
in the IPS if and only if p # (1,0) and p # (0, 1).

Proof: For parta, we assume, without loss of generality, that m, is not absolutely
continuous with respect to m,, but m, is absolutely continuous with respect to
m. This is the situation illustrated in Figure 3.6a. Assume p € IPS is neither
Pareto maximal nor Pareto minimal.

If p is not on the boundary of the IPS, then clearly it is an interior point of
a line segment contained in the IPS.

Assume then that p is on the boundary of the IPS. Since p is neither Pareto
maximal nor Pareto minimal, p is on neither the outer nor the inner Pareto
boundary of the IPS. Our assumptions about m and m,, together with Theo-
rem 3.24, tell us that for some a with 0 < a < 1, the parts of the boundary
that are on neither the outer nor the inner Pareto boundary consist of two
open line segments, one of the form {(x, 1) : 0 < x < a} and one of the form
{(x,0): 1 —a < x < 1}. (We note that each of the endpoints of each of these
line segments is either a Pareto maximal point or a Pareto minimal point and
hence each is part of the outer or the inner Pareto boundary.) Thus, p must be
in one of these open line segments and therefore is an interior point of a line
segment contained in the IPS.

For part b, we assume that neither measure is absolutely continuous with
respect to the other. This is the situation illustrated in Figure 3.6c. For part bi, we
observe that neither of the points (1, 0) or (0, 1) is on the outer Pareto boundary
or the inner Pareto boundary of the IPS. Hence (as we pointed out earlier in this
section in our discussion of Figure 3.6¢), neither is Pareto maximal or Pareto
minimal.

For part bii, we assume that p is a point in the IPS that is neither Pareto
maximal nor Pareto minimal. For the forward direction, assume that either
p = (1,0)or p = (0, 1). Since the IPS is contained in [0, 1], it is clear that p
is not an interior point of a line segment contained in the IPS.

For the reverse direction of part bii, we assume that p # (1, 0)and p # (0, 1).
The proof is similar to the proof of part a. If p is in the interior of the IPS, then
it certainly lies on a line segment contained in the IPS. Suppose then that p
is on the boundary of the IPS. Since p is neither Pareto maximal nor Pareto
minimal, we know that p is not on the outer or the inner Pareto boundary. Since
p # (1,0) and p # (0, 1), it follows, as in part a, that p lies on an open line
segment on the boundary of the IPS. Therefore, p is an interior point of a line
segment contained in the IPS. O
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Theorem 3.30 Suppose that P is a partition that is neither Pareto maximal
nor Pareto minimal.

a. Assume that one of the measures is absolutely continuous with respect to the
other. Then P is p-equivalent to infinitely many mutually non-s-equivalent
partitions.

b. Assume that neither measure is absolutely continuous with respect to the
other.

i. If P isnot p-equivalent to either of the partitions (C, @) or (@, C), then P
is p-equivalent to infinitely many mutually non-s-equivalent partitions.

ii. If P is p-equivalent to either (C, #) or (§, C), then any partition that is
p-equivalent to P is also s-equivalent to P.

Proof: The proof follows easily from Lemma 3.29 and Theorem 2.6. O

Theorem 3.30 — Equivalence Class Version Suppose that P is a partition that
is neither Pareto maximal nor Pareto minimal.

a. Assume that one of the measures is absolutely continuous with respect to the
other. Then [ P], is the union of infinitely many s-classes.
b. Assume that neither measure is absolutely continuous with respect to the
other.
i. If [P], # [(C,9P)], and [P], # [(¥, C)],, then [P], is the union of
infinitely many s-classes.
ii. If [P], =WC,D)], or [P]l, =[{0, C)]p, then [P], consists of a sin-
gle s-class. (Or, equivalently, [(C,¥)], =[(C,¥)]s and [{#, C)], =
(2, C)]s).

We conclude this section by considering how the results of Section 3C,
where we combined fairness and efficiency notions, adjust to the present setting
in which absolute continuity fails. This failure of absolute continuity implies
that m; # m, and, hence, in considering Theorem 3.14, we need only in-
vestigate how to adjust part b of the theorem. The appropriate adjustment is
the following.

Theorem 3.31
a. If my and m, concentrate on disjoint sets, then
i. the IPS has exactly one point that is both proportional and Pareto maxi-
mal, and that point is (1, 1).
ii. the IPS has exactly one point that is both strongly proportional and Pareto
maximal, and that point is (1, 1).
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b. If m; and m, do not concentrate on disjoint sets, then
i. the IPS has infinitely many points that are both proportional and Pareto
maximal.
ii. the IPS has infinitely many points that are both strongly proportional and
Pareto maximal.

IPS

(a) (b) (©
Figure 3.9

The proof follows easily from Theorem 3.27 and the geometric perspectives
discussed previously, and we omit the details. Part b of the theorem is illustrated
in Figure 3.9. As was the case in Figure 3.5, which we used to illustrate Theo-
rem 3.14, the proportional and strongly proportional points are the points in the
darker regions of the IPSs (where the sets of proportional points include the
points on the horizontal and the vertical line segments that bound these regions,
and the sets of strongly proportional points include none of these points) and the
outer Pareto boundaries are darkened. The sets of points that are proportional or
strongly proportional, and are also Pareto maximal, are the intersections of these
sets and are the thicker curves in the figures. In Figure 3.9a, this intersection is
the entire outer Pareto boundary, whereas in Figures 3.9b and 3.9¢, part of the
outer Pareto boundary extends beyond this region.

Corollary 3.32
a. If my and my concentrate on the disjoint sets Py and P,, respectively, then
i. all partitions that are both proportional and Pareto maximal are
s-equivalent and are p-equivalent (and are s-equivalent and p-equivalent
to (Py, P»)).
ii. all partitions that are both strongly proportional and Pareto maximal are
s-equivalent and are p-equivalent (and are s-equivalent and p-equivalent
to (P, P»)).
b. If my and m, do not concentrate on disjoint sets, then
i. there are infinitely many mutually non-s-equivalent partitions that are
both proportional and Pareto maximal.
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ii. there are infinitely many mutually non-p-equivalent partitions that are
both proportional and Pareto maximal.

iii. there are infinitely many mutually non-s-equivalent partitions that are
both strongly proportional and Pareto maximal.

iv. there are infinitely many mutually non-p-equivalent partitions that are
both strongly proportional and Pareto maximal.

Proof: Part a follows from part a of the theorem, Theorem 2.6, and the fact
that (1, 1) is not an interior point of a line segment contained in the IPS. Part b
follows immediately from part b of the theorem. O

Corollary 3.32 — Equivalence Class Version
a. If my and m, concentrate on the disjoint sets Py and P, respectively, then
i. there is exactly one s-class that is both proportional and Pareto maximal
(and that class is [{ Py, P,)];), and there is exactly one p-class that is both
proportional and Pareto maximal (and that class is [{ Py, P>)],).

ii. there is exactly one s-class that is both strongly proportional and Pareto
maximal (and that class is [{P), P2)]y), and there is exactly one p-class
that is both strongly proportional and Pareto maximal (and that class is
[{(P1, P2)]p).

b. If my and m, do not concentrate on disjoint sets, then
i. there are infinitely many s-classes that are both proportional and Pareto
maximal.

ii. there are infinitely many p-classes that are both proportional and Pareto
maximal.

iti. there are infinitely many s-classes that are both strongly proportional
and Pareto maximal.

iv. there are infinitely many p-classes that are both strongly proportional
and Pareto maximal.

Of course, the s-classes and the p-classes in parts ai and aii are all the
same set.

We conclude by stating the chores versions of Theorem 3.31 and Coro-
llary 3.32. The proofs are similar and we omit them. (Theorem 3.33 can also
be proved by using Theorem 3.31 and the symmetry of the IPS.)

Theorem 3.33
a. If my and m, concentrate on disjoint sets, then
i. the IPS has exactly one point that is both c-proportional and Pareto
minimal, and that point is (0, 0).
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ii. the IPS has exactly one point that is both strongly c-proportional and
Pareto minimal, and that point is (0, 0).
b. If my and m, do not concentrate on disjoint sets, then
i. the IPS has infinitely many points that are both c-proportional and Pareto
minimal.
ii. the IPS has infinitely many points that are both strongly c-proportional
and Pareto minimal.

Corollary 3.34
a. If my and m, concentrate on the disjoint sets Py and P,, respectively, then
i. all partitions that are both c-proportional and Pareto minimal are
s-equivalent and are p-equivalent (and are s-equivalent and p-equivalent
to (P>, Py)).

ii. allpartitions that are both strongly c-proportional and Pareto minimal are
s-equivalent and are p-equivalent (and are s-equivalent and p-equivalent
to (P,, Py)).

b. If my and m, do not concentrate on disjoint sets, then
i. there are infinitely many mutually non-s-equivalent partitions that are
both c-proportional and Pareto minimal.

ii. there are infinitely many mutually non-p-equivalent partitions that are
both c-proportional and Pareto minimal.

iii. there are infinitely many mutually non-s-equivalent partitions that are
both strongly c-proportional and Pareto minimal.

iv. there are infinitely many mutually non-p-equivalent partitions that are
both strongly c-proportional and Pareto minimal.

Corollary 3.34 — Equivalence Class Version
a. If my and m, concentrate on disjoint sets, then

i. thereisexactly one s-class that is both c-proportional and Pareto minimal
(and that class is [{ Py, P1)];), and there is exactly one p-class that is both
c-proportional and Pareto minimal (and that class is [{ P, P1)]p).

ii. there is exactly one s-class that is both strongly c-proportional and Pareto
minimal (and that class is [{ P>, P1)]y), and there is exactly one p-class
that is both strongly c-proportional and Pareto minimal (and that class
is [{(P2, P1)]p).

b. If my and m, do not concentrate on disjoint sets, then
i. there areinfinitely many s-classes that are both c-proportional and Pareto
minimal.

ii. there are infinitely many p-classes that are both c-proportional and
Pareto minimal.
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iii. there are infinitely many s-classes that are both strongly c-proportional
and Pareto minimal.

iv. there are infinitely many p-classes that are both strongly c-proportional
and Pareto minimal.

As was the case in Corollary 3.32, the s-classes and the p-classes in parts ai
and aii are all the same set.
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The Individual Pieces Set (IPS) and the Full
Individual Pieces Set (FIPS) for the General
n-Player Context

In this chapter, we consider the general case of n players. In Section 4A we
consider the IPS, and then in Section 4B we shall see that the IPS is not a
sufficient structure for studying all fairness properties when there are more than
two players. In Section 4C, we generalize the IPS to the FIPS, the Full Individual
Pieces Set. In Section 4D, we prove a general result about the possibilities for
the FIPS. This result will be a central tool in our work in Chapter 5. We make
no general assumptions about absolute continuity in this chapter.

4A. Geometric Object #1b: The IPS for n Players

Before considering fairness and efficiency issues, we consider more general
geometric issues, as we did in the two-player context. More specifically, we
examine Theorems 2.2, 2.4, and 2.6 and consider appropriate generalizations
to the n-player context. The definition of the IPS, of s-equivalence, and of
p-equivalence are the obvious generalizations of the corresponding definitions
for two players.

Definition 4.1

a. For any partition P = (P, P»,..., P,) of C, let m(P)= (m;(Py),
my(P,), ..., m,(P,)). The Individual Pieces Set, or IPS, is the set {m(P) :
P € Part}.

b. Two partitions P = (P, P>,..., P,) and Q = (Q1, Q», ..., Q,) are s-
equivalent if and only if, foralli = 1,2,...,n, m;(P;AQ;) = 0.

c. Two partitions P = (P, P»,..., P,) and Q = (Qy, Q», ..., Q,) are p-
equivalent if and only if, for every i = 1,2, ..., n, m;(P;) = m;(Q;). Or,
equivalently, P and Q are p-equivalent if and only if m(P) = m(Q).

We note that IPS C R”. Also, as in the two-player context of Chapter 2,
s-equivalence and p-equivalence are equivalence relations, and we shall refer

56



4A. Geometric Object #1b: The IPS for n Players 57

to the associated equivalence classes as s-classes and p-classes, respectively,
and shall let [P], and [P], denote the s-class and the p-class, respectively, of
partition P. The function m from Part to the IPS respects s-equivalence and
p-equivalence, and the induced function from the set of p-classes to the IPS is
a bijection.

Next, we consider Theorem 2.2 and the obvious generalization of this re-
sult. Recall that the idea behind part a of this theorem is that, by giving all
of the cake to Player 1 or by giving all of the cake to Player 2, we see that
(1,0) and (0, 1) are in the IPS. Dvoretsky, Wald, and Wolfovitz’s theorem
(Theorem 1.4) tells us that the IPS is convex and so the line segment connect-
ing (1, 0) and (0, 1) is in the IPS. This idea generalizes in a natural way to
the n-player context. Arguing precisely as in the two-player case, we see that
(1,0,0,...,0,0),(0,1,0,...,0,0),...,(0,0,0,...,0, 1) are all in the asso-
ciated IPS and hence, by convexity, the (n — 1)-simplex is a subset of the IPS.
This establishes part a of the following theorem.

Theorem 4.2
a. The IPS contains the simplex.
b. The IPS consists precisely of the simplex ifand only ifm| = my = - - - = m,,.

The proof for part b is analogous to the proof of part b of Theorem 2.2, and
we omit it. We turn next to Theorem 2.4.

The natural generalizations of parts a, b, ¢, and d of Theorem 2.4 are easily
seen to be true in the n-player context. In other words, we have the following
result.

Theorem 4.3 The IPS

a. is a subset of [0, 1]".
b. contains the simplex.
c. is closed.

d. is convex.

Part a is obvious, part b is a restatement of part a of Theorem 4.2, and parts
¢ and d follow from Dvoretsky, Wald, and Wolfovitz’s theorem. We have not
included a generalization of part e of Theorem 2.4 in Theorem 4.3. We shall
discuss this issue shortly.

Theorem 2.6 is true as stated for n players. We repeat in here.

Theorem 4.4 Let p be a point of the IPS. The following are equivalent:

a. p is the image, under m, of infinitely many mutually non-s-equivalent par-
titions.
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b. p is the image, under m, of at least two non-s-equivalent partitions.
c. p lies in the interior of a line segment contained in the IPS.

The proof of Theorem 4.4 is a generalization of the proof of Theorem 2.6.
The proof of Theorem 2.6 required Lemma 2.7. We shall require the n-player
version of this lemma.

Lemma 4.5 For any piece of cake A, there is a collection of subsets of A such
that, for each player, each subset in the collection has size halfthat of A, and any
player who believes that A has positive measure also believes that all pairwise
symmetric differences from this collection have positive measure. Also, if any
player believes that A has positive measure, then this collection is infinite. In
other words, for any A C C, there is a collection T'(A) of subsets of A such
that,

a. forany BeT'(A)andi =1,2,...,n, m;(B) = %mi(A),'

b.for i=1,2,...,n, if mi(A) >0, then for distinct Bi, B, € ['(A),
m;(B1AB,) > 0, and

c. ifm;(A) > 0 for somei =1,2,...,n, then I'(A) is infinite.

The proof is similar to the proof of Lemma 2.7, and we omit it.

Proof of Theorem 4.4: Fix some p € IPS. It is obvious that part a implies part
b. We will show that part b implies part ¢ and that part ¢ implies part a.

To show that part b implies part c, assume that P = (P, P>, ..., P,)
and O = (Qy, O, ..., Q,) are two non-s-equivalent partitions and m(P) =
m(Q) = p. We must show that p lies in the interior of a line segment contained
in the IPS.

For distinct i, j = 1,2, ..., n, define R;; = P; N Q;. Then R;; is the piece
of cake that Player i must transfer to Player j in going from partition P to
partition Q.

Foreachi = 1,2, ..., n, we define a partition Si as follows:

S'=(PiURi;, ,URp, ..., P_y UR;;_y,
PA\(RitURU---UR; i1 UR; ;11 U---URyy),
PittUR; i1, ..o, Py URy)

We may view each S’ as arising by starting with partition P and then
having Player i complete all of the transfers to other players that would
have to be completed to go to partition Q (and having all other players

give up nothing). Since m;(P;) = m;(Q;) and Player i obtains Q; from
P; by giving up the sets R;1, R, ..., Rii—1, Riit+1, ..., Rin and receiving
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the sets Ry;, Ry;, ..., Ri—1, Ri+1,, ..., Ry, it must be the case that m; (R;; U
RpU---UR;; 1 UR; ;1 U---UR;) =mi(R; URy U---UR;_1; UR;yy;
U--- U Ry;). Also, the non-s-equivalence of P and Q implies that, in going
from partition P to partition Q, at least one player receives a piece of cake
and gives up a piece of cake that are each of positive measure to that player. In
other words, for some i, j, and k, m;(R ;) > 0 and m;(R;;) > 0, and it follows
that there are at least two non- p-equivalent .

Obviously, for each i =1,2,...,n, m(S") e IPS. Consider the following
convex combination of elements of the IPS:

(@) (G mstee (G ms
—m(sY) + (= )m(H + -+ (=) m(s™
n n n

We claim that this convex combination is equal to p. We establish this as follows:

1 1 1 2 1 n
(—)m(S )+ (—)m(s 4o+ (—)m(s )

n n n

= (%) (m(S") +m(S%) + -+ m(S"))

(nmy(P1) +mi(Ryy UR31 U---URyp)
—mi(RipURi3U---URy,)),
(1> (nma(Py) +ma(Ri2 U R U---URyp)
—ma(Ryy URz U---URy,)), ...,
(nmn(Pn) + mn(Rln U R2n U---u Rn—l,n)
—my(Ryy URpU---UR, 1))

1
= (;) (nml(P]), .. "nmn(Pn))
=m(P1),...,m,(P,)) = P

Thus we see that p is a convex combination of m(S'), m(S?), ...,
m(S"), and these points are elements of the IPS. As discussed earlier, we
know that there are at least two non-p-equivalent Si, and therefore the list
m(SY), m(S?), ..., m(S") of elements of the IPS contains at least two distinct
points. Hence, p is a convex combination of at least two elements of the IPS
and, since the coefficients used in this convex combination are all positive, it
follows that p lies in the interior of a line segment contained in the IPS.

The proof that part ¢ implies part a is similar to the corresponding proof in
Theorem 2.6. Part c tells us that we can find partitions P and Q so that p is
the midpoint of the line segment connecting m(P) and m(Q). We can imagine
partition Q as arising from partition P by a collection of transfers between
players. By Lemma 4.5, for each of these transfers there are an infinite number
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of different ways to complete what all players agree is half of the transfer (where
“different” means “different by a set that has positive measure to any player who
believes that the original transfer involves a set of positive measure”). Thus,
there are an infinite number of different ways to complete the entire collection
of such half-transfers. Each results in a partition that gets mapped by m to p.
Hence, p is the image, under m, of infinitely many mutually non-s-equivalent
partitions. This completes the proof of the theorem. O

As we did for Theorem 2.6, we may restate this theorem in terms of the
composition of the relevant equivalence classes.

Theorem 4.4 — Equivalence Class Version For any partition P, the following
are equivalent:

a. [P], is the union of infinitely many s-classes.
b. [P], is the union of at least two s-classes.
c. m(P) lies in the interior of a line segment contained in the IPS.

For partitions P and Q, when is it the case that the p-equivalence of these
two partitions implies their s-equivalence? By the theorem, this will be the case
precisely when the point m(P) = m(Q) in the IPS is not in the interior of any
line segment contained in the IPS. This notion will be useful in Chapter 14 in
our study of strong Pareto maximality.

As was the case for Theorem 2.6, Theorem 4.4 yields as immediate corollary.

Corollary 4.6 Any point of the IPS that is not on the boundary of the IPS is
the image, under m, of infinitely many mutually non-s-equivalent partitions.

Corollary 4.6 — Equivalence Class Version For any partition P, if m(P) is not
on the boundary of the IPS, then [ P], is the union of infinitely many s-classes.

The only part of Theorems 2.2, 2.4, and 2.6 that we have not yet considered
is part e of Theorem 2.4, which told us that in the two-player context, the IPS is
symmetric about the point (%, %). There are two natural generalizations of this
statement to the n-player setting:

a. The IPS is symmetric about the point (%, 1o...0h
b. The IPS is symmetric about the point (%, %, .

It turns out that each of these statements is, in general, false. To see that state-
ment a can be false, suppose that the measures are all equal. Then, by part b of
Theorem 4.2, the IPS is the simplex. Hence, since forn > 2, (%, % e, %) is not
on the simplex, we see that the IPS need not be symmetric about (%, % e, %).
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In Chapter 11, where we consider issues regarding the possibilities for the
shape of the IPS, we shall give a specific example to show that statement b
need not be true in general (see Theorem 11.5). For now, we give an informal
perspective on why this is so.

When n = 2, the IPS is a subset of [0, 1]2, the unit square together with its
interior. The point (%, %) is at the center of this set, and so there is a certain
naturalness in the IPS being symmetric about this point. However, whenn > 2,
the IPS is a subset of [0, 1]", and(%, % e, %), not(%, % e, %), is at the center
of this set. Hence, it is not reasonable to expect the IPS to be symmetric about
(%, % e, %) when n > 2. As we shall see in Chapter 16, although the IPS is
not symmetric about (%, %, e, %), a more general structure that contains the
IPS is symmetric about (%, %, R %).

We can make the idea outlined in the previous paragraph somewhat more
precise. Whether or not the measures are absolutely continuous with respect

to each other, we may imagine that they concentrate on sets that are “almost”

disjoint. Then the IPS will contain points close to (1, 1, ..., 1). This certainly
implies that, for n > 2, the IPS cannot be symmetric about (%, %, e, %), since
reflecting points close to (1, 1, ..., 1) about (%, %, R %) yields points that

have negative coordinates and, hence, cannot be in the IPS.

Does the IPS possess any sort of symmetry when there are more than two
players? In searching for symmetry, let us consider how to generalize the simple
proof of symmetry about (%, %) from the two-player context, as given in the
proof of Lemma 2.3. In that case, we found symmetry by starting with some
partition and then having the two players exchange pieces. Theorem 4.8, and
its proof, can be viewed as a direct generalization of this idea where, instead of
two players exchanging pieces, all players repeatedly “pass to the right.” After
stating and proving this result, we will examine what it tells us about the shape
of the IPS. Before stating the theorem, we need to develop some terminology
and notation.

For ¢',¢%, ...,q" € R", we recall that CH(q', g%, ..., ¢™) denotes the
convex hull of the set {g¢',¢>, ..., q™}. By the convexity of the IPS, if
ql, qz, ..., q" € IPS, then CH(ql, qz, ....q™) C IPS.

We note that for two distinct points ¢! and g2, CH(g', ¢?) is a line segment;
for three distinct non-collinear points ¢, g2, and g3, CH(q', ¢, ¢*) is a triangle
(including its interior); and for four distinct non-coplanar points g L qz, q3, and
g* CH(q', ¢*. ¢, ¢*) is a tetrahedron (including its interior). We shall refer to
any such object CH(ql, qz, ...,q™) as an m-tetrahedron. (We do not assume
that the m points ¢', g2, ..., g™ do not lie in a lower-dimensional subspace
of R". Thus, for example, if ¢', g%, ¢*, g* are coplanar but not collinear, then
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CH(q', ¢%, 43, ¢*) is a triangle, but we shall still refer to it as a 4-tetrahedron
in this case.)

We need to consider the centroid of an n-tetrahedron. Intuitively, the centroid
of an object is its center. If the object is a physical object that is homogeneous
(i.e., has constant density), then its centroid is its center of mass. Comput-
ing the centroid of an object is a problem studied in multivariable calculus,
and formulas to compute the centroid for various standard objects have been
worked out. We shall only be interested in the centroid of objects of the form
CH(q', g%, ..., q™), i.e., of m-tetrahedra.

Let Cent(gq', g%, ..., q™) denote the centroid of CH(q', g%, ..., g™). Then,
using the methods of multivariable calculus, it can be shown that
Cent(q', ¢, ...,q™) is the coordinate average of g¢' g% ...,q".
The reader may take the perspective that, for objects of the form
CH(ql, qz, g™, Cent(ql, q2, ...,q™) 1is, by definition, the coordi-
nate average of ¢!, g%, ..., ¢™. This perspective will suffice for our present
purposes. It is easy to see that Cent(ql, qz, ..,q™M e CH(ql, qz, cesq™).

The following lemma reveals some additions facts about the centroid of an
m-tetrahedron and will be used in the proof of Corollary 4.9.

Lemma 4.7 Suppose q',q>, ..., q" are points in R" and choose any i =

1,2,...,m.

a. Cent(q',q% ...,q™) is on the line segment connecting q' and
Cent(q', q*,....,q" ", q'T', ..., q™.

b. The distance from Cent(q',q*, ...,q™) to Cent(q', g% ...,q"",
q"“(, g™ s ﬁ times the distance from Cent(q', q?, ..., q"™)
to q'.

Proof: Fiqu,qz, .,qg"eRandi =1,2,...,m.

Claim Cent(q',¢% ....¢") = (L)g' + (%=1) Cent(q'.¢% ....q"" " q'*,
g™

Proofof Claim: Recalling that the centroid of an m-tetrahedron is the coordinate
average of the vertices, we establish the claim as follows:

Cent(ql,qz,...,q’")
_ l 1 2 m
= (¢ +q +--+q")
m

1 . 1 . .
:< )qz_’_(Z)(ql_i_qZ_}_”__}_qzl+qt+l+.'.+qm)

m
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Ly m—1 ! 1, 2 i1
=\—)a+|\—)|\—)@ +ta" +---+q
m m m—1

+qi+]+"'+6]m)
1 . m—1 i1 i m
:(Z>q’+<7>Cent(ql,q2,...,q’ g™ g™

This establishes the claim.

The claim says that the point Cent(q I qz, ..., q™)is a weighted average of
the point q' and the point Cent(¢', g%, ..., q¢' ', ¢+, ..., q™), using weights
- and L. respectively. Slnce the Welghts sum to one, Cent(q g ....q™
is on the line determined by ¢' " and Cent(q , q e, q , q”’1 ...,q™) and,
since the weights are both positive, Cent(g', g%, ..., g™) is between ¢’ and
Cent(q',q% ....q'"', ¢'*", ..., g™ on this line. This establishes part a of the
lemma. Part b follows since the weight of ¢’ (which is %) is ﬁ times the

weight of Cent(q', g%, ...,¢' "', ¢'*', ..., ¢") (which is ’”T_l). O

Let us examine the lemma in familiar, low-dimension situations. For two
distinct points ¢' and ¢2, in R!, R?, or R?, CH(g', ¢?) is a line segment. The
centroid of this line segment (i.e., the coordinate average of ¢! and ¢?) is its
midpoint. In this case, the truth of each part of the lemma is clear. (For part a,
we note that the centroid of a point is itself.)

For three distinct non-coplanar points ¢',¢%, and g3, in R? or R,
CH(q', ¢, ¢%) is a triangle. It is not obvious, but is a well-known geomet-
ric fact, that the three line segments that connect each vertex of a triangle with
the midpoint of the opposite side intersect at a point. By part a of the lemma,
the centroid must be on each of these three line segments. Hence the point of
intersection of these line segments is the centroid. A standard theorem of plane
geometry tells us that the distance from a vertex of a triangle to the centroid
of the triangle is twice the distance from the centroid to the midpoint of the
opposite side, thus illustrating part b of the lemma.

Theorem 4.8 Suppose p € IPS. Then p is a vertex of an n-tetrahedron that
lies in the IPS and has centroid (%, % el %). In other words, there are n — 1
points p', p?, ..., p"~! € R" such that

a. pl, pz, R p”_l € IPS and hence, CH(p, pl, pz, R p”_l) C IPS, and

b' Cent(paplapza'-'ﬂpn 1)_(n na~'*7%~

Proof: Assume that p € IPS. Then for some partition (P, Ps,..., P,)
of C, (m(Py), my(Ps),...,m,(P,)) = p. We obtain n — 1 new partitions
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by having each player repeatedly “pass to the right.” More specifically,
we consider the partitions (P,, Py, P>, ..., Py—2, Po_1), (Py—1, Py, P1, ...,
P, 5, Py ), ....(P>, P3, Py,..., P, Pp).

Next, we let p', p,..., p"~! be the corresponding points in the IPS. In
other words,

p' = mi(Py), my(Py), m3(Py). ..., myu_1(Py_2), my(P_1)),
= (ml(Pnfl)y mZ(Pn)a m3(P1)7 ) mnfl(Pn73)v mn(Pn72))7 e
Pt = (my(Py), my(P3), m3(Py), ..., my_(Py), my(Py)).
Clearly, pl, p2, ...,p”’1 € IPS, and this implies that CH(p, pl, pz, R
p”’l) C IPS. This establishes that pl, p2, e, p”’1 satisfy part a.

For part b, we note that since (P, P,, ..., P,) is a partition of C it follows
that, foreachi =1,2,...,n,

mi(PY) +mi(Py)+ -+ mi(Py) =mi(PLUP,U---UP)=mi(C) =1

This tells us that p, p', p2, ..., p"~' have coordinate sum(1,1,...,1)and
hence have coordinate average(n Taees l) Thus, (n Taeees %)isthe centroid
of CH(p, p', p*..... p"™ M. O

To gain some perspective on what the theorem is telling us about the IPS,
let us consider what it says for two players and for three players. When there
are two players, the theorem is simply a restatement of part e of Theorem 2.4,
which says that the IPS is symmetric about (2, 3

When there are three players, the theorem says that, givenany p € IPS, there
isa triangle T, having p as one vertex, that lies in the IPS and has centroid
(3 % 7). Hence, the theorem yields something resembling symmetry about
(é, 1 3) Two examples of the type of information conveyed by this result for
three players are as follows:

* Given any plane containing (%, %, %), the IPS contains points on one side of
this plane if and only if it contains points on the other side of this plane. In
particular, the IPS contains points on one side of the simplex if and only if it
contains points on the other side of the simplex.

* Somewhat less formally, we see that if it is possible to move relatively far
from (%, %, %) in one direction, then it must be possible to move at least
moderately far in the opposite direction as well.

Of course, analogous facts are true for more than three players.
The idea of a “triangle” in the preceding discussion may be somewhat mis-
leading. The triangle may be degenerate in the sense that two, or possibly
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all three, of the vertices may be identical. For example, it follows from Coro-
llary 1.5 that there exists a partition P of C among the three players that all
agree is a partition into three equal pieces. Setting p = (%, % %) in the state-
ment of Theorem 4.8 and using partition P in the proof of the theorem, we
find that the three vertices are all the same point, namely (%, % %). Of course,
this sort of degeneracy applies to Theorem 4.8 generally. That is, the points
D, pl, pz, e, p”’1 need not be distinct.

We now return to the general case of n players. The essential information on
symmetry contained in Theorem 4.8 is given to us by the following corollary.

Corollary 4.9 Suppose that p = (p1, p2, - .-, Pu) € IPS. If q is the point such

that p, O l), and q are collinear, with (l, Lo, l) between p and
n n n n n n
q, and the distance from (%, %, cee %) to q is ﬁ times the distance from
l,l,...,l)top,then
n n n

_(l=p1 1—p 1 —py,
=\ S
and q € IPS.

Proof: Given p = (p1, pa, ..., pn) €IPS, let p', p?, ..., p"~! be as in the
statement of Theorem 4.8. Then p', p?, ..., p"~' € IPS and Cent(p, p',
pro.pm =G 2 00 Let g be as in the statement of the
corollary. By Lemma 4.7, ¢ = Cent(p', p?, ..., p"~"). Since p', p?, ...,
p" ' €IPS and the IPS is convex, it follows that CH(p', p?,...,
p"~ 1) C IPS and, thus, ¢ = Cent(p', p?,..., p"~!) € IPS.

It remains for us to show that

_(1=-p1 1-—p 1 —py
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n—1 n—1 n—1
:(n(n—l)’n(n—l)""’n(n—l))
l—pin 1—pon 1 — pun
(n(n—l)’n(n—l)"”’n(n—l)>

_(n—pin n—pomn n— pyn
T \nm=D"nn=1"""nmn—-1

_(1_p1 1_172 ]_pn>

n—1 n-—1 n—1 O
We present an alternative proof of Corollary 4.9 that will be useful in Chapter

11 (see the proof of Theorem 11.5).

Alternate Proof of Corollary 4.9: Suppose that p = (py, p2, ..., pn) € IPS
and P = (Py, P, ..., P,) is any partition corresponding to p (i.e., m(P) = p).
It follows from Corollary 1.6 that each P; can be divided into n — 1 pieces in
such a way that all n players believe these n — 1 pieces are of equal size.

Foreachi =1,2,...,n, give one of these n — 1 pieces to each of the other
n — 1 players and let O = (Q, O, ..., Q,) be the new partition obtained in
this way.

Foreachi =1,2,...,n,m;(P;) = p; andsom;(C\P;) = 1 — p;. Since Q;
is obtained by taking ﬁ of each of the pieces of cake that make up C\ P;, it
follows that m;(Q;) = % Hence,

m(Q):(l_p] 1_172’”.’1——1%1)

n—1" n-—1 n—1

and so

1—p 1— 1-p,
pr27hp 1T Pn) ps.
n—1 n-—1 n—1

We must show that
l—p 1—p 1 —py
n—1"n—-1""7"7Tn-1
is the g of the corollary. This follows simply by noting that

1 n—1 l—p 1—p 1— pn

- (PI,PZ,-H,Pn)‘f‘ ], 2,...,

n n n—1 n-1 n—1

1 1
= ; (p17p27-"sprl)+ ; (l_plsl_p27-"sl_pn)

AT T
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11
n’>n’""

l_pl 1_172 ]_pn
n—1"n—-1"""7Tn-1
using positive weights that sum to one, where the weight of (p1, p2, ..., pn)is
ﬁ times the weight of

l—p1 1—po 1— pn
n—1"n—1"Tn—-1)"

This establishes that ¢ is as in the statement of the corollary. O

In other words, (
and

., %) is the weighted average of (pi, p2, ..., Pu)

For n = 2, the corollary is just a restatement of part e of Theorem 2.4:
symmetry of the IPS about (%, %). In what sense does the corollary generalize
this result? One natural generalization (which, as we have discussed, is not true)
would say that the IPS is symmetric about the point (%, % ey }l). Another way
to state this is as follows: given any point in the IPS, if we travel from that point to
the point (%, %, cee, %) and then continue along the same line precisely the same
distance, then we arrive at another point of the IPS. (Of course, by convexity,
all points on this line segment would also be in the IPS.) Our present result is
weaker. It says that given any point in the IPS, if we travel from that point to
the point (%, %, ey %) and then continue along the same line precisely ﬁ that
distance, then we arrive at another point of the IPS.

Note that the corollary does not imply that the IPS is not symmetric about
(%, %, R %). As noted earlier in this section, the failure of symmetry about
(%, %, R %) for n > 2 will be established in Chapter 11, where we will show
that, in a sense to be made precise, Corollary 4.9 is the best possible result of

this sort.

4B. Why the IPS Does Not Suffice

We wish to consider generalizations to the n-player context of the fairness re-
sults developed in Chapter 3 for two players. We recall that in the two-player
context, proportionality and envy-freeness correspond, as do strong propor-
tionality, strong envy-freeness, and super envy-freeness. Also, for a given point
p in the IPS, either all or none of the partitions in the p-class corresponding
to p satisfy any given fairness property. More specifically, if (p;, p2) € IPS
and (P, P,) is any corresponding partition (i.e., m({P;, P»)) = (p1, p2)),
then
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(P, P») is a proportional partition if and only if
(P, Py) is an envy-free partition if and only if
pr=jandpy > 3

and

(Py, P») is a strongly proportional partition if and only if
(P, P,) is an strongly envy-free partition if and only if
(P, P») is a super envy-free partition if and only if

1 1
p1 > 5 and py > 5.

Analogous statements hold for chores fairness properties.

Thus, as we have seen, the location of a point in the IPS reveals whether or
not that point corresponds to a partition that is proportional, envy-free, strongly
proportional, strongly envy-free, or super envy-free. However, such is not the
case when we consider more than two players.

The central point here is that in the two-player context, an element of the IPS
contains all information about each player’s evaluation of every piece of cake
in any corresponding partition. In other words, if (p1, p2) € IPS and (P, P3)
is any corresponding partition, then

mi(P1) = pi mi(Py) =1— p;
ma(P) =1— ps my(P2) = p2

This is not the case when there are more than two players.

Consider the three-player context. Suppose that (pi, p2, p3) € IPS and
(P1, P>, P3) is any corresponding partition. Then certainly (P;, P>, P3) is pro-
portional if and only if p; > %, P2 > %, and p3 > %, and is strongly proportional
if and only if p; > %, P2 > % and p3 > % Thus, as in the case of two players,
the location of a point in the IPS reveals whether or not that point corresponds to
apartition that is proportional or strongly proportional. However, when there are
more than two players, proportionality and envy-freeness need not correspond,
and strong proportionality, strong envy-freeness, and super envy-freeness need
not correspond. In particular, the position of the point (p;, p2, p3) in the IPS
does not contain enough information to tell us whether or not corresponding
partitions are envy-free or strongly envy-free or super envy-free, since these
notions involve the values of m(P>), m(P3), my(Py), mo(P3), mz(P;), and
m3(P), and this information cannot be obtained from the values of p;, p», and
P3, as can the analogous information in the two-player context.

To illustrate this point, suppose ¢ is some small positive number and
(_% + 2e, % + Se, % + 2¢) € IPS. Clearly, any partition corresponding to this
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point is proportional and strongly proportional. Suppose that P = (P, P,, P3)
is such a partition. Is P envy-free or strongly envy-free or super envy-free? The
answer is “maybe and maybe not.” We do not have enough information. The
problem, as we discussed in the preceding paragraph, is that to answer such
questions, we need to know the players’ evaluations of all pieces of cake, not
just their own. For two players, this information is implicit in each player’s
evaluation of his or her own piece of cake, but such is not the case for more
than two players. For example, consider each of the following four situations:
a. ml(P 1) =

12 mi(P)=1+5e  m(Py)=1-7e

1 1
3 3
ma(Py) = 1 +20¢ my(Py) = 1 + 5¢ ma(Py) = 1 —25¢
m3(Py) =1 — 7 my(P) =1 +5¢  my(Py) =1+2e
b. m1(P1)=%—|—28 m](P2)=%_4g m](P3)=%+28
my(Py) =1 — 3¢ my(Py) = 1+ 5¢ ma(Py) =1 —2¢
m3(Py) = % + 2¢ m3(P,) = % —4¢ ms(Ps) = % + 2
c. ml(Pl):%—l—ZS m](Pz)z%_H; ml(P3)=%—38

my(P)) =143 my(P)=1+5  my(P3)=1—8

my(P)=3+e  my(P)=73—3c  my(Py)=73+2e

d. ml(Pl)=%+28 m](P2)=%—8 m](P3)=%_g
mZ(Pl) = % — 3¢ mZ(PZ) = % + 5e I?’ZQ(P3) = % — ¢
m3(Py) = % - m3(Py) = % —¢ m3(P3) = % +2¢

In all four situations, the point in the IPS corresponding to partition P is
(% + 2e¢, % + Se, % + 2¢) and thus, in all four situations, P is strongly propor-
tional. However,

a. in situation a, P is not envy-free (since, for example, m(P;) < m(P»)).

b. in situation b, P is envy-free but not strongly envy-free (since, for example,
mi(Pr) = mi(P3)).

c. in situation ¢, P is strongly envy-free but not super envy-free (since, for
example, m(P,) > %).

d. in situation d, P is super envy-free.

Note that because C has measure one to each player, in each aforementioned
situation each player’s values for the three pieces sum to one.

Are each of the situations above possible? That is, for each situation, is there
a cake C, measures mj, my, and ms, and a partition (P, P>, P3) so that the
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given conditions are satisfied? This question will be answered in the affirmative
in Section 5E (see Example 5.53). Thus we see that, in general (in contrast
with the two-player context), the location of a point in the IPS does not tell
us whether corresponding partitions have a particular fairness property. And
(also in contrast with the two-player context) it is not the case that all partitions
corresponding to a point in the IPS have the exact same fairness properties.

The various possibilities illustrated in this section show that the IPS is not
a complete enough structure to capture all information in which we may be
interested. We address this problem in the next section.

4C. Geometric Object #1c: The FIPS

In this section, we broaden our perspective to include the additional information
necessary to evaluate envy-freeness, strong envy-freeness, super envy-freeness,
and the corresponding chores properties.

Definition 4.10 For any partition P = (P;, P,, ..., P,) of C,letmr(P) be the
n x n matrix [m;(P;)]; j<n. The Full Individual Pieces Set, or FIPS, is the set
{mp(P): P € Part}.

The FIPS is the subject of Dvoretsky, Wald, and Wolfovitz’s theorem (The-
orem 1.4). This result tells us that the FIPS is closed and convex. We observe
that the IPS consists of the set of all n-tuples that are diagonals of matrices in
the FIPS.

In general, one can consider m players and partitions of C into n pieces,
where m need not equal n. Then the FIPS would consist of m x n matrices.
We have chosen not to consider this more general setting, in keeping with our
theme of considering partitions of C in which each player receives a piece of
cake. Thus, we shall always have the number of players equal to the number of
pieces in the partition, and so all of the matrices will be square.

In contrast with the aforementioned IPS limitations, we see that the location
of a point in the FIPS does tell us all relevant facts about fairness properties
of associated partitions. Suppose that p = [p;;li j<» € FIPS. Then, for any
partition P corresponding to p (i.e., for any partition P with mp(P) = p),
Pis

a. proportional if and only if, foralli = 1,2, ...,n, p;; > %

b. strongly proportional if and only if, foralli = 1,2,...,n, p;; > }l

c. envy-free if and only if, for alli, j = 1,2, ..., n, pii > pjj.

d. strongly envy-free if and only if, for all distincti, j = 1,2, ..., n, p;; > pij.
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e. super envy-free if and only if, for all distincti, j = 1,2, ...,n, p;; > % and
Pij < %
Or, equivalently, a partition P is

a. proportional if and only if each diagonal entry of m r(P) is at least %

b. strongly proportional if and only if each diagonal entry of m z(P) is greater
than %

c. envy-free if and only if each diagonal entry of m g(P) is at least as large as
every other entry in its row.

d. strongly envy-free if and only if each diagonal entry of my(P) is greater
than every other entry in its row.

e. super envy-free if and only if each diagonal entry of m z(P) is greater than
% and each non-diagonal entry is less than %

In the preceding analysis, we have not mentioned chores fairness properties.
The correspondence between partitions having chores fairness properties and
points in the FIPS is entirely analogous.

‘We observe that proportionality and strong proportionality depend only upon
the diagonal entries of m (P), i.e., the values of m(P), whereas envy-freeness,
strong envy-freeness, and super envy-freeness also depend on non-diagonal
entries and, hence, require more information than is provided by m(P). This is
why the IPS suffices when discussing proportionality or strong proportionality,
but the FIPS is needed to discuss envy-freeness, strong envy-freeness, or super
envy-freeness. Or, to put it another way, players need not look at other players’
pieces to decide about proportionality and strong proportionality, but must do
so to decide on envy-freeness, strong envy-freeness, and super envy-freeness.
The IPS only provides information on players’ views of their own pieces but
the FIPS provides information on all players’ views of all pieces.

In analogy with what was done previously, we can refer to points in the FIPS
as having fairness properties.

Definition 4.11 Suppose p = [p;;l;, j<n € FIPS.

a. p is a proportional point if and only if, foreachi = 1,2, ..., n, p;; > %

b. p is a strongly proportional point if and only if, foreachi = 1,2,...,n,
Dii > %

c. pis an envy-free point if and only if, for all i, j = 1,2, ..., n, pi > pij.

d. pisastrongly envy-free pointif and only if, for all distincti, j = 1,2, ..., n,
Pii > Dij-

e. p is a super envy-free point if and only if, for all distinct i, j = 1,2, ..., n,

1

1
Dii > n and Pij < e
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The corresponding definitions for points with chores fairness properties are
the following.

Definition 4.12 Suppose p = [p;jli, j<n € FIPS.

a. p is a c-proportional point if and only if, foreachi = 1,2, ...,n, p; < %
b. p is a strongly c-proportional point if and only if, foreachi = 1,2, ..., n,
1
Pii < 5

c. pisac-envy-free point if and only if, forall i, j = 1,2,...,n, p;; < pij.

d. p is a strongly c-envy-free point if and only if, for all distinct i, j =
1,2,...,n, pii < pij-

e. pisasuper c-envy-free point if and only if, for all distincti, j = 1,2, ..., n,
pii < %and Dij > %

Consider the following two questions that arise naturally in shifting our focus
from the IPS to the FIPS.

Question 1: What are the appropriate generalizations of our two equivalence
relations, s-equivalence and p-equivalence?
Question 2: What is the appropriate generalization of Theorem 4.4?

Regarding Question 1, we recall that our definitions of the s-equivalence and
the p-equivalence of two partitions concern each player’s view of only his or
her own piece of cake in these partitions. This is consistent with the definition of
the IPS, where players’ evaluations of only their own piece of cake is relevant.
However, in now considering the FIPS, we wish to consider players’ evaluations
of all pieces of cake in a partition, not just their own. This leads us naturally to
the following definitions.

Definition 4.13 Fix  partitions P = (P, P,,...,P,) and Q=
<Ql’ Q27 ey Ql’l)'

a. P and Q are fs-equivalent if and only if, for all i,j=1,2,...,n,
m,(PJAQ]) =0.

b. Pand Q are fp-equivalentif and onlyif, foralli, j =1,2,...,n,m;(P;) =
m;(Q ;). Or, equivalently, P and Q are fp-equivalentif and onlyif mp(P) =
mp(Q).

Itis easy to see that fs-equivalence and fp-equivalence are each equivalence
relations. We shall follow our previous terminological convention and refer to
the associated equivalence classes as fs-classes and fp-classes, and we shall
let [P];s and [P]g, denote the fs-class and the fp-class, respectively, of
partition P.
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Clearly, fs-equivalence implies s-equivalence, and fp-equivalence implies
p-equivalence. Each converse is true only in the two-player context.

We have added “f” to “s-equivalent” and “p-equivalent” to get “fs-
equivalent” and “ f p-equivalent,” respectively, in order to correspond to going
from “IPS” to “FIPS” and going from “m(P)” to “mp(P).” As was the case
with s-equivalence and p-equivalence and the function m, it is clear that the
function m r from Part to the FIPS respects fs-equivalence and fp-equivalence
in the sense that if partitions P and Q are fs-equivalent or fp-equivalent, then
mp(P) = mp(Q). It follows that mr induces a function from the set of fs-
classes to the FIPS and a function from the set of fp-classes to the FIPS. Note
that this induced function from the set of fp-classes to the FIPS is a bijection.

Since f's-equivalence and fp-equivalence clearly respect our various fair-
ness and efficiency notions, we can extend our previous terminological con-
ventions and, for example, refer to “strongly envy-free fs-classes” or ‘“Pareto
maximal fp-classes.”

Next, we consider Question 2. As we shall see, Theorem 4.4 is true with
“IPS” changed to “FIPS” and “m” changed to “mr,” once we understand what
“line segment” and “interior of a line segment” mean in the space of n x n
matrices. Of course, we do not have the same geometric intuition here that we
had when we were working in the two-player or the three-player context and
considered line segments in R? or R3. However, these notions can be viewed
algebraically and generalize easily to our present setting.

Definition 4.14 Suppose that p and ¢ are n x n matrices. The line segment
between p and ¢ is the set of all n x n matrices of the form Ap 4+ (1 — A)g
with 0 < A < 1. A matrix r is in the interior of this line segment if and only if
r=Ap+ (1 —A)g for some L with0 < A < 1.

We note thatif p, g € FIPS then, by convexity, it follows that the line segment
between p and ¢ is contained in the FIPS.
We can now state the natural generalization of Theorem 4.4.

Theorem 4.15 Let p be a point of the FIPS. The following are equivalent:

a. p is the image, under mp, of infinitely many mutually non- fs-equivalent
partitions.

b. p is the image, under mp, of at least two non- f s-equivalent partitions.

c. p lies in the interior of a line segment contained in the FIPS.

The proof is a direct generalization of the proof of Theorem 4.4, and we
omit it.
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As was the case for Theorem 4.4, we may restate this result in terms of
equivalence classes.

Theorem 4.15 — Equivalence Class Version Forany partition P, the following
are equivalent:

a. [Ply, is the union of infinitely many fs-classes.
b. [P]y, is the union of at least two fs-classes.
c. mp(P) lies on the interior of a line segment contained in the FIPS.

4D. A Theorem on the Possibilities for the FIPS

The main result of this section, Theorem 4.18, provides a general framework
for showing that various sorts of partitions exist. Before stating the theorem,
we give an informal description and discuss some obvious restrictions.

Suppose first that (py, p2, ..., p,) is an element of the simplex with all
positive coordinates. By Corollary 1.5, we know that there exists a partition
P = (P, P, ..., P,) such that all players believe that P; has measure p;, all
players believe that P, has measure p,, etc. Then,mg(P) = [p;li j<u.then x n
matrix with all p;s in the first column, all p,s in the second column, etc., and
hence [p;]; j<» € FIPS. We wish to consider the following question:

In what ways can an element of the FIPS have entries that deviate from [p;]; j<,?

We illustrate with an example in the three-player context. Consider the point
(%, %, %). Note that this point is in the simplex. Then, as described in the pre-
ceding paragraph,

€ FIPS.

R ILSIEN TSI ]S
N A s

N= = A=

Or, in other words, there is a partition P = (P;, P, P3) such that

mp(P) =

= = =
IFEIFSENTFN

2
7
2
7
2
7
{

Can we, for example, find a partition Q = (Q1, Q», Q3) such that:

0
mi(Q1)>1  m(Q)=3 m(Q3) <
my(Q1) < 1 my(Q2) < 2 ma(Q3) >
1 2
7 7

m3(Q1) = m3(Q2) < m3(Q3) >

N A s
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Or, equivalently, is there a [ p;;]; j<3 € FIPS such that:

1 2 4

Pt > 3 P12 =73 P13 <3
1 2 4

P21 < 3 P2 <3 P23 >3
_ 1 2 4
P31 =3 P32 <3 P3>3

Theorem 4.18 gives a precise criterion for determining when this is possible.

There are two sorts of restrictions on what partitions or, equivalently, what

elements of the FIPS, of the type just described, can exist. The first suggests a
necessary condition on rows of a matrix in the FIPS, and the second suggests a
necessary condition on columns of a matrix in the FIPS.

¢ Each player believes that the entire cake has measure one. Thus, the values
that each player gives to the pieces of cake in a partition of C must sum
to one. Referring to the preceding example, if we change “m»(Q3) > 77 to
“m2(Q3) < 57 (or, equivalently, if we change “pa3 > é” t0 “pa3 < 7), then
there would be no such partition (or equivalently, there would be no such an
element of the FIPS) since, if there were, it would follow that

1 2 4
L=ma(C) =ma(Q1) + ma(Q@2) +ma(Q3) < o+ -+ - =1

which is a contradiction.

There may be linear dependence relationships between the measures. Refer-
ring again to the preceding example, suppose that m; = %mz + %m3. Then
there would be no partition Q = (Q1, Q», O3) withm (Q») = % my(Qr) <
%, and m3(Q0») < % (or, equivalently, there would be no [p;;l; j<3 € FIPS
with pjy = % pn < %, and p3p < %) since, if there were, it would follow
that

2 _ 1 1 1\ /2 1 (2) 2
7 =m@n=gmon+ gmior < (5) (3)+(3) (5) =3
which is a contradiction.

We can state these two ideas in terms of the FIPS as follows:

* Any row of any element of the FIPS must sum to one.
* Any column of any element of the FIPS must be consistent with all linear
dependence relationships between the measures.

These conditions will be formalized as part of the notion of “proper matrix” in

Definition 4.17.

As we shall see in a precise way in Theorem 4.18, these are the only such
restrictions. Before stating the theorem, we need some definitions.
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Definition 4.16 Let DEP denote the set of all true linear equations involving
any of the measures mp, my, ..., m,.

For example, if m(A) = %mz(A) + %m3(A) for all A C C, then “m; =
%mz + %mg” is one of the equations in DEP. Of course, DEP stands for depen-
dence.

Definition 4.17 Suppose that ¢ = [g;;];, j<n is @ n X n matrix of real numbers;
q is a proper matrix if and only if the following two conditions hold:

a. Each row of ¢ sums to zero. That is, for each i =1,2,...,n, g1 +
g+ +qin =0.

b. Each column of ¢ is consistent with the equations in DEP. That is, for each
equation in DEP and each j =1, 2, ..., n, the given equation holds with
miy, my, ..., my, replaced by qi;, q2j, . . ., quj, respectively.

We are now ready to state our main result of this section.

Theorem 4.18 Suppose that r = (ry, ra, . .., Iy) is an element of the simplex
with all positive coordinates and q = [q,;li, j<n is a proper matrix. Then, for
some A > 0, [r; + Aqjjli j<n € FIPS.

The theorem tells us that, starting with the matrix [r;]; j<, (Which we know,
by Corollary 1.5, is a member of the FIPS), we can move some positive distance
in the direction given by the matrix [g;;];, j<, and stay within the FIPS. The two
conditions of Definition 4.17 guarantee that this movement does not violate
the two previously discussed restrictions. The conclusion to the theorem tells
us that, for some A > 0 and some partition P = (Py, P, ..., P,), m;(P;) =
rj+Ag;jforalli,j=1,2,...,n.

The proof of Theorem 4.18 involves considering a new geometric object that
arises naturally in our present context. For each A € C, we consider the vector
of values obtained by applying each player’s measure to A. We then consider
the set of all vectors obtained in this way.

Definition 4.19 The One Piece Set, or OPS, is the set {(m(A), my(A), ...,
my(A)) 1 A € C}.

We use the term One Piece Set to contrast with the Individual Pieces Set.
Note that the OPS is simply the set of all possible first (or second, or third,
etc.) columns of matrices in the FIPS. (This is in contrast with the IPS, which
is the set of all diagonals of matrices in the FIPS.) This set is sometimes called
a zonoid. It has been studied by E. D. Bolker [14] and A. Neyman [33] and is
the set that is the subject of Lyapounov’s theorem (Theorem 1.3).
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We observe that OPS € R” and, by Lyapounov’s theorem, we know that the
OPS is closed and convex. Also, by letting A = ¢, we see that (0,0, ...,0) €
OPS. Similarly, by letting A = C, we see that (1, 1, ..., 1) € OPS. By convex-
ity, it follows that the line segment connecting (0,0, ...,0)and (1, 1,..., 1)is
a subset of the OPS. It is easy to see that the OPS consists precisely of this line
segment if and only if the measures are all equal.

We claim that the OPS is symmetric about the point (%, % el %). To see
this, suppose that (pi, p2, ..., p,) € OPS. Then, for some A C C, (m(A),
my(A), ...,my(A)) = (p1, p2, ..., pp). But then (m;(C\A), my(C\A), ...,
my(C\A)) = (1 —=m(A), 1 =my(A), ..., 1=my(A) =1 = p1, 1 = pa,...,
1—p,), and so (1—p;,1—ps,....,1—p,)e€OPS. Since (1— py,
1—ps, ..., 1 — p,) is the reflection of (py, p2, ..., p,) about (%, %, e, %),
it follows that the OPS is symmetric about (%, %, R %).

The following lemma will be used in the proof of Theorem 4.18.

Lemma 4.20 [f the measures are linearly independent then, for any real
number k with 0 < k < 1, the point (k,k,...,K) is an interior point of

the OPS.

We remind the reader that, by definition, measures m, mo, ..., m, are lin-
early independent if and only if, for any real numbers o, oy, ..., oy, ym; +
aymy + -+ +oym, = 0 implies that o) = oy = - -+ = 0, = 0. Equivalently,
miy, my,...,m, are linearly independent if and only if for no i =
1,2, ..., n are there constants B, B2, ..., Bi—1, Bi+1, .- -, Bu such that m; =
Bimy + Bomay + - -+ Biymi 1 + Biyimig1 + - - - + Bum,. If, for some such
i and constants i, B2, ..., Bi—1, Bitts - By mi = rmy + Bomy + -+ +
Bi—imi_1 + Biximizy + - -+ + Bum,, we say that m; is a linear combination
of my,my,...,m;j_y,miyy,...,my,. Thus, my, my, ..., m, are linearly inde-
pendent if and only if no one of these measures is a linear combination of the
others. If the measures are not linearly independent, then they are said to be
linearly dependent.

The proof of the lemma will use the following result, which is a basic and
well-known theorem in the field of convexity theory (see, for example, [25]):

Given any convex set G C R" and any point p on the boundary of G, there is a
hyperplane H that includes p and is such that G is contained in one of the closed
half-spaces of R” determined by H.

A hyperplane in R" is given by an equation of the form o x| + apxp + - -+ +
a,x, = k for some constants oy, «y, . . ., ,, k, where not all of the ¢; are equal
to zero.
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Proofof Lemma4.20: Fixsome k withO < x < 1 and assume that (k, «, ..., k)
is not an interior point of the OPS. We must show that measures m, mo, ..., m,
are linearly dependent.

Since (k, k, . .., k) is not an interior point of the OPS, it is on the boundary
of the OPS. Since the OPS is convex, the aforementioned result implies that
there is a hyperplane H in R” such that (k, k, ..., k) € H and the OPS is a
subset of one of the closed half-spaces determined by H. In fact, we shall show
that OPS C H.

We claim that (0,0,...,0)e H and (1,1,...,1) € H. Since (k,«, ...,
k) € H and (k, k, ..., k) is strictly between (0,0, ...,0) and (1, 1,..., 1), it
follows that if (0,0,...,0)and (1, 1, ..., 1) are not both in H, then they are
on opposite sides of H. This is impossible, since both of these points are in the
OPS and the OPS is a subset of one of the closed half-spaces determined by H.
Hence (0,0,...,0) e Hand (1,1,...,1) € H.

Suppose that H is given by ojx; + x4+ -+ a,x, = k. Since
0,0,...,0) € H, it follows that k = 0 and, hence, H is given by «;x; +
Xy + -+ ayx, = 0. Also, since (1,1,...,1) € H, we know that «; +
a4+ +a, =0.

Since H is given by ojx; + ox2 + -+ -+ ox, = 0 and the OPS is a
subset of one of the closed half-spaces determined by H, we know that
either o1x; +aoxy + -+ -+ o,x, <0 for every (xi,x2,...,x,) € OPS, or
else ajx; + orxy + - - + a,x, > 0 for every (xy, x2,...,x,) € OPS. With-
out loss of generality, we assume that o x| + apx2 + - - - + a,x, < 0 for every
(x1,x2,...,x,) € OPS.

To show that OPS C H, let us suppose that (py, p2, ..., pn) is an arbitrary
element of the OPS. This implies that oy p; + o ps + - - - + @y py < 0. By the

symmetry of the OPS about the point (%, % el %), we know that (1 — py,
1—ps,...,1—p,) € OPS and, hence, o;(1 —p;)+o(l—p))+---+
a,(1 —p,) <0.

Next, we note that

aipr+oxpr+ -+ py
=(a1p1 toapr+ - taypy) — (o +ax+ - +ay)
=a(pr—D+aApp =D+ +aup,— 1)
= —lai(1 = p1) + ool = p2) + -+ -+ au(1 = p)] = 0.

Since aypy +az2pr + - +aypy <0and oy py +aopr+ -+, py 20,
itfollows thatay p; + a2 p2 + - - - + a0 p, = Oand, thus, (p1, p2, ..., pu) € H.
Since (pi, pa2, - - ., pn) Was an arbitrary element of the OPS, this establishes that
OPS C H.
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Finally, we observe that, for any A € C, (m(A), my(A), ..., m,(A)) €
OPS and therefore, since OPS C H, (m(A), my(A), ..., m,(A)) € H. It fol-
lows that aym(A) + apmy(A) + - - - + aymy(A) = 0, and hence, since A € C
was arbitrary, we conclude that the measures mi, my, ..., m, are linearly
dependent. O

We are almost ready to begin the proof of Theorem 4.18. First, we give
an informal overview of our method. We shall define n — 1 elements of the
FIPS, pl, pz, e, p"’l. The importance of pl, the jth of these new matrices,
will be contained in its jth column. The jth column of the desired matrix,
[7; + Agijli, j<n, Will be some positive scalar multiple of the jth column of pl.
By taking an appropriate convex combination of these n — 1 elements of the
FIPS, we shall get this desired element of the FIPS. The reason we need not
define a matrix p" is that if the first » — 1 columns do what is required, then so
will the last column. The is so because the entries in each row sum to one and
hence the last column is determined by the previous columns.

Proof of Theorem 4.18: Assume that r = (ry, 2, ..., r,) is an element of the
simplex with all positive coordinates and g = [g;;];, j<» is a proper matrix. We
must show that for some A > 0, [r; + Ag;;]i j<n € FIPS.

By renumbering, if necessary, we may assume that, forsomes = 1,2, ..., n,
the measures my, my, ..., my are linearly independent and each of the measures
Mgt1, Mgy, - . ., M, canbe expressed as a linear combination of these measures.
(We are not assuming that the measures are linearly dependent. If they are
linearly independent, then s = n.)

For the remainder of the proof, we shall let OPS denote the OPS correspond-
ing to the cake C with just the measures my, m,, ..., mg rather than all mea-
sures mi, my, ..., m,. In other words, OPS = {(m(A), my(A), ..., m;(A)) :
A C C}. Notice that 0 < r, < 1 and, hence, 0 < 1 —r, < 1. It follows from
Lemma 4.20 that (1 — r,,, | —r,, ..., 1 —r,) is an interior point of the OPS.

Let ¢ > 0 be such that there exists a neighborhood of (1 —r,, 1 — 7, ...,
1 —r,) in R® of radius ¢ that lies completely in the OPS. Fix some A > 0 such
that

1—r,

max{)"( )|(q1jsq2js7qu)|]5n_1}<8

J

where  “|(q1,g2j,...,4qs)|” denotes the magnitude of vector
(@1 g2 - -+ 4sj)-

Our choice of ¢ and then of A implies that, for each j =1,2,...,
n—1,

1—r,

(l—rn,l—rn,...,l—rn)+k<
j

)(qu,Q2j, ...,qu) € OPS.
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Hence, for each such j, there is a set A; C C such that

I'n

mi(Aj) = _rn)+)\<
J

) gij foreachi =1,2,...,s.
Claim Foreachi =1,2,...,nandj =1,2,...,n - 1,mi(A;)) =1 —r,) +
)»(l:—/r")ébj'

Proof of Claim: We have just shown that the claim is true fori = 1,2, ..., s.
If s = n, then we are done. Suppose then that s < n and fix some i = s +
1,s +2,...,n. By assumption, measure m; is a linear combination on the
measures mjp, m,, ..., m,. Then, for some constants cy, ¢3, ..., c;, we have
m; = cymy + comy + - - + cgmg. Note that ¢ + ¢ + -+ -+ ¢y = cym(C) +
comay(C) + -+ emg(C) =m(C) = 1.

Next, we observe that “m; = cym| + comy + - - - 4+ ¢;m;” is one of the equa-
tions in DEP. Since each column of ¢ is consistent with the equations in DEP,
itfollows thatforeach j = 1,2,...,n —1,q;; = c1q1j + c2g2j + - - - + ¢5qs;.
Hence, for each such j,

mi(A;) =cimi(A;) + coma(Aj) + - +cmy(Aj)

1—r,
= [(1 —rn)-l-)»( )QU}
rj
1—r,
+C2|:(1—Fn)+)\< >qu]+"'
rj
1—r,
"'+Cs|:(1_rn)+)"< )‘15_/:|
Tj

=1+t Fe)d—r)

1—r,
-H»( p )(61611j+6‘2612j + -+ eegs))

J

1 —r,
:(1—}’”)"—)\, . qu

J

This establishes the claim.
Next, foreach j = 1,2, ...,n — 1, wedefineann x n matrix p/ as follows:

a. The jth column of p/ is given by [m;(A;)]i<n..
b. The nth column of p/ is given by [m;(C\A;)];<y-
c. All other columns of p/ consist of all zeros.

It is easy to see that each such pf is in the FIPS, because it arises from the
partition (4, ..., @0, A;,¥,...,0, C\A;), where the A; is in the jth position.
We will take a convex combination of the p/ to get the desired member of the
FIPS.
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81 n Tn—1

Consider the numbers T T s T These numbers are all positive
and, recalling that ry +r, + --- +r, = 1, we have

T 2 - R R R e N ety

= = =1.
I—r, I —r, 1 -7, 1—r, 1—r,

These are the coefficients we shall use to define a new matrix p. Thus,
we define p = (li‘r")p1 + (1i_zr,,)p2 +--+ (lr”_—’r‘n)p”_l. Since each p/ is in

the FIPS, and ; :‘rn, 1:2r,n e 1"’_—;'” are positive numbers that sum to one, the
convexity of the FIPS implies that p € FIPS. To prove the theorem, we show
that p = [r; + Aqijli j<n-

Since p € FIPS, we know that each row of matrix p sums to one. And, since
ri+r,+---+r, = 1and each row of ¢ sums to zero, it follows that each row
of the matrix [r; + Ag;;l; j<, sums to one. Thus, it suffices to show that the
firstn — 1 columns of these two matrices agree. Fix some j = 1,2,...,n — 1.
We must show that column j of matrix p is equal to column j of matrix
[rj + Aqijli j<n- ‘

Concerning column j of matrix p, we recall that column j of matrix p/ is
given by [m;(A)]i<, and column j of matrix pk for k # j consists of all zeros.
Hence, column j of matrix p is given by (li—’rn)[m i(Aj)]i<n. Then, by the claim,
it follows that

n

— rj (1 —=ry)+ A 1—_}’,, iy
S \1-r, n rj i i<n

= [r; + Agijli<n-

column j of matrix p = (1 il ) [mi(Aj)]i<n

This establishes that column j of matrix p is equal to column j of matrix
[r; + Agijli, j<n and, hence, completes the proof of the theorem. |

The theorem will be an important tool for us in Chapter 5.

We close this section by noting that a slightly more general form of Theo-
rem 4.18 is true. As we mentioned following the definition of the FIPS (Defini-
tion 4.10), one can consider more general FIPSs in which the number of players
need not equal the number of pieces in partitions of C. Then matrices in the
FIPS need not be square. Theorem 4.18 and its proof easily generalize to this
setting.
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What the IPS and the FIPS Tell Us About
Fairness and Efficiency in the General
n-Player Context

In this chapter, we consider generalizations of our fairness and efficiency results
from Chapter 3 to the general n-player context. In Section 5A, we consider
fairness; in Section 5B, we consider efficiency; and in Section 5C, we consider
fairness and efficiency together. In these sections, we assume that the measures
are absolutely continuous with respect to each other. In Section 5D, we consider
the situation when absolute continuity fails. In Section 5E, where we consider
examples and open questions, absolute continuity will sometimes hold and
sometimes fail.

5A. Fairness

We begin by recalling that, when there are two players, proportionality and
envy-freeness correspond, as do strong proportionality, strong envy-freeness,
and super envy-freeness. The following two facts are implied by Corollary 3.3
for the two-player context.

Fact 1: There exist infinitely many mutually non-s-equivalent partitions that
are proportional and envy-free.

Fact 2: There exist partitions that are strongly proportional, strongly envy-
free, and super envy-free if and only if the measures are not equal (and,
in this case, there are infinitely many mutually non-p-equivalent such
partitions).

Analogous facts for chores fairness properties are implied by Corollary 3.5.
The natural guess for the generalization of Fact 1 when there are more than
two players is obvious and turns out to be true.
How to generalize Fact 2 is more difficult. As we discussed in Chapter
4, strong proportionality, strong envy-freeness, and super envy-freeness are
not equivalent when there are more than two players, and we will need three

82



5A. Fairness 83

generalizations of Fact 2, one for each of these three properties. We not only
claim that there are three such generalizations of Fact 2, but that these general-
izations are all quite natural. The three generalizations come from three different
ways that the statement “the measures are not equal” can be generalized from
the two-player context to the n-player context. Consider the following three
statements:

a. The measures are not all equal.
b. No two of the measures are equal.
c. The measures are linearly independent.

Clearly these three statements are equivalent when there are exactly two
measures. (Regarding statement c, notice that two measures are linearly depen-
dent if and only if one is a scalar multiple of the other and, since any measure
assigns value one to C, this scalar must be one.) If there are more than two mea-
sures, then this is not the case. Certainly, statement ¢ implies statement b, and
statement b implies statement a, but neither of the reverse implications holds.
It turns out that these three generalizations of “the measures are not equal” cor-
respond precisely to our three fairness properties. More specifically, Theorems
5.1 and 5.5 shall establish that

¢ there exist strongly proportional partitions if and only if the measures are not
all equal.

¢ there exist strongly envy-free partitions if and only if no two of the measures
are equal.

¢ there exist super envy-free partitions if and only if the measures are linearly
independent.

As we have seen, the IPS is the appropriate structure for considering pro-
portionality and strong proportionality (and the analogous chores properties),
whereas the FIPS is the appropriate structure for considering envy-freeness,
strong envy-freeness, and super envy-freeness (and the analogous chores prop-
erties). Accordingly, when discussing proportionality or strong proportional-
ity, we shall be concerned about the numbers of mutually non-p-equivalent
partitions satisfying these properties (or, equivalently, the number of propor-
tional or strongly proportional p-classes), and when discussing envy-freeness,
strong envy-freeness, or super envy-freeness, we shall be concerned about the
number of mutually non-fp-equivalent partitions satisfying these properties (or,
equivalently, the number of envy-free, strongly envy-free, or super envy-free fp-
classes). We shall make an analogous distinction for the corresponding chores
properties. We will show that, for all three of the preceding statements, if at
least one partition of the given type exists then there are infinitely many such
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partitions that are mutually non-p-equivalent or mutually non-fp-equivalent,
whichever equivalence is appropriate.

The results on proportionality and strong proportionality using the IPS will
be easy to establish in much the same manner as in the two-player context (as
in Theorem 3.2).

Theorem 5.1
a. If the measures are all equal, then
i. the IPS has exactly one proportional point, and that point is (%, % cee %).
ii. the IPS has no strongly proportional points.
b. If the measures are not all equal, then
i. the IPS has infinitely many proportional points. In particular, for any
q € R" with all non-negative coordinates and at least one positive coor-
dinate, there are infinitely many A > 0 such that (%, %, el %) +Aqisa
proportional point.
ii. the IPS has infinitely many strongly proportional points. In particular, for
any q € R" with all positive coordinates, there are infinitely many A > 0

such that (L, L. %) + Aq is a strongly proportional point.

n’>n’""

Proof: The proof of part a is similar to the proof of part a of Theorem 3.2,
with (%, %) replaced by (%, % ey %), the use of Theorem 2.2 replaced by
Theorem 4.2, and the line segment between (1,0) and (0, 1) (i.e., the one-
simplex) replaced by the (n — 1)-simplex.

The proof of part bi is only slightly different from the proof of part bi of
Theorem 3.2. The proof of this part of Theorem 3.2 used the fact that, when
n = 2, the IPS is symmetric about (%, %). As we have discussed, there is no
analogous result for general n. However, Corollary 4.9 gives us what we need.
This result implies that if the simplex is a proper subset of the IPS then there
are points of the IPS on both sides of the simplex. The rest of the proof of part
bi is similar to the proof of part bi of Theorem 3.2.

The proof for part bii is the same, except that we must now insist that the
coefficients of g be positive. O

We can think of ¢ as pointing from the point (%, % el %) in a direction of
non-increasing coordinates (for part bi) or strictly increasing coordinates (for
part bii). The theorem tells us that we encounter infinitely many proportional
or strongly proportional points as we move from (%, % e %) in the direction
given by gq.

The following corollary is the obvious generalization of Corollary 3.3.
The proof is identical, except for the obvious changes ((%, %) replaced by
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Lol %), the line segment from (1, 0) to (0, 1) replaced by the (n — 1)-

n’n’

simplex, and the use of Theorem 2.6 replaced by the use of Theorem 4.4).

Corollary 5.2
a. If the measures are all equal, then
i. there are infinitely many mutually non-s-equivalent proportional parti-
tions.
ii. all proportional partitions are p-equivalent.
iii. there are no strongly proportional partitions.
b. If the measures are not all equal, then
i. there are infinitely many mutually non-s-equivalent proportional parti-
tions.
ii. there are infinitely many mutually non-p-equivalent proportional parti-
tions.
iii. there are infinitely many mutually non-s-equivalent strongly proportional
partitions.
iv. there are infinitely many mutually non-p-equivalent strongly proportional
partitions.

Corollary 5.2 — Equivalence Class Version
a. If the measures are all equal, then
i. there are infinitely many proportional s-classes.
ii. there is exactly one proportional p-class.
iii. there are no strongly proportional s-classes or p-classes.
b. If the measures are not all equal, then
i. there are infinitely many proportional s-classes
ii. there are infinitely many proportional p-classes.
iii. there are infinitely many strongly proportional s-classes.
iv. there are infinitely many strongly proportional p-classes.

Next, we give the chores versions of Theorem 5.1 and Corollary 5.2. The
proofs are analogous and we omit them.

Theorem 5.3
a. If the measures are all equal, then
i. the IPS has exactly one c-proportional point, and that point is
G h,
ii. the IPS has no strongly c-proportional points.
b. If the measures are not all equal, then
i. the IPS has infinitely many c-proportional points. In particular, for
any q € R" with all non-positive coordinates and at least one negative
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coordinate, there are infinitely many ) > 0 such that (E’ Taeees ;) + Aq
is a c-proportional point.

ii. the IPS has infinitely many strongly c-proportional points. In particular,
for any q € R" with all negative coordinates, there are infinitely many
A > 0 such that (%, %, e %) + Aq is a strongly c-proportional point.

Corollary 5.4
a. If the measures are all equal, then
i. there are infinitely many mutually non-s-equivalent c-proportional par-
titions.
ii. all c-proportional partitions are p-equivalent.
iii. there are no strongly c-proportional partitions.
b. If the measures are not all equal, then
i. there are infinitely many mutually non-s-equivalent c-proportional par-
titions.
ii. there are infinitely many mutually non-p-equivalent c-proportional par-
titions.
iii. there are infinitely many mutually non-s-equivalent strongly c-proporti-
onal partitions.
iv. there are infinitely many mutually non-p-equivalent strongly c-proport-
ional partitions.

Corollary 5.4 — Equivalence Class Version
a. If the measures are all equal, then
i. there are infinitely many c-proportional s-classes.
ii. there is exactly one c-proportional p-class.
iii. there are no strongly c-proportional s-classes or p-classes.
b. If the measures are not all equal, then
i. there are infinitely many c-proportional s-classes

~.

i. there are infinitely many c-proportional p-classes.
iii. there are infinitely many strongly c-proportional s-classes.
iv. there are infinitely many strongly c-proportional p-classes.

We now switch our focus from the IPS to the FIPS in order to discuss envy-
freeness, strong envy-freeness, and super-envy-freeness. Theorem 4.18 will be
a central tool. We recall that a point p = [p;;]; j<, of the FIPS is

* envy-free if and only if, forall i, j = 1,2, ..., n, p;; > p;j (i.e., each diag-
onal entry is at least as large as every other entry in its row).

* strongly envy-free if and only if, for all i, j =1,2,...,n, p;; > pi; (e,
each diagonal entry is greater than every other entry in its row).
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* super envy-free if and only if, for all distinct i, j = 1,2, ..., n, p;; > % and
pij < % (i.e., each diagonal entry is greater than % and each non-diagonal
entry is less than %).

Theorem 5.5
a. (Envy-freeness)

i. If the measures are all equal, then the FIPS has exactly one envy-
free point, and that point is [%]i,jin, ie., the n x n matrix with all
entries %

ii. If the measures are not all equal, then the FIPS has infinitely many envy-
free points.
b. (Strong envy-freeness)
The following are equivalent:
i. No two of the measures are equal.
ii. The FIPS has at least one strongly envy-free point.
iii. The FIPS has infinitely many strongly envy-free points.
c. (Super envy-freeness)
The following are equivalent:
i. The measures are linearly independent.
ii. The FIPS has at least one super envy-free point.
iti. The FIPS has infinitely many super envy-free points.

Before beginning the proof of Theorem 5.5, we state and prove a lemma.
The lemma will be used in conjunction with Theorem 4.18.

Lemma 5.6 There exists a proper matrix q = [q;jli j<n Such that, foralli, j =
1,2,...,n,qi > qij, with equality holding if and only if m; = m;. (For the
definition of proper matrix, see Definition 4.17.)

Proof: We first define a matrix ¢g”. We will use ¢” to define a matrix ¢’ and
then we will use ¢’ to define ¢.

By renumbering, if necessary, we may assume that, forsomes = 1,2, ..., n,
the measures m |, my, ..., my are linearly independent and each of the measures
Mgi1, Mgy, - . ., M, canbe expressed as a linear combination of these measures.

For each j=s+1,s+2,...,n, let ¢/ = (c{,cé,...,c{) be such that
m; = c{ml + cémz + -4 csjms. Then, for each such j, c{ + cé + -4
c{ = c{ml(C) +c-2im2(C) + - +C'fms(C) =m;(C)=1. For each j =1,
2,...,s,let d’ be the vector in R® that has a one in position j and zeros else-
where, and foreach j =s+ 1,5 +2,...,n,letd/ = ﬁ (where|c/| denotes
the magnitude of vector ¢/). Notice that, for each j = 1,2, ...,n,|d/| = 1.
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Define an s x n matrix ¢” by declaring that, for each j =1,2,...,n
column j of ¢” is the vector d/ . Thus, the matrix consisting of the first s columns
of ¢" is simply the s x s identity matrix and, foreachiandjwithi = 1,2,...,s

and j =s+ 1,5 +2,...,n,theijentry of ¢” is ﬁ

Next, we define an n x n matrix ¢’. Foreachi = 1,2,...,s,rowiof ¢’ is
defined to be row i of ¢”. In other words, we are defining ¢’ by starting with ¢”
on top and then defining the bottom n—s rows of ¢’.

Foreachiwithi =s+ 1,5 4+2,...,n,row i of ¢’ is defined to be the dot
product of ¢’ and the corresponding column of ¢”. In other words, for each
iandjwithi =s+1,s+2,...,nand j =1,2,...,n, the ij entry of ¢’ is
cled’ =30 cidi;-

Our construction certainly implies that the columns of ¢’ are consistent with
all equations in DEP (see Definition 4.16) that involve the ¢'. It follows that the
columns in ¢’ are consistent with all of the equations in DEP. (In fact, once we
defined ¢”, our desire to have the columns of ¢ be consistent with the equations
in DEP forced us to define the bottom n—s rows of ¢’ precisely as we did.)

There is no reason to believe that each row of ¢’ sums to zero. Hence, g’
need not be proper. We shall return to this issue shortly.

Claim ¢’ satisfies the condition given in the statement of the lemma.

Proof of Claim: We must show that, for alli, j = 1,2,...,n,q}; > qi’j, with
equality holding if and only if m; = m ;. We consider the following three cases.

Case 1: i=1,2,...,5s and j =1,2,...,s. Then, qi/l. =1 and, for i #
j, q{ i = 0. Then certainly the given condition is satisfied since, for the
given values of i and j, we know that m; # m, since my, mo, ..., m; are
linearly independent.

Case2:ij—12 s and j=s+1,5s+2,...,n. Then ¢; =1 and
q;; i = T Since ¢/ is one cognponent of the vector ¢/, it follows that
¢! <1c’] and, hence q;; = & = 1 = qj;. Furthermore, 57 = 1 if and
only if ¢/ is the vector with one in the ith position and zeros everywhere
else, and this is so if and only if m; = m ;. This establishes that g; > ¢;,
with equality holding if and only if m; = m, as desired.

Case3:i=s+1,5s+2,...,nand j = 1, 2, ..., n. Recall that the entries
in row i are the dot products of c‘ with d', d?, ..., d" and that each d/
has magnitude one. Also, di = ‘ j‘ has the same dlrectlon as ¢/. Hence,
q; =c'*d" > c'*d’ = qj;. Equality holds if and only if d' =d’, and
this holds if and only if m; = m . This establishes the claim.

We now focus on the need to have each row sum to zero. Define ¢ = [g;;];, j<n
to be the matrix obtained from ¢’ by subtracting from each entry in ¢’ the average
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of the entries in that entry’s row. In other words, forall i, j = 1,2, ...,n,¢q;; =
qi,j - (%) Z’;’:I ql'/j'

Clearly, each row of ¢ sums to zero. We claim that the columns of ¢ satisfy
the equations of DEP. To establish this, we need only show that ¢ satisfies all
equations corresponding to the ¢'.

Fixiand jwithi =s+1,s+2,...,nandj = 1, 2, ..., n. We must show
that c‘iqu + céqzj + -+ +clqs; = qi;. We establish this as follows:

g+ g+ -+ gy

i / 1 . / i i 1 . /
=G |:qu - (;) ZCIU:| +c |:42j - <;> ZQ2]':|
j=1 j=1
i / 1 < ’
R AV >4
j=1
= [clq); + 5q5; + -+ clqy]
1 i . / i - / i - /
(i) |t e e
j=1 j=1 j=
1 S . s y
=St~ (2) [ Scat + St S|
k=1 k=1
. . 1 . . .
=(dod0——(—)Kdod5+wdod%+~~+{dodﬂ]
n
! 1 ! / !
=49 =\, (g1 + g+ +4;,)

=qj; — ( )Zq,,— 4ij

This establishes that ¢ is a proper matrix. All that remains is for us to show
that ¢ satisfies the condition given in the statement of the lemma. But this is
trivial since, in passing from ¢’ to ¢, the same number was subtracted from each
entry in any given row and hence, since ¢’ satisfies the given condition, so does
q. This establishes the lemma. O

Proof of Theorem 5.5: For part a, we first note that Corollary 1.5 implies that
the matrix [%],-, j<n 1s in the FIPS. This point is clearly envy-free. For part ai,
we assume that the measures are all equal and we must show that there are no
envy-free points in the FIPS besides [%] i, j<n- Since the measures are all equal,
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all entries in any one column of a matrix in the FIPS must equal each other.
Since the entries in any row must sum to one, it follows that, for any matrix
in the FIPS other than [%],-, j<n» SOmME column’s entries must be less than %
Therefore, this matrix has a diagonal entry that is less than % . It follows that such
a matrix is not envy-free. Hence, [%] ij<n is the only envy-free point in the FIPS.

For part aii, we assume that the measures are not all equal. Let g = [g;;];, j<n

be as in Lemma 5.6. By Theorem 4.18 with this ¢ and with r = (%, ,ll el %),
we know that for some A > 0, [% + Agijli,j<n €FIPS. It is easy to see that
this matrix is envy-free since, for any i, j = 1,2,...,n, g;; > ¢;; and, hence,

since A > 0, % + Agii = % + Ag;j. In other words, the matrix [% + Aqijli j<n is
envy-free since each diagonal entry of this matrix is greater than or equal to
any other entry in its row.

As discussed earlier, the matrix [%],-, j<n 1s an envy-free member of the FIPS.
We claim that [% + Agijlij<n # [%]i,jfn. Since A # 0, it suffices to show that
not all of the g;; are equal to zero. This follows easily from that fact that the
measures are not all equal and, if m; # m , then g;; > g;;. Thus, there are at
least two distinct envy-free points in the FIPS. By the convexity of the FIPS,
any point on the line segment between these two points is in the FIPS. (For the
definition of “line segment” in this context, see Definition 4.14.) Itis easy to see
that any point on this line segment is envy-free. Therefore, there are infinitely
many envy-free points in the FIPS. This establishes part a of the theorem.

For part b, we shall show that condition bi implies condition bii, condition
bii implies condition bi, condition bii implies condition biii, and condition biii
implies condition bii.

To show that condition bi implies condition bii, we assume that no two
of the measures are equal. We must show that the FIPS has at least one
strongly envy-free point. We use Lemma 5.6 and Theorem 4.18 in a man-
ner similar to our preceding use of these results. Let ¢ = [g;;]; j<, be as in
the lemma. Since no two of the measures are equal, we know that for distinct

i,j=1.2,....n,qi > qy.Theorem4.18 withr = (1, 1, ... L)implies that,
for some A > 0, [% + Agijli,j<n € FIPS. Clearly, [% + Agijli,j<n 1s strongly
envy-free since A > 0 and, for distincti, j = 1,2, ...,n,q; > g;;, and hence

% + Agii > % + Agjj. In other words, the matrix [% + Agijli,j<n is strongly
envy-free because each diagonal entry of this matrix is greater than any other
entry in its row.

To show that condition bii implies condition bi, we assume that p =
[pijli,j<n € FIPS is strongly-envy free and we assume, by way of contradic-
tion, that for some distinct i, j = 1,2,...,n,m; = m;. Since p is strongly
envy-free, it follows that p;; > p;; and p;; > pj;. But, m; = m; implies that
row i and row j of p are equal. Hence, p;; > p;j = pj; > pji = pii- Thisisa
contradiction. Hence, no two of the measures are equal.
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Next, we must show that condition bii implies condition biii. We assume
that p is a strongly envy-free point we and let p’ = [%]i, j<n- We know that
p' € FIPS. Clearly, p’ is not strongly envy-free and so p # p’. By convexity,
every point on the line segment between p and p’ is in the FIPS. It is easy to
see that every point on this line segment, with the exception of p’, is strongly
envy-free. Hence, there are infinitely many strongly envy-free points in the
FIPS.

Condition biii trivially implies condition bii. This establishes part b of the
theorem.

For part ¢, we shall show that condition ci implies condition cii, condition
cii implies condition ci, condition cii implies condition ciii, and condition ciii
implies condition cii.

To show that condition ci implies condition cii, we assume that the measures
are linearly independent. Let r = (%, %, el %) and let

1 ifi =j
q—[qt_/]l.]Sn— {_ﬁ lfl#]

In other words, ¢ is the n x n matrix with all diagonal entries equal to one and
all non-diagonal entries equal to — n]Tl Then each row of g sums to one. Also,
since the measures are linearly independent, DEP = . Therefore, ¢ is a proper
matrix. By Theorem 4.18, let A > 0 be such that [% + Agijli,j<n € FIPS. Since
A > 0, it follows that, foreachi = 1,2, ...,n, m;(P;) = % + Agii = % + A >
% and, for distinct i, j = 1,2,...,n,m;(P;) = % + Agij = % — ﬁ < % In
other words, the matrix [% + Agijli, j<n has diagonal entries that are each greater
than % and non-diagonal entries that are each less than % This establishes that
[% -+ Agijli,j<n 1S super envy-free.

To show that condition cii implies condition ci, we assume that the FIPS
has a point that is super envy-free. In particular, let us assume that P =
(Py, Py, ..., P,)isasuperenvy-free partition and suppose, by way of contradic-
tion, that the measures m,, my, . .., m, are linearly dependent. Then, for some
constants ky, k», . .., k,, notall zero, kym + kom, + - - - + k,m,, = 0. This im-
plies that there are positive constants «, &z, . . ., &, By, B2, - .., B;, and disjoint
subsets {a;, a», ...,as} and {by, by, ...,b,} of {1,2,...,n}, where 5,1 > 0,
such that aym,, + aomg, + - - - + asmg, = Pimy, + Pomyp, + - - - + Bimy,.

We note that, since each measure assigns value one to C,

oart+oay+ oy = almal(c)+(¥2maz(c) + - +C(smas(c)
= Bimy, (C) + Bamyp, (C) + - - - + Bimy, (C)
=B +po+---+ B

Hence, oy + oy 4 -+ - + g = 1 + po + - - - + B;. Call this common value A.
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We claim that, for every j =1,2,...,n,aimq (P;) + aymq,(P;) +--- +
asm, (P;) < % Fix such aj and suppose first that j ¢ {a, as, ..., a,}. For ev-
eryi =1,2,...,s,oursuper envy-freeness assumption implies that m,, (P;) <
%. It follows that

aymg (P;) + azmg,(Pj) + - - - + aymg (P))
1 A
<(p+ar+---+a) (—) = —.
n n
Suppose now that j € {«;, a0z, ..., o). Then, j ¢ {by, by, ..., b,}. Arguing
precisely as above, it follows that ymy, (P;) + Bomp,(Pj) + - - - + Bimyp, (Pj) <
%. But, aymg, +aomg, + - - - + agmg, = Pimy, + fomyp, + - - - + Bymy, and,
thus, a;mg, (Pj) + aamg,(Pj) + - - - + agmg (P)) < % This establishes that, for
every j =1,2,...,n,

A
aymq, (Pj) + aomg,(Pj) + -+ - + a;m, (P;) < .

Then we have

A=) +oay+ -+ o
almal(c) + Olzmaz(C) +--- 4+ asmag(c)

=01 Yy ma(P) o2y me,(P)+- 4oy mg(P))
j=1 j=1 j=1

n n

A
= Z [oerma, (Pj) 4 aama, (Pj) + - - - 4 asma, (P))] < Z n =
j=1 =

This is a contradiction; thus, we have established that the measures are linearly
independent.

The proof that condition cii implies condition ciii is analogous to the proof
that condition bii implies condition biii.

Condition ciii trivially implies condition cii. This completes the proof of the
theorem. O

Corollary 5.7
a. (Envy-freeness)
i. If the measures are all equal then
e there are infinitely many mutually non-fs-equivalent envy-free parti-
tions.
e all envy-free partitions are fp-equivalent.
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ii. If the measures are not all equal, then
e there are infinitely many mutually non-fs-equivalent envy-free parti-
tions.
® there are infinitely many mutually non-fp-equivalent envy-free parti-
tions.
b. (Strong envy-freeness) The following are equivalent:
i. No two of the measures are equal.
ii. There is at least one strongly envy-free partition.
iii. There are infinitely many non-fs-equivalent strongly envy-free partitions.
iv. There are infinitely many non-fp-equivalent strongly envy-free partitions.
c. (Super envy-freeness) The following are equivalent:
i. The measures are linearly independent.
ii. There is at least one super envy-free partition.
iii. There are infinitely many non-fs-equivalent super envy-free partitions.
iv. There are infinitely many non-fp-equivalent super envy-free partitions.

Proof: For part ai, we assume that the measures are all equal and we set p =
[%],-, j<n» the n X n matrix with all entries % Then, by part ai of the theorem,
p € FIPS and p is envy-free. Let P be a partition such that m z(P) = p. Then
P is an envy-free partition.

We claim that p is an interior point of a line segment that is contained in
the FIPS. By Corollary 1.5, there exists a partition Q = (Q1, Q», ..., On)
such that, for each i =1,2,...,n,m;(Q) = %,mi(Qz) = 0, and, for each
Jwith j =3,4,...,n,m(Q;) = % Similarly, there exists a partition R =
(Ry, Ry, ..., R,) such that, for each i = 1,2,...,n,m;(Ry) =0,m;(Ry) =
2 and, for each j with j =3,4,...,n,mi(R;)= 1. Then p = 1mp(Q)+
%m r(R), and so p is an interior point of the line segment connecting
mp(Q) and mp(R). By convexity, this line segment is contained in the
FIPS.

Theorem 4.15 tells us that p is the image, under mp, of infinitely many
mutually non-fs-equivalent partitions. Hence, there are infinitely many mutually
non-fs-equivalent partitions that are fp-equivalent to P. Clearly, any partition
that is fp-equivalent to P is envy-free. This establishes that there are infinitely
many mutually non-fs-equivalent envy-free partitions.

We must show that if the measures are all equal, then all envy-free partitions
are fp-equivalent. This follows immediately from part ai of the theorem. This
establishes part ai.

For part aii, we assume that the measures are not all equal and we note
that the first statement follows from the second, since non-fp-equivalence im-

plies non-fs-equivalence. Hence, we must show that there are infinitely many
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non-fp-equivalent envy-free partitions. This is implied by part aii of the theo-
rem and the fact that distinct points of the FIPS are the image, under m f, of
non-fp-equivalent partitions. This establishes part aii.

For part b, we claim that condition bi implies condition bii, condition bii
implies condition biv, condition biv implies condition biii, and condition biii
implies condition bi. The first and second of these implications follow im-
mediately from part b of the theorem. The third implication is trivial, since
non-fp-equivalence implies non-fs-equivalence. For the fourth implication, we
simply note that if there are infinitely many non-fs-equivalent strongly envy-free
partitions, then certainly the FIPS has at least one strongly envy-free point and
s0, by part b of the theorem, no two of the measures are equal. This establishes
part b.

Part ¢ follows from part ¢ of the theorem in the same manner that part b
followed from part b of the theorem. O

Corollary 5.7 — Equivalence Class Version
a. (Envy-freeness)
i. If the measures are all equal then
e there are infinitely many envy-free fs-classes.
* there is exactly one envy-free fp-class.
ii. If the measures are not all equal, then
* there are infinitely many envy-free fs-classes.
* there are infinitely many envy-free fp-classes.
b. (Strong envy-freeness) The following are equivalent:
i. No two of the measures are equal.
ii. There is at least one strongly envy-free fs-class.
iii. There is at least one strongly envy-free fp-class.
iv. There are infinitely many strongly envy-free fs-classes.
v. There are infinitely many strongly envy-free fp-classes.
c. (Super envy-freeness) The following are equivalent:
i. The measures are linearly independent.
ii. There is at least one super envy-free fs-class.
iii. There is at least one super envy-free fp-class.
iv. There are infinitely many super envy-free fs-classes.
v. There are infinitely many super envy-free fp-classes.

The chores versions of Theorems 5.5 and Corollary 5.7 are the following. The
proofs are similar to the proofs of Theorem 5.5 and Corollary 5.7, respectively,
and we omit them except to note that each time Lemma 5.6 is used to obtain
matrix g, we use —q rather than ¢ when applying Theorem 4.18.
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Theorem 5.8
a. (c-Envy-freeness)

i. If the measures are all equal, then the FIPS has exactly one c-envy-
free point, and that point is [%]i,jf,l, i.e., the n x n matrix with all
entries %

ii. If the measures are not all equal, then the FIPS has infinitely many c-
envy-free points.

b. (Strong c-envy-freeness) The following are equivalent:
i. No two of the measures are equal.
ii. The FIPS has at least one strongly c-envy-free point.
iti. The FIPS has infinitely many strongly c-envy-free points.
c. (Super c-envy-freeness) The following are equivalent:
i. The measures are linearly independent.
ii. The FIPS has at least one super c-envy-free point.
iti. The FIPS has infinitely many super c-envy-free points.

Corollary 5.9
a. (c-Envy-freeness)
i. If the measures are all equal then
® there are infinitely many mutually non-fs-equivalent c-envy-free parti-
tions.
* all c-envy-free partitions are fp-equivalent.
ii. If the measures are not all equal, then
® there are infinitely many mutually non-fs-equivalent c-envy-free
partitions.
® there are infinitely many mutually non-fp-equivalent c-envy-free
partitions.
b. (Strong c-envy-freeness) The following are equivalent:
i. No two of the measures are equal.
ii. There is at least one strongly c-envy-free partition.
iii. There are infinitely many non-fs-equivalent strongly c-envy-free
partitions.
iv. There are infinitely many non-fp-equivalent strongly c-envy-free
partitions.
c. (Super c-envy-freeness) The following are equivalent:
i. The measures are linearly independent.
ii. There is at least one super c-envy-free partition.
iti. There are infinitely many non-fs-equivalent super c-envy-free
partitions.
iv. There are infinitely many non-fp-equivalent super c-envy-free partitions.
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Corollary 5.9 — Equivalence Class Version
a. (c-Envy-freeness)
i. If the measures are all equal then
e there are infinitely many c-envy-free fs-classes.
* there is exactly one c-envy-free fp-class.
ii. If the measures are not all equal, then
* there are infinitely many c-envy-free fs-classes.
* there are infinitely many c-envy-free fp-classes.
b. (Strong c-envy-freeness) The following are equivalent:
i. No two of the measures are equal.
ii. There is at least one strongly c-envy-free fs-class.
iii. There is at least one strongly c-envy-free fp-class.
iv. There are infinitely many strongly c-envy-free fs-classes.
v. There are infinitely many strongly c-envy-free fp-classes.
c. (Super c-envy-freeness) The following are equivalent:
i. The measures are linearly independent.
ii. There is at least one super c-envy-free fs-class.
iii. There is at least one super c-envy-free fp-class.
iv. There are infinitely many super c-envy-free fs-classes.
v. There are infinitely many super c-envy-free fp-classes.

We close this section by noting that the set of all points in the IPS or the
FIPS (whichever is appropriate) having any given fairness property is convex.
In other words:

* The set of all proportional points in the IPS is a convex subset of the IPS.

* The set of all strongly proportional points in the IPS is a convex subset of
the IPS.

* The set of all envy-free points in the FIPS is a convex subset of the FIPS.

* The set of all strongly envy-free points in the FIPS is a convex subset of the
FIPS.

* The set of all super envy-free points in the FIPS is a convex subset of the
FIPS.

Analogous facts hold for the chores fairness properties. The proofs are straight-

forward and we omit them.

5B. Efficiency

We now turn from fairness issues to efficiency issues for the general case of n
players. We examined efficiency in the two-player context in Section 3B. Our
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presentation here parallels that of Section 3B. All of the relevant definitions
from the two-player context generalize in a natural way to the n-player context.
‘We shall see that this is not true of all theorems. For convenience, we state the
generalizations of Definitions 3.6 and 3.7.

Definition 5.10 Suppose p = (pi, p2, ..., pu) € IPS.

a. p is a Pareto maximal point if there is no ¢ = (q1, q2, ..., g») € IPS such
that, foreachi = 1,2, ..., n, g; > p;, with at least one of these inequalities
being strict.

b. p is a Pareto minimal point if there is no ¢ = (g1, g2, - .., q») € IPS such
that, foreachi = 1,2, ...,n,q; < p;, with at least one of these inequalities
being strict.

Just as we say that partition P = (Py, P,, ..., P,) is Pareto bigger than par-
tition Q = (Q1, O, ..., Q,) ifand only if, foreachi = 1,2, ..., n, m;(P;) >
m;(Q;), with at least one of these inequalities being strict, we shall say that
point p = (py, pa2, ..., pn) is Pareto bigger than point ¢ = (q1, q2, - - ., qu) if
and only if, for each i = 1,2,...,n, p; > g;, with at least one of these in-
equalities being strict. Similarly, we shall say that point p = (py, p2, ..., Pn)
is Pareto smaller than point ¢ = (g1, g2, ..., gn) if and only if, for each
i=1,2,...,n, p; <gq;, with at least one of these inequalities being strict.
Then, a point p is Pareto maximal if and only if no point is Pareto bigger than
p, and a point p is Pareto minimal if and only if no point is Pareto smaller
than p.

For any (p1, p2. ..., px) € R", define B¥(p1, pa, ..., po) = {(q1, @2, - - -,
qn) € R": for each i =1,2,...,n,q; > p;} and B~ (pi, p2, ..., Pn) =
{(q1,92,...,qn) € R":foreachi =1,2,...,n,q; < p;}.

Definition 5.11

a. The outer boundary of the IPS consists of all points (py, p2, ..., py) on
the boundary of the IPS for which p; + p» + - 4+ p, > 1, and the inner
boundary of the IPS consists of all points (py, p», ..., p,) on the boundary
of the IPS for which py + p, +--- 4+ p, < 1.

b. The outer Pareto boundary of the IPS consists of all points (py, p2, ..., pn) €
IPS for which B*(p1, pa, ..., pa) N IPS = {(p1, p>, ..., pa)}, and the in-
ner Pareto boundary of the IPS consists of all points (pi, p2, ..., py) €
IPS for which B~ (p1, p2, ..., pu) N IPS = {(p1, p2, ..., pn)}. The Pareto
boundary is the union of the outer Pareto boundary and the inner Pareto
boundary,
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Just as in the two-player context, the definitions of outer and inner Pareto
boundary make it easy to describe which points on the IPS are Pareto maximal
and which are Pareto minimal.

Theorem 5.12

a. The outer Pareto boundary of the IPS consists precisely of the set of all
Pareto maximal points of the IPS.

b. The inner Pareto boundary of the IPS consists precisely of the set of all
Pareto minimal points of the IPS.

Theorem 3.9 marks our point of departure from Section 3B. This result told
us that when there are two players the boundary of the IPS is equal to the Pareto
boundary of the IPS. In other words, every Pareto maximal point and every
Pareto minimal point is on the boundary of the IPS, and every point on the
boundary of the IPS is either Pareto maximal or Pareto minimal. In Section 3D,
we saw (see Theorem 3.22) that this result is false if the measures are not
absolutely continuous with respect to each other. Now we shall see that, even
with absolute continuity, this result does not hold generally if there are more
than two players. It is easy to see that the Pareto boundary of the IPS is always
a subset of the boundary of the IPS. The following theorem tells us that when
there are more than two players, the reverse inclusion holds only in a special
case.

Theorem 5.13 Assume that there are more than two players.

a. The outer Pareto boundary of the IPS is a proper subset of the outer boundary
of the IPS unless the measures are all equal, in which case the outer Pareto
boundary is equal to the outer boundary.

b. The inner Pareto boundary of the IPS is a proper subset of the inner boundary
of the IPS unless the measures are all equal, in which case the inner Pareto
boundary is equal to the inner boundary.

Before proving the theorem, we present an example that will be useful in
the proof and will also be used later in this chapter.

Example 5.14 We assume that there are three players, Player 1, Player 2, and
Player 3, with measures m, m,, and ms, respectively, where m| # m,.

Let IPS); = {m(P) : P = (Py, P», ) is a partition of C}. In other words,
IPS, is the subset of the IPS associated with the set of partitions of C among
the three players in which Player 3 gets nothing. Then IPS;; is a closed and
convex subset of the xy plane. In particular, IPS; is the intersection of the IPS
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Figure 5.1

and the xy plane. Similarly, let IPS 3 = {m(P) : P = (P;, {, P3) is a partition
of C} and IPSy3 = {m(P) : P = (@, P, P3) is a partition of C}.

Figure 5.1 illustrates three possibilities for the IPS. In Figure 5.1a we have
assumed that m; = ms, in Figure 5.1b we have assumed that m, = ms, and in
Figure 5.1c we have assumed that m| # m3 and m, # ms. In all three figures,
we have highlighted the intersection of the outer boundary of the IPS with
each of the coordinate planes (or, at least, the part of the intersection that is
visible, given the perspective in the figures). In Figure 5.1a, we see that, since
m; = m3, IPS;3 is the line segment between the points (1, 0, 0) and (0, 0, 1),
and so the intersection of the outer boundary of the IPS with the xz plane
consists of just this line segment. Since m;| # m, and m, # ms, IPS;, and
IPS;3 include more that just the line segment between (1, 0, 0) and (0, 1, 0)
and the line segment between (0, 1, 0) and (0, 0, 1), respectively. Therefore, the
intersection of the outer boundary of the IPS with the xy plane and with the yz
plane includes points that are farther from the origin than these line segments.
In Figure 5.1b, the situation is similar, with the roles of Player 1 and Player 2
reversed. In Figure 5.1c, none of the measures are equal and thus the intersection
of the outer boundary of the IPS with each of the coordinate planes includes
points that are farther from the origin than is the line segment connecting the
vertices of the two players corresponding to that coordinate plane.

Proof of Theorem 5.13: We will prove both parts together. First, we assume
that the measures are all equal. It follows (by Theorem 4.2) that the IPS consists
precisely of the simplex. In this case, it is clear that the outer Pareto boundary,
the inner Pareto boundary, the outer boundary, and the inner boundary are each
equal to the simplex. Hence, the outer Pareto boundary is equal to the outer
boundary, and the inner Pareto boundary is equal to the inner boundary.

Next, we assume that the measures are not all equal. We know that the outer
Pareto boundary is a subset of the outer boundary and the inner Pareto boundary
is a subset of the inner boundary. We must show that each of these inclusions
is proper.
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For convenience, we assume that there are three players, Player 1, Player 2,
and Player 3, with measures m, m,, and ms3, respectively. It will be clear that
our proof will work for any number of players greater than two. Let us also
assume, by renumbering, if necessary, that m # m,.

Consider IPS,, as given in Example 5.14 and illustrated in (any of the three
parts of) Figure 5.1. Fix any point (p;, p», 0) of IPS; that is an interior point
of the line segment between (1, 0, 0) and (0, 1, 0). Then certainly (p;, p2, 0) €
IPS and, since no point of the IPS has a negative third coordinate, we know that
(p1, p2, 0) is on the boundary of the IPS. Also, since p; + p> = 1, it follows
that (py, p2, 0) is on both the outer and the inner boundary of the IPS. However,
it is clear that (p;, p2, 0) is on neither the outer nor the inner Pareto boundary
of the IPS, since B*(p1, p2, 0) and B~ (p1, p2, 0) each contain many points of
IPS;, and hence many points of the IPS. Thus, (p;, p2, 0) is not on the Pareto
boundary. This establishes that the outer Pareto boundary is a proper subset
the outer boundary and the inner Pareto boundary is a proper subset the inner
boundary. O

Then (in sharp contrast to the situation when there are two players) we have
the following corollary.

Corollary 5.15 There are points on the boundary of the IPS that do not corre-
spond to Pareto maximal or to Pareto minimal partitions.

The proof of Theorem 3.9 relied on Lemma 3.10, which told us that the
only points of the IPS that lie on the unit square are (1, 0) and (0, 1). Thus, one
perspective we may take is that the failure of Theorem 3.9 to generalize to the
context of n players rests on the failure of Lemma 3.10 to generalize. As we
saw in the proof of Theorem 5.13 (and illustrated in Figure 5.1), when n = 3
and the measures are not all equal, it is not the case that the only points of
the IPS that lie on the unit cube are the points (1, 0, 0), (0, 1, 0), and (0, O, 1).
The next result shows that the natural generalization of Theorem 3.9 does hold,
except possibly at such points. In other words, Theorem 3.9 does generalize if
we restrict our attention to points in the interior of the unit hypercube.

Theorem 5.16 Suppose that p = (py, p2, ..., pn) € IPS and p is an interior
point of the unit hypercube (i.e., foralli = 1,2,...,n,0 < p; < 1). Then

a. p is on the outer boundary of the IPS if and only if it is on the outer Pareto
boundary of the IPS and

b. p is on the inner boundary of the IPS if and only if it is on the inner Pareto
boundary of the IPS.
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The proof will use the following simple observations. The convexity of the
IPS implies that any line through the origin that intersects the IPS does so in a
single line segment (where we consider a single point to be a line segment of
length zero). Each of the two endpoints of the line segment is on the boundary
of the IPS, where the point farther from the origin is on the outer boundary and
the point closer to the origin is on the inner boundary. The interior points of the
line segment are on the boundary of the IPS if and only if the line segment lies
on the surface of the unit hypercube.

Proof of Theorem 5.16: Fix p = (p1, pa, ..., pn) as in the statement of the
theorem.

For the forward direction of part a, let P = (P, P,, ..., P,) be a partition
such that m(P) = p and suppose that p is not on the outer Pareto boundary.
Then p is not a Pareto maximal point and P is not a Pareto maximal partition.
Let O = (Q1, Qa, ..., Q,) be apartition that is Pareto bigger than P. Then, for
eachi =1,2,...,n,m;(Q;) > m;(P;), where at least one of these inequalities
is strict. By Corollary 1.7, for each such i, we may choose R; € Q; such that
m;(R;) = m;(P;). Define a partition S = (S, Sz, ..., S,) of C as follows: for
eachi =1,2,...,n,

S — RiU(U (Qj\Rj)> ifi =1

j<n

R: ifi#1

We may view partition S as arising from partition Q by having all players give to
Player 1 an amount of cake equal to the excess of cake beyond the amount that
they would have received with partition P. Notice that for at least one j, O ;\R;
has positive measure and, hence, m(S;) > m(R;).

For each i =2,3,...,n,m,~(Si)=mi(R,~)=m,-(P,-) and ml(Sl) >
mi(Ry) = m(Py).Lets = m(S). Thens € IPS, and s and p agree in all coordi-
nates except the first, where s is bigger. Hence, for some & > 0,s =
(p1 + €1, p2, ..., pu). In a similar manner, we can find &, ¢&3,...,6, >0
such that (p1, p2 + €2, p3, Pa, -+ - Pu—1, Pu)s (P1> P2, P3 + €3, Pay -+ s Pu—1s
DPn)s s (P15 P2y D3y Pds « - Pn_t1, Pn + &) €IPS. Let & =min{ey, &y, ...,
en}. The convexity of the IPS implies that (p; + &, p2, P3, -, Pn—1s Pn)s
(p1s P2+ 8 p3, ooy Pnat1s Pn)s -5 (D1, P2, D3y ooy Pn—1s Pn + €x) € IPS.

Consider the n numbers Z o L

o prtpatetpn’ prtpatetp, T prpateetp
These numbers are all positive and they sum to one. Let r = (m
(P14 P2, p3s s Pty Po) + Gy ) (D1 P2+ 80 P3, s Puets o)
+ A+ G5 (P P2, Py - Paet, o+ ). This is a convex
combination of elements of the IPS and hence ¢ € IPS. Straightforward
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&

simplification tells us that r = (1 + m)p. This implies that p, t,
and the origin are collinear. Let £ be the line containing these points. Since
pr+pr+---+p, >0 and ¢ > 0, it follows that (1+m)> 1.
Hence, we see that p is strictly between ¢ and the origin. By our preceding
observation that ¢ € IPS, this implies that p is not on the outer boundary of
the IPS.

The reverse direction of part a is immediate, since we know (by Theo-
rem 5.13) that the outer Pareto boundary is a subset of the outer boundary. This

establishes part a. The proof for part b is similar. O
The theorem immediately yields the following corollary.

Corollary 5.17 If p is on the boundary but not on the Pareto boundary of the
IPS, then p lies on the surface of the unit hypercube.

We continue to parallel the discussion of Section 3B. The next result in that
section, Theorem 3.11, states that when there are two players there are infinitely
many Pareto maximal points and infinitely many Pareto minimal points in the
IPS. In particular, this result told us that we hit a Pareto maximal point and
a Pareto minimal point when we move from the origin in any direction into
the first quadrant. The analogous result for the general case of n players is the
following.

Theorem 5.18 The IPS has infinitely many Pareto maximal points and infinitely
many Pareto minimal points. In particular, for any p € R" with all non-negative
coordinates and at least one positive coordinate, there are positive numbers X
and Ay such that Ay p is a Pareto maximal point and A, p is a Pareto minimal
point.

We can think of p as pointing in a direction from the origin into the sector
of R” in which all coordinates are non-negative. The theorem tells us that there
is a Pareto maximal point and a Pareto minimal point in any such direction.

Before beginning the proof, we discuss an issue raised in Chapter 3. In that
chapter, we commented on the fact that, in the statement of Theorem 3.11, we
could have focused our attention on lines through the point (%, %) (as we did in
earlier theorems in that chapter) instead of on lines through the origin, making
the appropriate adjustments in the range of the slope . (See the third paragraph
after the proof of the theorem.) As we pointed out, the reason we chose to focus
on lines through the origin was that this version generalizes to the context of
more than two players, whereas the other version does not. We are now in a
position to see why this is so.

Suppose that there are three players and consider the set IPS;, given in
Example 5.14 and illustrated in (any of the three parts of)) Figure 5.1. This set
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lies in the xy plane and, as we saw in the proof of Theorem 5.13, there are many
points in this set that are on the boundary, but not on the Pareto boundary, of
the IPS. It is easy to see that there are lines that go through the point (%, % %)
and intersect the boundary of the IPS at such points in IPS;,. Such a point of
intersection is neither Pareto maximal nor Pareto minimal (although it may be
that the other point of intersection of such a line with the boundary of the IPS is
a Pareto maximal point or a Pareto minimal point). This tells us that considering
lines through the point (%, % %) is problematic, because it is not at all clear how
to restrict the lines to be considered so that such lines intersect the boundary at
a Pareto maximal point and at a Pareto minimal point.

On the other hand, lines of the form {Ap : A € R}, where p € R” has all
positive coordinates, do not intersect the boundary of the IPS at any of the
“bad” points described in the preceding paragraph. This is so since each of
these bad points is an interior point of one of the two-dimensional regions
that is the intersection of the IPS and one of the coordinate planes. Such a
line only intersects each coordinate plane at the origin. And, lines of the form
{Ap : A € R}, where p € R" has all non-negative but not necessarily all positive
coordinates (but where at least one of the coordinates is positive), may contain
some bad points but will also contain a Pareto maximal and a Pareto minimal
point. To see this, consider, for example (any of the parts of), Figure 5.1, and
imagine moving away from the origin along the line segment corresponding to
(% , %, 0). As we do so, we hit the IPS at a Pareto minimal point, then go through
an open interval of bad points, and then leave the IPS at a Pareto maximal point.

Before proving Theorem 5.18, we prove a lemma that tells us something
about these bad points and which will be useful in the proof of Theorem 5.18.

Lemma 5.19 If point q is on the surface of the unit hypercube and is in the
IPS, then either

a. none of the coordinates of q is equal to one or
b. one of the coordinates of q is equal to one and the other coordinates are all
equal to zero.

The bad points just described (i.e., the interior points of IPS,) satisfy condi-
tion a of the lemma. A point satisfies condition b if it corresponds to partitions
in which one player receives all of the cake. The lemma implies that any point
that is on the surface of the unit hypercube and is in the IPS lies on one of the
faces of the unit hypercube that includes the origin.

Proof of Lemma 5.19: Let g = (q1, q2, - - -, q,) be a point that is on the sur-
face of the unit hypercube and is in the IPS and suppose that, for some
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i=1,2,...,n,9; = 1. We must show that, for all j =1,2,...,n with j #
i, q; = 0.

Fixsuchajandlet Q = (Qy, O, ..., O,) be a partition such that m(Q) =
q. Then m;(Q;) = 1. This implies that m;(Q;) =0 and thus, since m; is
absolutely continuous with respect to m;, it follows that m ;(Q;) = 0. Hence,
q; =0. O

It will be convenient to let 1’ € R” be the point with ith coordinate equal to
one and zeros elsewhere. Then condition b of Lemma 5.19 says that, for some
i=1,2,...,n,q = 1.

Proof of Theorem 5.18: The first statement clearly follows from the second.
For the second statement, fix some p = (p1, p2, ..., p,) € R" that has all non-
negative coordinates and at least one positive coordinate.

Suppose first that all of the coordinates of p are positive and consider the set
G = {A > 0: Ap € IPS}. This set is clearly non-empty (since, for example, Ap
is in the simplex for some A > 0 and every point of the simplex is in the IPS).
Let A; = sup(G). Since the IPS is closed, A; p €IPS. It is clear that A p is on
the outer boundary of the IPS.

Since A1 and all of the coordinates of p are positive, all of the coordinates of
A p are positive. Hence, 1| p is not on a face of the hypercube that includes the
origin. This, together with Lemma 5.19, implies that A; p does not lie on the
surface of the unit hypercube. Then, since XA; p is on the outer boundary of the
IPS, it follows from Theorem 5.16 that A; p is on the outer Pareto boundary of
the IPS. Hence, 1 p is a Pareto maximal point.

Suppose that not all of the coordinates of p are positive. Let 6 = {i <n :
pi > 0}andlet p’ = (p; : i € 8).Inother words, p’ is the point in R"®! obtained
by eliminating all of the zeros from p. Since p’ has all positive coordinates, we
can apply the preceding argument, with p’ in place of p, to obtaina A; > 0 such
that A; p’ is a Pareto maximal point in the IPS that is associated with the set
of measures {m; : i € §}. Let P = (P; : i € §) be a partition that is associated
with Ay p’. Then P is a Pareto maximal partition among the players named by 3.
Define a partition Q = (Qy, Q», ..., Q,) as follows: foreachi =1,2,...,n,

P; ifi €6
Q"_{@ ifi ¢6

It is straightforward to verify that Q is a Pareto maximal partition and that
m(Q) = A p. Hence, | p is a Pareto maximal point.

The proof that there is a positive number A, such that A, p is a Pareto minimal
point is similar. We obtain A, by setting A, = inf(G), where G is as above. [
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The following corollary is the same as Corollary 3.12, which applied to the
two-player situation.

Corollary 5.20

a. There are infinitely many mutually non-s-equivalent Pareto maximal par-
titions and infinitely many mutually non-s-equivalent Pareto minimal
partitions.

b. There are infinitely many mutually non-p-equivalent Pareto maximal par-
titions and infinitely many mutually non-p-equivalent Pareto minimal
partitions.

Proof: Part a follows immediately from part b. Part b follows from the theorem
and the fact that distinct points of the IPS are the image, under m, of non-p-
equivalent partitions. O

Corollary 5.20 — Equivalence Class Version

a. There are infinitely many Pareto maximal s-classes and infinitely many Pareto
minimal s-classes.

b. There are infinitely many Pareto maximal p-classes and infinitely many
Pareto minimal p-classes.

If P is a partition that is not Pareto maximal, there is a partition Q that is
Pareto bigger than P. The following easy corollary to Theorem 5.18 tells us that
there is such a partition Q that is Pareto maximal. It also gives us the analogous
result for Pareto minimality.

Corollary 5.21 Fix any partition P.

a. If P is not Pareto maximal, then there is a Pareto maximal partition Q that
is Pareto bigger than P.

b. If P is not Pareto minimal, then there is a Pareto minimal partition R that is
Pareto smaller than P.

Proof: For part a, we observe that m(P) € R" has all non-negative coordinates
and at least one positive coordinate. By the theorem, there is a positive number
A1 such that A;m(P) is a Pareto maximal point. Then there is a Pareto maximal
partition Q such that m(Q) = A ym(P). Since Q is Pareto maximal and P is not,
it must be that A; > 1. This implies that Q is Pareto bigger than P. The proof
for part b is similar. O

Notice that the proof established slightly more than what the corollary stated.
It showed that if P is not Pareto maximal then there is a Pareto maximal partition
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0 such that m(Q) is a multiple of m(P). Then m(Q) is on the line determined
by the origin and m(P) and is farther from the origin than is m(P).

Finally, we turn to Theorem 3.13, which told us that if a partition P is
neither Pareto maximal nor Pareto minimal, then P is p-equivalent to in-
finitely many non-s-equivalent partitions. It is tempting to guess that the re-
sult does not generalize to our present setting, since its proof rests firmly on
Theorem 3.9 which, as we have seen, does not generalize to the context of more
than two players. However, it turns out that this is not the case. Theorem 3.13
does generalize, but with a rather different proof.

Theorem 5.22 If partition P is neither Pareto maximal nor Pareto minimal,
then P is p-equivalent to infinitely many mutually non-s-equivalent partitions.

Proof: Suppose that P is neither Pareto maximal nor Pareto minimal. We will
show that m(P) is an interior point of a line segment contained in the IPS and
we will then apply Theorem 4.4.

Let P be a partition that is neither Pareto maximal nor Pareto minimal.
By Theorem 5.18, we obtain a Pareto maximal partition Q, a Pareto minimal
partition R, and positive numbers A; and A,, such that m(Q) = Aym(P) and
m(R) = lom(P). Since Q is Pareto maximal and P is not, it follows that A; > 1.
Similarly, since R is Pareto minimal and P is not, it follows that 1, < 1. This
implies that m(P) is an interior point of the line segment connecting m(Q) and
m(R). By the convexity of the IPS, this line segment lies completely in the IPS.
Then Theorem 4.4 implies that m(P) is the image, under m, of infinitely many
non-s-equivalent partitions, and this implies that P is p-equivalent to infinitely
many mutually non-s-equivalent partitions. O

Theorem 5.22 — Equivalence Class Version If partition P is neither Pareto
maximal nor Pareto minimal, then [ P],, is the union of infinitely many s-classes.

In our study of strong Pareto maximality and strong Pareto minimality in
Chapter 14, we shall see that that the converse to this theorem is false. We will
show that a Pareto maximal partition P may be p-equivalent to infinitely many
mutually non-s-equivalent partitions, or it may be p-equivalent to no partitions
to which it is not s-equivalent. In other words, we will show that there are
partitions P that are Pareto maximal for which the equivalence class [ P],, is the
union of infinitely many s-classes, and other partitions P that are Pareto maximal
for which [P], is a single s-class. (This will follow from the equivalence of
parts a and e of Theorem 14.4, the equivalence of parts a and e of Corollary 14.5,
Theorem 14.14, and Theorem 4.4.) A similar statement holds for Pareto minimal
partitions.
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We close this section by noting that, in contrast with our remarks at the end
of the previous section concerning fairness properties, the set of points in the
IPS that are Pareto maximal or Pareto minimal is generally not convex. More
specifically:

¢ the set of all Pareto maximal points in the IPS is convex if and only if the
measures are all equal.

¢ the set of all Pareto minimal points in the IPS is convex if and only if the
measures are all equal.

We omit the proofs other than to note that the reverse direction of these state-
ments is trivial, since if the measures are all equal, then the IPS, the set of all
Pareto maximal points, and the set of all Pareto minimal points are all equal to
the simplex, and the simplex is convex.

5C. Fairness and Efficiency Together: Part 1b

We wish to study the existence of partitions that have both fairness and effi-
ciency properties as we did in Section 3C for two players. In this section, we
shall only combine proportionality and strong proportionality (and the corre-
sponding chores properties) with efficiency. We shall consider combining the
other fairness notions with efficiency in Section12E. We will see that these
combinations are considerably more difficult to obtain than those we study in
this section.

All of the results in this section are direct generalizations of the results for two
players presented in Section 3C. The proofs are similar (using previous results
from this chapter) and we omit them. We note that all relevant information con-
cerning proportionality, strong proportionality, Pareto maximality, and Pareto
minimality is contained in the IPS. Hence, as in the previous section, the rele-
vant equivalence classes for this section are s-equivalence and p-equivalence,
rather than fs-equivalence and fp-equivalence.

Theorem 5.23
a. If the measures are all equal, then
i. the IPS has exactly one point that is both proportional and Pareto maxi-

mal, and that point is (%, % el %).
ii. the IPS has no point that is both strongly proportional and Pareto
maximal.

b. If the measures are not all equal, then
i. the IPS has infinitely many points that are both proportional and Pareto
maximal. In particular, for any g € R" with all non-negative coordinates
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and at least one positive coordinate, there is a positive number X such
that (%, %, e, %) + Aq is both proportional and Pareto maximal.

ii. the IPS has infinitely many points that are both strongly proportional and
Pareto maximal. In particular, for any g € R" with all positive coordi-
nates, there is a positive number A such that (%, ll e, %) + Aq is both

¥
strongly proportional and Pareto maximal.

Corollary 5.24
a. If the measures are all equal, then
i. there are infinitely many mutually non-s-equivalent partitions that are
both proportional and Pareto maximal.
ii. all partitions that are both proportional and Pareto maximal are p-
equivalent.
iii. there are no partitions that are both strongly proportional and Pareto
maximal.
b. If the measures are not all equal, then
i. there are infinitely many mutually non-s-equivalent partitions that are
both proportional and Pareto maximal.
ii. there are infinitely many mutually non-p-equivalent partitions that are
both proportional and Pareto maximal.
iii. there are infinitely many mutually non-s-equivalent partitions that are
both strongly proportional and Pareto maximal.
iv. there are infinitely many mutually non-p-equivalent partitions that are
both strongly proportional and Pareto maximal.

Corollary 5.24 — Equivalence Class Version
a. If the measures are all equal, then
i. there are infinitely many s-classes that are both proportional and Pareto
maximal.
ii. there is exactly one p-class that is both proportional and Pareto maximal.
iii. there are no s-classes and no p-classes that are both strongly proportional
and Pareto maximal.
b. If the measures are not all equal, then
i. there are infinitely many s-classes that are both proportional and Pareto
maximal.
ii. there are infinitely many p-classes that are both proportional and Pareto
maximal.
iii. there are infinitely many s-classes that are both strongly proportional and
Pareto maximal.
iv. there are infinitely many p-classes that are both strongly proportional
and Pareto maximal.
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The chores versions of Theorem 5.23 and Corollary 5.24 are the following.
The proofs are similar and we omit them.

Theorem 5.25
a. If the measures are all equal, then
i. the IPS has exactly one point that is both c-proportional and Pareto
minimal, and that point is (%, %, R %).
ii. the IPS has no point that is both strongly c-proportional and Pareto
minimal.
b. If the measures are not all equal, then
i. the IPS has infinitely many points that are both c-proportional and Pareto
minimal. In particular, for any g € R" with all non-positive coordinates
and at least one negative coordinate, there is a positive number A such
that ( %, %, ey %) ~+ Aq is both c-proportional and Pareto minimal.
ii. the IPS has infinitely many points that are both strongly c-proportional
and Pareto minimal. In particular, for any g € R" with all negative co-
1

ordinates, there is a positive number A such that (%, P %) + Aq is

both strongly c-proportional and Pareto minimal.

Corollary 5.26
a. If the measures are all equal, then
i. there are infinitely many mutually non-s-equivalent partitions that are
both c-proportional and Pareto minimal.
ii. all partitions that are both c-proportional and Pareto minimal are
p-equivalent.
iii. there are no partitions that are both strongly c-proportional and Pareto
minimal.
b. If the measures are not all equal, then
i. there are infinitely many mutually non-s-equivalent partitions that are
both c-proportional and Pareto minimal.
ii. there are infinitely many mutually non-p-equivalent partitions that are
both c-proportional and Pareto minimal.
iii. there are infinitely many mutually non-s-equivalent partitions that are
both strongly c-proportional and Pareto minimal.
iv. there are infinitely many mutually non-p-equivalent partitions that are
both strongly c-proportional and Pareto minimal.

Corollary 5.26 — Equivalence Class Version
a. If the measures are all equal, then
i. there are infinitely many s-classes that are both c-proportional and Pareto
minimal.
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ii. thereisexactly one p-class that is both c-proportional and Pareto minimal.
iii. there are no s-classes and no p-classes that are both strongly
c-proportional and Pareto minimal.
b. If the measures are not all equal, then
i. there are infinitely many s-classes that are both c-proportional and Pareto
minimal.
ii. there are infinitely many p-classes that are both c-proportional and Pareto
minimal.
iii. there are infinitely many s-classes that are both strongly c-proportional
and Pareto minimal.
iv. there are infinitely many p-classes that are both strongly c-proportional
and Pareto minimal.

We close this section by briefly considering a different property of partitions.
We shall say that a partition P = (Py, P,, ..., P,) is egalitarian if and only if
mi(Py) = my(Pp) = - -- = m,(P,). (Some authors call such a partition “equi-
table.”) Informally, the idea here is that a partition is egalitarian if and only if it
makes each player equally happy (where a player’s happiness is given by that
player’s view of the size of his or her piece of cake.)

Notice that, given the perspectives on fairness and efficiency properties pre-
sented in Chapter 1 (see the discussion preceding Definitions 1.8 and 1.10),
egalitarianism fits into neither category. Because it is defined in terms of an
equality involving different measures, there is no natural way to define what
it means for a single player to think that a partition is egalitarian. Hence, we
cannot make sense of the idea that a partition is egalitarian if and only if every
player thinks it is egalitarian. This tells us that egalitarianism is not a fairness
property. Egalitarianism is not an efficiency property, because it does not involve
comparisons between different partitions.

Clearly, egalitarianism respects s-equivalence and p-equivalence. Since egal-
itarianism respects p-equivalence, we can speak of egalitarian points of the IPS.

It is easy to see that a point of the IPS is egalitarian if and only if it lies on the
line x; = x, = - -+ = x,,. Call this line £. One point of intersection of £ and the
IPS is the point (%, %, cee %). Since this point is a proportional point, it follows
that there exists a point of the IPS that is egalitarian and proportional. Also,
since (%, % e, %) certainly lies in the interior of a line segment contained in
the IPS, Theorem 4.4 implies that there are infinitely many mutually non-s-
equivalent partitions that are egalitarian and proportional. If all of the measures
are equal, then (% , % el %) is also Pareto maximal and Pareto minimal. Hence,
in this case, there are infinitely many mutually non-s-equivalent partitions that
are egalitarian, proportional, Pareto maximal, and Pareto minimal.
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Suppose that the measures are not all equal. Since the IPS is convex, we
know that the intersection of ¢ with the IPS is a line segment, and since the
IPS is closed, this line segment is closed. Let p and g be the endpoints of
this line segment, where p is the point farthest from the origin and ¢ is the
point closest to the origin. Then p is strongly proportional and Pareto maximal,
and ¢ is strongly c-proportional and Pareto minimal. (These can be seen as
examples of parts bii of Theorems 5.23 and 5.25, with ¢ = (1, 1, ..., 1) and
q = (—1,—1,...,—1), respectively.) Thus, we have established that, if the
measures are not all equal, then there exists a point (and therefore a partition)
that is egalitarian, strongly proportional, and Pareto maximal, and a point (and
therefore a partition) that is egalitarian, strongly c-proportional, and Pareto mini-
mal. Also, if r is any point on the open line segment between p and (% , %, e, %),
then r is egalitarian and strongly proportional. Since there are infinitely many
such r, there are infinitely many mutually non-p-equivalent partitions that are
egalitarian and strongly proportional. Similarly, by considering points on the
open line segment between g and (%, %, el %), we see that there are infinitely
many mutually non-p-equivalent partitions that are egalitarian and strongly
c-proportional.

5D. The Situation Without Absolute Continuity

We now drop our assumption of absolute continuity. As we did in Section 3D
in the case of two players, we explicitly assume throughout this section that the
measures are not all absolutely continuous with respect to each other, and we
consider how this assumption affects the previous results in this chapter.

As in the two-player context, generalizing our fairness results is quite easy,
since none of the results from Section 5A use absolute continuity and, hence, all
hold in our present context. The failure of absolute continuity certainly implies
that the measures are not all equal. Then the results on proportionality and
strong proportionality are the following.

Theorem 5.27

a. The IPS has infinitely many proportional points. In particular, forany g € R"
with all non-negative coordinates and at least one positive coordinate, there
are infinitely many A > 0 such that (%, % ey %) + Aq is a proportional
point.

b. The IPS has infinitely many strongly proportional points. In particular, for
any g € R" with all positive coordinates, there are infinitely many A > 0

such that (L, L. %) + Aq is a strongly proportional point.

n,’_l,..
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Corollary 5.28

a. There are infinitely many mutually non-s-equivalent proportional partitions.

b. There are infinitely many mutually non-p-equivalent proportional partitions.

c. There are infinitely many mutually non-s-equivalent strongly proportional
partitions.

d. There are infinitely many mutually non-p-equivalent strongly proportional
partitions.

Corollary 5.28 — Equivalence Class Version

a. There are infinitely many proportional s-classes.

b. There are infinitely many proportional p-classes.

c. There are infinitely many strongly proportional s-classes.
d. There are infinitely many strongly proportional p-classes.

The corresponding chores results are the following.

Theorem 5.29

a. The IPS has infinitely many c-proportional points. In particular, for any
q € R" with all non-positive coordinates and at least one negative coor-
dinate, there are infinitely many A > O such that (%, %, R %) +Aq is a
c-proportional point.

b. The IPS has infinitely many strongly c-proportional points. In particular, for
any q € R" with all negative coordinates, there are infinitely many X > 0
such that (%, %, ey %) + Aq is a strongly c-proportional point.

Corollary 5.30

a. There are infinitely many mutually non-s-equivalent c-proportional parti-
tions.

b. There are infinitely many mutually non-p-equivalent c-proportional parti-
tions.

c. There are infinitely many mutually non-s-equivalent strongly c-proportional
partitions.

d. There are infinitely many mutually non-p-equivalent strongly c-proportional
partitions.

Corollary 5.30 — Equivalence Class Version

a. There are infinitely many c-proportional s-classes.

b. There are infinitely many c-proportional p-classes.

c. There are infinitely many strongly c-proportional s-classes.
d. There are infinitely many strongly c-proportional p-classes.
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The results on envy-freeness, strong envy-freeness, and super envy-freeness
are the following.

Theorem 5.31
a. (Envy-freeness) The FIPS has infinitely many envy-free points.
b. (Strong envy-freeness) The following are equivalent:
i. No two of the measures are equal.
ii. The FIPS has at least one strongly envy-free point.
iti. The FIPS has infinitely many strongly envy-free points.
c. (Super envy-freeness) The following are equivalent:
i. The measures are linearly independent.
ii. The FIPS has at least one super envy-free point.
iti. The FIPS has infinitely many super envy-free points.

Corollary 5.32
a. (Envy-freeness)
i. There are infinitely many mutually non-fs-equivalent envy-free partitions.
ii. There are infinitely many mutually non-fp-equivalent envy-free partitions.
b. (Strong envy-freeness) The following are equivalent:
i. No two of the measures are equal.
ii. There is at least one strongly envy-free partition.
iii. There are infinitely many non-fs-equivalent strongly envy-free partitions.
iv. There are infinitely many non-fp-equivalent strongly envy-free partitions.
c. (Super envy-freeness) The following are equivalent:
i. The measures are linearly independent.
ii. There is at least one super envy-free partition.
iii. There are infinitely many non-fs-equivalent super envy-free partitions.
iv. There are infinitely many non-fp-equivalent super envy-free partitions.

Corollary 5.32 — Equivalence Class Version
a. (Envy-freeness)
i. there are infinitely many envy-free fs-classes.
ii. there are infinitely many envy-free fp-classes.
b. (Strong envy-freeness) The following are equivalent:
i. No two of the measures are equal.
ii. There is at least one strongly envy-free fs-class.
iti. There is at least one strongly envy-free fp-class.
iv. There are infinitely many strongly envy-free fs-classes.
v. There are infinitely many strongly envy-free fp-classes.
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c. (Super envy-freeness) The following are equivalent:

i
ii.
iii.
.
V.

The measures are linearly independent.

There is at least one super envy-free fs-class.

There is at least one super envy-free fp-class.

There are infinitely many super envy-free fs-classes.
There are infinitely many super envy-free fp-classes.

The corresponding chores results are the following.

Theorem 5.33
a. (c-Envy-freeness) The FIPS has infinitely many c-envy-free points.
b. (Strong c-envy-freeness) The following are equivalent:

i. No two of the measures are equal.

ii. The FIPS has at least one strongly c-envy-free point.

iii.

The FIPS has infinitely many strongly c-envy-free points.

c. (Super c-envy-freeness) The following are equivalent:

i
ii.
iii.

The measures are linearly independent.
The FIPS has at least one super c-envy-free point.
The FIPS has infinitely many super c-envy-free points.

Corollary 5.34
a. (c-Envy-freeness)

i

ii.

There are infinitely many mutually non-fs-equivalent c-envy-free

partitions.

There are infinitely many mutually non-fp-equivalent c-envy-free

partitions.

b. (Strong c-envy-freeness) The following are equivalent:

i
ii.

iii.

.

No two of the measures are equal.

There is at least one strongly c-envy-free partition.

There are infinitely many non-fs-equivalent strongly c-envy-free parti-
tions.

There are infinitely many non-fp-equivalent strongly c-envy-free parti-
tions.

c. (Super c-envy-freeness) The following are equivalent:

I
ii.
iil.

v

The measures are linearly independent.

There is at least one super c-envy-free partition.

There are infinitely many non-fs-equivalent super c-envy-free
partitions.

There are infinitely many non-fp-equivalent super c-envy-free
partitions.
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Corollary 5.34 — Equivalence Class Version
a. (c-Envy-freeness)
i. There are infinitely many c-envy-free fs-classes.
ii. There are infinitely many c-envy-free fp-classes.
b. (Strong c-envy-freeness) The following are equivalent:
i. No two of the measures are equal.
ii. There is at least one strongly c-envy-free fs-class.
iii. There is at least one strongly c-envy-free fp-class.
iv. There are infinitely many strongly c-envy-free fs-classes.
v. There are infinitely many strongly c-envy-free fp-classes.
c. (Super c-envy-freeness) The following are equivalent:
i. The measures are linearly independent.
ii. There is at least one super c-envy-free fs-class.
iti. There is at least one super c-envy-free fp-class.
iv. There are infinitely many super c-envy-free fs-classes.
v. There are infinitely many super c-envy-free fp-classes.

Next, we consider efficiency. Our presentation parallels our discussion of
these subjects for the two-player context in Section 3D.

As was the case in the two-player context, the corresponding definitions
trivially imply that the union of the outer and inner boundaries of the IPS is the
boundary of the IPS, and that Theorem 5.12 holds regardless of any assumptions
about absolute continuity. What is the relationship between the Pareto boundary
of the IPS and the boundary of the IPS in our present context? When there are
two players, we saw in Chapter 3 (see Theorems 3.9 and 3.22) that the Pareto
boundary is equal to the boundary if and only if the two measures are absolutely
continuous with respect to each other. Then, in Section 5B (see Theorem 5.13),
we saw that if there are more than two players and the measures are all absolutely
continuous with respect to each other, then the Pareto boundary is equal to the
boundary if and only if the measures are all equal. The relationship in our
present context, as expected, is the following.

Theorem 5.35
a. The outer Pareto boundary of the IPS is a proper subset of the outer boundary
of the IPS.

b. The inner Pareto boundary of the IPS is a proper subset of the inner boundary
of the IPS.

We omit the proof, since it is similar to the two-player proof of Theorem 3.22.
We can also see the truth of Theorem 5.35 by noting that the failure of absolute
continuity implies that the measures are not all equal and, hence, since the proof
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of Theorem 5.13 did not use absolute continuity, this proof also implies the truth
of Theorem 5.35.

As was the case for Theorem 5.13, Theorem 5.35 immediately yields the
following corollary.

Corollary 5.36 There are points on the boundary of the IPS that do not corre-
spond to Pareto maximal or Pareto minimal partitions.

In Chapter 3 (see Corollary 3.25), we saw that when absolute continuity fails
and there are two players, any points that are on the boundary of the IPS but not
on the Pareto boundary of the IPS (i.e., the points whose existence is implied
by Theorem 3.22) are on the unit square. In Section 5B, we saw that the natural
generalization of this result holds when there are more than two players and
absolute continuity holds (see Corollary 5.17). Curiously, this result does not
hold when there are more than two players and absolute continuity fails.

Theorem 5.37 Fix n > 2. There is a cake C, corresponding measures my,
my, ..., my, and a point p = (p1, pa, ..., pn) that is on the boundary but not
on the Pareto boundary of the associated IPS and is in the interior of the unit
hypercube.

It will be convenient to delay the proof of Theorem 5.37 until later in this
section.

In continuing to parallel our discussion of Section 3D, we should next con-
sider the question of how many points of the IPS are Pareto maximal and how
many are Pareto minimal. In other words, the question is how the first statement
in Theorem 5.18 adjusts to our present context. It will be convenient to delay
this investigation slightly, for the following reason. Corollary 5.21, which fol-
lowed easily from Theorem 5.18, tells us that given any partition P that is not
Pareto maximal there is a Pareto maximal partition Q that is Pareto bigger than
P. (It also told us the analogous chores fact.) This corollary does hold in our
present context, but it requires a completely different proof. We will find this
result to be useful in our proof of the appropriate adjustment of Theorem 5.18
to our present context. Therefore we shall reverse the order of presentation of
these two ideas in this section.

Theorem 5.38 Fix any partition P.

a. If P is not Pareto maximal, then there is a Pareto maximal partition Q that
is Pareto bigger than P.

b. If P is not Pareto minimal, then there is a Pareto minimal partition R that is
Pareto smaller than P.
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Proof: For part a, assume that the partition P is not Pareto maximal and
let m(P)=p = (p1, p2s--., pn)- Let ri = sup{q: : (q1, g2, ...,q,) € IPSis
Pareto bigger than p}. Since P is not a Pareto maximal partition, and thus p
is not a Pareto maximal point, we know that r; is the supremum of a non-
empty set. And, since the IPS is closed, it follows that there are numbers
q2, 43, - - -, qy such that (r1, g, . .., g,) € IPS is Pareto bigger that p. Let r, =
sup{qz : (r1, q2, - - ., qn) € IPS is Pareto bigger than p}. Again, we know that r,
is the supremum of a non-empty set and, since the IPS is closed, there are num-
bers g3, g4, . .., g, such that (r, 12, g3, ..., g,) € IPS is Pareto bigger that p.
Continuing in this manner, we obtain a point r = (v, r2, ..., r,) € IPS that is
Pareto bigger than p. Notice that any point Pareto bigger than r is Pareto bigger
than p. Hence, the existence of such a point would contradict the definition of
one of the r;. It follows that r is Pareto maximal. Let Q be any partition with
m(Q) = r. Then Q is a Pareto maximal partition that is Pareto bigger than P.
This completes the proof of part a. The proof for part b is similar. O

We are now ready to consider how Theorem 5.18 adjusts to our present
setting. As was the case in Chapter 3 (in going from Theorem 3.11 to Theo-
rem 3.27), this theorem is still true, with one exception for Pareto maximality
and one for Pareto minimality. The exception for Pareto maximality involves
the concentration of the measures on disjoint sets, and the exception for Pareto
minimality involves the concentration of the measures on the complements of
disjoint sets. These two notions are equivalent when there are two players, but
not when there are more than two players.

Definition 5.39

a. Measures my, my, ..., m, concentrate on disjoint sets if and only if there
is a partition (P, P, ..., P,) of C with m(P)) =1, my(P)=1,...,
m,(P,) = 1.

b. Measures my, ma, ..., m, concentrate on the complements of disjoint sets if
and only if there is a partition (Q;, Q», ..., Q,) of C with m;(C\Q,) =
1,my(C\Q>)=1,...,m,(C\Q,) =1 (or, equivalently, with m(Q;) =
0,m2(02) =0, ...,m,(Q,) =0).

If Py, P, ..., P, are as in the definition, then we shall say that the measures
mi, moy, ..., m, concentrate on the disjoint sets Py, P», ..., P,, respectively.
Similarly, if Oy, O, ..., Q, are as in the definition, then we shall say that the
measures mjp, mo, ..., m, concentrate on the complements of the disjoint sets
01, Qa, ..., Oy, respectively. As was the case in the two-player context (see
Definition 3.26 and the comments following the definition), our assumption
in part a that (P, P>, ..., P,) is a partition of C is not really necessary. It is
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only necessary that Py, P,, ..., P, be pairwise disjoint and that m(P;) = 1,
my(Py)=1,...,mu(Py)=1.1fU;, P; # C,thenforany j = 1,2,...,n we
could simply replace P; by P; U (C\ U;<, P;) to make it so. On the other hand,
our assumption that (Q1, Qo, ..., Q,) is a partition of C in part b of the defini-
tion is necessary, since otherwise we could, for example,set Q) = Q, = -+ =
Q, = ¥ and conclude that the measures concentrate on the complements of
disjoint sets.

We also note that if m;, m,, ..., m, concentrate on disjoint sets, then these
measures also concentrate on the complements of disjoint sets. To see this,
suppose that Py, P,, ..., P, are as in part a of the definition and set Q| =
P, 0O,=P;,...,0,.1=P,, Q, = P;. Then Qy, Q>,..., Q, satisfy partb
of the definition. It is not hard to see that, when there are more than two players,
the converse of this statement is not true. In other words, it is possible that the
measures concentrate on the complements of disjoint sets but do not concentrate
on disjoint sets.

If my,my,...,m, and Py, P>, ..., P, are as in part a of the definition,
thenm({Py, P>, ..., P,))=(1,1,...,1)and, hence, (1, 1, ..., 1) € IPS. Con-
versely, if (1, 1,..., 1) € IPS, then the measures concentrate on disjoint sets.
Similarly, if m, my, ..., m, and Qi, Q», ..., Q, are as in part b of the def-
inition, then m({Q1, Q», ..., Q,)) = (0,0, ...,0) and, hence, (0,0, ...,0) €
IPS. Conversely, if (0,0, ..., 0) € IPS, then the measures concentrate on the
complements of disjoint sets.

Recall that if the measures are identical then the IPS is equal to the sim-
plex, which is the smallest possible IPS, having (n-dimensional) volume zero.
And, in the most extreme case of disagreement of the measures (i.e., when
the measures concentrate on disjoint sets), the IPS is equal to the unit hyper-
cube, which is the largest possible IPS, having volume one. We may think
of the size of the IPS as corresponding to the degree of disagreement of the
measures.

Our adjusted version of Theorem 5.18 is the following.

Theorem 5.40
a. If the measures concentrate on disjoint sets, then the IPS has exactly one
Pareto maximal point, and that point is (1,1, ..., 1).

b. Ifthe measures do not concentrate on disjoint sets, then the IPS has infinitely
many Pareto maximal points.

c. Ifthe measures concentrate on the complements of disjoint sets, then the IPS
has exactly one Pareto minimal point, and that point is (0,0, ..., 0).

d. If the measures do not concentrate on the complements of disjoint sets, then
the IPS has infinitely many Pareto minimal points.
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Proof: The proof of part a is straightforward and is similar to the proof of part
a of Theorem 3.27.

For part b, we assume that the measures do not concentrate on disjoint sets.
We first show that there are at least two Pareto maximal points and then we use
this fact to show that there are infinitely many.

It follows from Theorem 5.38 that there is at least one Pareto maximal
partition and, hence, at least one Pareto maximal point. Suppose then that

the point p = (p1, p2, ..., pu) is Pareto maximal. Since the measures do not
concentrate on disjoint sets, we know that (1, 1, ..., 1) ¢ IPS. Hence, for atleast
onei =1,2,...,n, p; < l.Fixsuchan i, choose g; such that p; < ¢; < 1, and

let g be any point of the IPS with ith coordinate ¢g;. (We know there are such
points because there are certainly such points in the simplex, and every point in
the simplex is in the IPS.) If g is not Pareto maximal then, by Theorem 5.38, let
r = (ry, 2, ..., r,) be aPareto maximal point that is Pareto bigger than ¢. If ¢
is Pareto maximal, let »r = ¢. Since r; > ¢; > p;, it follows that » # p. Thus,
there are at least two Pareto maximal points.

For any s € IPS, let Sum(s) denote the sum of the coordinates of s.

Assume, by way of contradiction, that there are only finitely many Pareto
maximal points. Suppose there are exactly m such points and these points are
pl,p?, ..., p", where, for each j =1,2,...,m, we set p/ = (p{,pg,...,
p,{ ). Since we have just shown that m > 2, we may fix distinct k, k' =
1,2, ..., m such that Sum(p*) and Sum(p*’) are the largest possible. In other
words ﬁx such a k and k' so that, for every j=12,. An with j # k
andJ sék/ p1 +p2+ +pn <pi+p+--+p and pl+p++
Py < p1 + p2 4+ -+ p . Let s be the midpoint of the line segment con-

necting p* and p*. Then, s = (”‘erl pé;‘”él e, p'k’";p'k’,) and Sum(s) is the
average of Sum(p¥) and Sum(pX’). We claim that forno j = 1,2, ..., nis p/
Pareto bigger than s.

First, consider j = kand j = k’. Since p* % p* and neither of these points is
Pareto blgger than the other it follows that, for some distinct i, i’ = 1 2,.

n, pl > p and p > p,. This implies that p'+p' > pl and p”+p' > pl. .
Hence, neither pfnor p*’ is Pareto bigger than s.

Next, consider any j =1,2,...,m with j # k and j # k' and suppose,
by way of contradiction, that p’ is Pareto bigger than s. This implies that
Sum(p’/) > Sum(s). But then, since Sum(s) is the average of Sum(p*) and
Sum(p"), it follows that either Sum(p’) > Sum(p*) or Sum(p’) > Sum(p*")
(or both). This contradicts our choice of p* or our choice of p* (or both). Hence,
no p’ Pareto bigger than s.

Theorem 5.38 implies that there is a Pareto maximal point # that is Pareto
bigger than s. Since no p/ is Pareto bigger than s, we know that t % p/ for
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any j = 1,2, ..., m. This shows that there are at least m + 1 Pareto maximal
points and contradicts our assumption that there are exactly m such points. We
conclude that there are infinitely many Pareto maximal points.

The proof of part c is straightforward and the proof of part d is analogous to
the proof of part b. O

The second statement of Theorem 5.18 certainly does not hold if absolute
continuity fails. This statement tells us that if the measures are absolutely con-
tinuous with respect to each other and we move along a straight line in any
direction from the origin into the quadrant in which all coordinates are non-
negative, then we will hit a Pareto maximal point. As in the two-player context
(see Figure 3.8 and the comments following the proof of Theorem 3.27), such
is not the case if absolute continuity fails.

The following corollary is the n-player version of Corollary 3.28. The proof
is similar and we omit it.

Corollary 5.41

a. If the measures my, my, ..., m, concentrate on the disjoint sets Py, P, ...,
P,, respectively, then
i. all Pareto maximal partitions are s-equivalent (and are s-equivalent to

(P1, Pay ..., Py)).
ii. all Pareto maximal partitions are p-equivalent (and are p-equivalent to
<Pl’ Pz, ey Pn>)
b. If the measures do not concentrate on disjoint sets then
i. there are infinitely many mutually non-s-equivalent Pareto maximal par-
titions.
ii. there are infinitely many mutually non-p-equivalent Pareto maximal par-

titions.
c. If the measures my, my, ..., m, concentrate on the complements of the dis-
Jjoint sets Q1, Qa, ..., Q,, respectively, then

i. all Pareto minimal partitions are s-equivalent (and are s-equivalent to

(Q1, Q2. ..., Ou))-

ii. all Pareto minimal partitions are p-equivalent (and are p-equivalent to
(Q1, Q2. ..., Qu))-
d. If the measures do not concentrate on the complements of disjoint sets then
i. there are infinitely many mutually non-s-equivalent Pareto minimal
partitions.
ii. there are infinitely many mutually non-p-equivalent Pareto minimal
partitions.
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Corollary 5.41 — Equivalence Class Version
a. If the measures my, my, . .., m, concentrate on the disjoint sets Py, P, ...,
P,, respectively, then
i. there is exactly one Pareto maximal s-class (and that class is
[(Pls P27 seey Pn)]s)
ii. there is exactly one Pareto maximal p-class (and that class is
[{(P1, Pay ..., Pu)lp).
b. If the measures do not concentrate on disjoint sets then
i. there are infinitely many Pareto maximal s-classes.
ii. there are infinitely many Pareto maximal p-classes.
c. If the measures my, my, ..., m, concentrate on the complements of the dis-
Jjoint sets Q1, Qa, ..., Q,, respectively, then
i. there is exactly one Pareto minimal s-class (and that class is
[(le Q27 L) Qn)]s)
ii. there is exactly one Pareto minimal p-class (and that class is
Q1. Q2. ..., On)lp)
d. If the measures do not concentrate on disjoint sets then
i. there are infinitely many Pareto minimal s-classes.
ii. there are infinitely many Pareto minimal p-classes.

Continuing to parallel our discussion in Section 3D, we consider generaliz-
ing Theorem 3.30. We recall that this result examined the following question:
given a partition P that is neither Pareto maximal nor Pareto minimal, to how
many non-s-equivalent partitions is P p-equivalent? The result used Lemma
3.29, which distinguished between the points (1, 0) and (0, 1), on the one hand,
and all other points of the IPS, on the other. It also considered whether each
measure fails to be absolutely continuous with respect to the other, or whether
exactly one of the two measures fails to be absolutely continuous with respect
to the other. We will obtain a partial generalization of this lemma to the n-player
context and will give an example to show that the full generalization fails. In
particular, we will show that the natural generalization of the lemma’s statement
about the points (1, 0) and (0, 1) does generalize, but the statement about other
points does not.

Before stating this generalization of part of Lemma 3.29, we review the
geometric perspective on the failure of absolute continuity, which we discussed
in the two-player context in Section 3D and illustrated in Figure 3.6. We saw
that the failure of absolute continuity corresponds to a vertical or a horizontal
line segment on the boundary of the IPS, and any such line segment has one
endpoint at (1, 0) or at (0, 1). In Figure 3.6a, m; is not absolutely continuous
with respect to m,, but m, is absolutely continuous with respect to m;. In this
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case, the point (1, 0) is Pareto maximal but not Pareto minimal, and the point
(0, 1) is Pareto minimal but not Pareto maximal. In Figure 3.6b, the situation
is reversed. In Figure 3.6c, neither m| nor m, is absolutely continuous with
respect to the other, and hence the points (1,0) and (0, 1) are each neither
Pareto maximal nor Pareto minimal.

As we did in Section 5B, we let 1/ € R" be the point with ith coordinate
equal to one and zeros elsewhere. In addition, for distinct i and j, we let 14
be the point in R” with ith and jth coordinates each equal to one and zeros
elsewhere. The generalization of part of Lemma 3.29 to the n-player context is
parts ¢ and d of the following.

Lemma 5.42 Fixanyi =1,2,...,n.

a. Forany j = 1,2, ..., nwith j # i, m; fails to be absolutely continuous with
respect to m if and only if the IPS contains a line segment with one endpoint
at 17 that extends some positive distance toward 17,

b. m; fails to be absolutely continuous with respect to m; for some j =
1,2, ..., nif and only if the IPS contains a line segment with one endpoint
at 17 that extends some positive distance toward the origin.

c. 1" is Pareto maximal if and only if, for every j =1,2,...,n,m; is abso-
lutely continuous with respect to m;.

d. 1" is Pareto minimal if and only if, for every j = 1,2, ..., n, m; is absolutely
continuous with respect to m .

Proof: Fixsomei =1,2,...,n.Forparta, fix j = 1,2,...,nwith j # i and,
for the forward direction, assume that m; fails to be absolutely continuous with
respect to m ;. Then, for some A C C,m;(A) > 0 and m;j(A) = 0. Define a
partition P = (Py, P, ..., P,) as follows: foreachk = 1,2, ..., n,

A ifk=i
Po={C\A ifk=j
g ifk£ik#]

Then

m;(P;) =m;(A) >0
m;(P;) =m;(C\A) =m;(C) —m;(A) =1

and
myp(Py) = mp(W) =0 forevery k with k # i and k # j.

Thus, m(P) is a point of the IPS that is on the line segment between 1/ and
19, Since m;(P;) > 0, we know that m(P) # 1/. (It may be that m(P) = 19,
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This occurs if and only if m; and m; concentrate on the disjoint sets A and
C\A, respectively.) Since 1/ € IPS, the convexity of the IPS implies that the
IPS contains a line segment with one endpoint at 1/ that extends some positive
distance toward 17/,

For the reverse direction of part a, we assume that the IPS contains a line
segment with one endpoint at 1/ that extends some positive distance toward 17/,
This implies that there is a point p in the IPS that is between 1/ and 1¥/. Fix
a partition P = (Py, P», ..., P,) such that m(P) = p. Then m;(P;) > 0 and
m;(P;) = 1. Since m ;(P;) = 1, we know that m ;(P;) = 0. This implies that
m; fails to be absolutely continuous with respect to m ;.

For the forward direction of part b, we assume that m; fails to be ab-
solutely continuous with respect to m; for some j =1,2,...,n. Fix such
a j. Then, for some A C C,m;(A) > 0 and m;(A) = 0. Define a partition
P = (P, P,,...,P,) as follows: foreachk =1,2,...,n,

C\A ifk=i
P={A ifk=
G ifkEik#j

Then,

mi(P;) = m;(C\A) =m;(C) —m;j(A)=1-m;(A) <1
m;(P;) =m;(A)=0

and
mp(Pr) = mi(¥) =0 forevery k withk # i and k # j.

Thus, m(P) is a point of the IPS that is on the line segment between 1' and
the origin. Since m;(P;) < 1, we know that m(P) # 1°. Hence, since 1/ € IPS,
the convexity of the IPS implies that the IPS contains a line segment with one
endpoint at 1’ that extends some positive distance toward the origin.

For the reverse direction of part b, we assume that the IPS contains a line
segment with one endpoint at 1° that extends some positive distance toward the
origin. This implies that there is a point p in the IPS between 1’ and the origin.
Fix a partition P = (Py, P», ..., P,) such that m(P) = p. Then m;(P;) < 1
andm;(P;) =0forevery j =1,2,...,n with j #i. Butm;(P;) < 1 implies
that for some such j, m;(P;) > 0. This implies that m; fails to be absolutely
continuous with respect to m ;.

For the forward direction of part ¢, we assume that, for some j =
1,2,...,n,m;j isnot absolutely continuous with respect to m;. By part a (with



124 5. What the IPS and the FIPS Tell Us About Fairness

the roles of i and j reversed), the IPS contains a line segment, with one endpoint
at 1/, that extends some positive distance toward 17/, This implies that 17 is not
Pareto maximal.

For the reverse direction of part ¢, we assume that 1? is not Pareto max-
imal. Then, for some partition P = (P, P, ..., P,),m;(P;) =1 and, for
some j #i,m;(P;) > 0. Define a new partition Q = (Q1, Q2,..., Q) as
follows:

UP  ifk=i

k#j
Qc=1p, ifk = j
9 itk ik j

We may view Q as arising from P by having all players other than Player j give
their piece of cake to Player i. Then,

mi(Qi) = m; (U Pk) >mi(P) =1

K

and, hence,

mi(Q;) =1
m;(Q;) =m;j(P;) >0

and
mp(Qx) = mp(#) = 0 for every k with k # i and k # j.

Hence, m(Q) is a point of the IPS that is on the line segment between 1/ and
19/ and is not equal to 1. Then, since 1’ €IPS, the convexity of the IPS implies
that the IPS contains a line segment with one endpoint at 1’ that extends some
positive distance toward 1. By part a (again, with the roles of i and j reversed),
this tells us that m ; fails to be absolutely continuous with respect to m;. This
establishes part ¢ of the lemma.

For the forward direction of part d, assume that, for some j, m; is not abso-
lutely continuous with respect to m ;. Part b tells us that the IPS contains a line
segment with one endpoint at 1’ that extends some positive distance toward the
origin. This implies that 1 is not Pareto minimal.

For the reverse direction of part d, suppose that 17 is not Pareto minimal.
Then, for some partition P = (P, P,, ..., P,), m;(P;) < 1 and, for all j # i,
mj(P;) = 0. It follows that m(P) is on the line segment between 1’ and the
origin and, since m;(P;) < 1, we know that m(P) # 1. By the convexity of the
IPS, this implies that the IPS contains a line segment with one endpoint at 1/
that extends some positive distance toward the origin. By part b, it follows that,
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° ‘e
112 112
(a) (b)

(c) (d)

Figure 5.2
for some j = 1,2, ..., n, m; fails to be absolutely continuous with respect to
m ;. This completes the proof of the lemma. O

The lemma is illustrated, for the case of three players, in Figures 5.2 and 5.3.
Figures 5.2a and 5.3a show an IPS for some cake and corresponding measures.
Figures 5.2b and 5.3b, 5.2¢ and 5.3c, and 5.2d and 5.3d show the intersection
on each IPS with the xy, the xz, and the yz plane, respectively. In Figure 5.2,

* m; and m, each fail to be absolutely continuous with respect to the other and
with respect to ms, and

* ms is absolutely continuous with respect to both m2; and m»;
and in Figure 5.3,

¢ m; and m, are each absolutely continuous with respect each other and with
respect to ms, and

¢ mj fails to be absolutely continuous with respect to both m; and m,.
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Figure 5.3

Then, in Figure 5.2,

¢ the IPS contains a line segment with

= one endpoint at 1! that extends some positive distance toward 1'%,

= one endpoint at 1? that extends some positive distance toward 1'%,

= one endpoint at 1° that extends some positive distance toward 1'.

= one endpoint at 13 that extends some positive distance toward 12,

= one endpoint at 1! that extends some positive distance toward the origin.

= one endpoint at 1? that extends some positive distance toward the origin.
¢ the IPS does not contain a line segment with

= one endpoint at 1! that extends some positive distance toward 1'3.

= one endpoint at 1? that extends some positive distance toward 123,

= one endpoint at 1° that extends some positive distance toward the origin.
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* the points 1! and 17 are each neither Pareto maximal nor Pareto minimal.
* the point 13 is Pareto minimal but not Pareto maximal.

And, in Figure 5.3,

e the IPS contains a line segment with

= one endpoint at 1! that extends some positive distance toward 1'°.

= one endpoint at 1? that extends some positive distance toward 123,

= one endpoint at 13 that extends some positive distance toward the origin.
¢ the IPS does not contain a line segment with

= one endpoint at 1! that extends some positive distance toward 1!,

= one endpoint at 17 that extends some positive distance toward 1'2.

= one endpoint at 13 that extends some positive distance toward 1'3.

= one endpoint at 13 that extends some positive distance toward 123

= one endpoint at 1' that extends some positive distance toward the origin.

= one endpoint at 17 that extends some positive distance toward the origin.
e the points 1! and 17 are each Pareto minimal but not Pareto maximal, and
* the point 13 is Pareto maximal but not Pareto minimal.

Next, for each of the preceding two situations, we construct a cake C and
measures mj, my, and ms whose IPS is as given. We shall use the first of these
examples in the proofs of Lemma 5.45 and Theorem 5.37. We shall return to
these two examples in Chapter 9.

Example 5.43 Let C be the interval [0, 3) on the real number line and let
my be Lebesgue measure on this set. Suppose that there are three players,
Player 1, Player 2, and Player 3, with corresponding measures m, m», and ms3,
respectively, defined as follows: forany A € C,

1
mi(A) = Sm.(AN[0.2))

1
ma(A) = EmL(A N[l1,3))
m3(A) = m(ANI[L, 2))
Then, m,, m,, and m3 are measures on C and

* m; and m, each fail to be absolutely continuous with respect to the other and
with respect to ms, and
* ms is absolutely continuous with respect to both m; and m;.

This situation is as described earlier and illustrated in Figure 5.2.
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Notice that the corresponding IPS intersects the z = 1 plane in a square
with vertices (0,0, 1), (3,0,1), (3, 5. 1), and (0, 5, 1). (This can be seen by
considering all partitions in which Player 3 receives the interval [1, 2) of C.)

This fact will be used in the proof of Lemma 5.45.

Example 5.44 Let C be the interval [0, 3) on the real number line and let
my be Lebesgue measure on this set. Suppose that there are three players,
Player 1, Player 2, and Player 3, with corresponding measures m 1, m,,and ms3,
respectively, defined as follows: for any A C C,

2 1

mi(A) = zm(AN[0, 1)+ zm (AN 2)
1 2

my(A) = gmL(A n[o, 1)) + gmL(A N[L,2))

1
m3(A) = gmL(A N [0,3))
Then, m,, m,, and m5 are measures on C and

* m; and m, are each absolutely continuous with respect each other and with
respect to m3, and
* ms is fails to be absolutely continuous with respect to both m; and m,.

This situation is as described earlier and illustrated in Figure 5.3.

Since the IPS is a subset of the unit hypercube, it is clear that, for each
i=1,2,...,n,the point 17 is not an interior point of a line segment contained
in the IPS. Lemma 3.29 tells us that, in the two-player context, any point that
is neither Pareto maximal nor Pareto minimal, and is not equal to (1, 0) or to
(0, 1), is an interior point of a line segment contained in the IPS. The natural
generalization of this statement to the context of more than two players fails.

Lemma 5.45 There is a cake C, corresponding measures my, ms, ..., n, on
C, and a point p in the associated IPS that is neither Pareto maximal nor Pareto
minimal, is not equal to any of the points 1", 12, ..., 1", and is not an interior
point of a line segment contained in the IPS.

Proof: We shall present an example involving three players. It will not be hard
to see how to adapt this idea to more than three players.

Let C, my, my, and m3 be as in Example 5.43. We noted previously that
the corresponding IPS intersects the z = 1 plane in a square with vertices
(0,0, 1), (3,0, 1), (2, 1, 1), and(0, 1, 1). This implies that neither (, 0, 1) nor

LR



5D. The Situation Without Absolute Continuity 129

(0, %, 1) is an interior point of a line segment contained in the IPS. Neither of
these points is Pareto maximal, since the point (%, %, 1) is Pareto bigger than

each. Each is obviously not Pareto minimal. O

The preceding argument can be seen clearly in Figure 5.2a.

It is not hard to see that the lemma, together with Theorem 4.4, implies that
the natural generalization of Theorem 3.30 to our present context fails.

Armed with Example 5.43, we are now ready to prove Theorem 5.37.

Proof of Theorem 5.37: We shall again present an example involving three
players, and it will not be hard to see how to adapt this idea to more than three
players.

Let C, m;, m,, and ms be as in Example 5.43. Notice that the points
(3.0, 1), (3, 3, 1), (1, 3,0), and (1,0,0) are all in the IPS and are coplanar.
Also, the rectangle determined by these points lies on the boundary of the IPS.
Pick a point p that is an interior point of this rectangle, such as the center of the
rectangle, p = (%, i, %).

This point p is on the boundary of the IPS and is an interior point of the unit
hypercube. We must show that p is not on the Pareto boundary of the IPS.

Since the coordinates of p sum to more than one, we know that p is not a
Pareto minimal point (since there are certainly points on the simplex such as,
for example, (%, %, %), that are Pareto smaller than p). The point p is not Pareto
maximal since, for example, the point (%, %, %) is in the IPS (it is on the line
segment between the points (%, %, 1) and (1, %, 0), both of which are in the
IPS) and is Pareto bigger than p. Hence, p is not on the Pareto boundary of
the IPS. O

As was the case for Lemma 5.45, the preceding argument can be seen clearly
in Figure 5.2.

Next, we consider how the results of Section 5C, where we considered
fairness and efficiency together, adjust to our present setting. As in that section,
the only fairness properties that we presently consider are proportionality, strong
proportionality, and the related chores notions.

The failure of absolute continuity implies that the measures are not all equal
and, hence, in considering Theorem 5.23, we need only investigate how to adjust
part b of the theorem. The appropriate adjustment is the following.

Theorem 5.46
a. If the measures concentrate on disjoint sets, then
i. the IPS has exactly one point that is both proportional and Pareto maxi-
mal, and that pointis (1,1, ..., 1).
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ii. the IPS has exactly one point that is both strongly proportional and Pareto
maximal, and that pointis (1,1, ..., 1).
b. If the measures do not concentrate on disjoint sets, then
i. the IPS has infinitely many points that are both proportional and Pareto
maximal.
ii. the IPS has infinitely many points that are both strongly proportional and
Pareto maximal.

Proof: Part a follows easily from part a of Theorem 5.40, since the point
(1,1, ..., 1) is certainly proportional and strongly proportional. Part bi fol-
lows from part bii. The proof for bii is similar to the proof of part b of Theo-
rem 5.40, but requires some adjustments. We describe these adjustments here.

We shall need the following observation: any point that is Pareto bigger than
a strongly proportional point is strongly proportional.

We assume that the measures do not concentrate on disjoint sets. Instead
of beginning with any Pareto maximal point (as we did in the proof of Theo-
rem 5.40), we instead begin with a point that is strongly proportional (which
we know exists, by Theorem 5.27) and then use Theorem 5.38 to obtain a point
that is Pareto maximal and is Pareto bigger than this point. Call the point we
obtain in this way p = (pi, p2, ..., pn). By our preceding observation, p is
also strongly proportional.

As in the proof of Theorem 5.40, we see that, since the measures do not
concentrate on disjoint sets, (1, 1,..., 1) ¢IPS, and therefore, for at least one
i=1,2,...,n, p; < l.Asinthat proof, we wish to pick a point ¢ that is larger
than p in at least one coordinate and then to pick a point r that is Pareto maximal
and is equal to, or Pareto bigger than, g. However, we now need to be a bit more
careful. We must pick such a point ¢ that is strongly proportional.

Fix some i = 1,2,...,n such that p; < 1 and consider the line segment
between p and 1°. (Recall that 1/ is the point with ith coordinate equal to
one and zeros elsewhere.) Since p € IPS and 1' € IPS, convexity implies that
this line segment lies completely in the IPS. Since p is strongly proportional,
points sufficiently close to p on this line segment are strongly proportional. Let
q =(q1,q2, --.,qy) be such a point (where ¢ # p). Then ¢; > p;.

If g is not Pareto maximal then, by Theorem 5.38, let r be a Pareto maximal
point that is Pareto bigger than ¢. If ¢ is Pareto maximal, let r = ¢g. Then r is
Pareto maximal and, by our preceding observation, r is strongly proportional.
Setr = (ry,r2,...,1). Since r; > g; > p;, we know that r # p. Hence, there
are at least two points that are strongly proportional and Pareto maximal.

The remainder of the proof is almost the same as the proof of part b of
Theorem 5.40. The only difference is that we assume, by way of contradiction,
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that there are finitely many points that are both strongly proportional and Pareto
maximal. We also need to observe that the midpoint of a line segment between

two strongly proportional points is strongly proportional. O

Corollary 5.47

a. If the measures my,my, ..., m, concentrate on the disjoint sets Py,
P>, ..., P, respectively, then

i. all partitions that are both proportional and Pareto maximal are
s-equivalent and p-equivalent (and are s-equivalent and p-equivalent to
(P1, Py, ..., Py)).

ii. all partitions that are both strongly proportional and Pareto maximal are
s-equivalent and p-equivalent (and are s-equivalent and p-equivalent to
(P1, Py, ..., Py)).

b. If the measures do not concentrate on disjoint sets, then

i. there are infinitely many mutually non-s-equivalent partitions that are
both proportional and Pareto maximal.

ii. there are infinitely many mutually non-p-equivalent partitions that are
both proportional and Pareto maximal.

iii. there are infinitely many mutually non-s-equivalent partitions that are
both strongly proportional and Pareto maximal.

iv. there are infinitely many mutually non-p-equivalent partitions that are
both strongly proportional and Pareto maximal.

Proof: Part a follows from part a of the theorem, together with Theorem 4.4 and
the fact that (1, 1, ..., 1) does not lie in the interior of a line segment contained
in the IPS.

Parts bi, bii, and biii follow from part biv. Part biv follows from part bii of
the theorem and the fact that distinct points of the IPS are the image, under m,
of non-p-equivalent partitions. O

Corollary 5.47 — Equivalence Class Version

a. If the measures my,ma, ..., m, concentrate on the disjoint sets
Py, Py, ..., P, respectively, then

i. there is exactly one s-class that is both proportional and Pareto max-

imal (and that class is [{(Py, Pa, ..., P,)]y), and there is exactly one

p-class that is both proportional and Pareto maximal (and that class
is [(Pl, Pz, . Pn>]1,).

ii. there is exactly one s-class that is both strongly proportional and Pareto
maximal (and that class is [(Py, P2, ..., P,)];), and there is exactly one
p-class that is both strongly proportional and Pareto maximal (and that
class is [(Py, Py, ..., Py)]p).
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b. If the measures do not concentrate on disjoint sets, then

i

ii.

iii.

v

there are infinitely many s-classes that are both proportional and Pareto
maximal.

there are infinitely many p-classes that are both proportional and Pareto
maximal.

there are infinitely many s-classes that are both strongly proportional and
Pareto maximal.

there are infinitely many p-classes that are both strongly proportional
and Pareto maximal.

Of course, the s-classes and the p-classes in parts ai and aii are the same set.
The chores versions of Theorem 5.46 and Corollary 5.47 are as follows. The
proofs are similar and we omit them.

Theorem 5.48
a. If the measures concentrate on the complements of disjoint sets, then

i

ii.

the IPS has exactly one point that is both c-proportional and Pareto

minimal, and that point is (0,0, ..., 0).
the IPS has exactly one point that is both strongly c-proportional and
Pareto minimal, and that point is (0,0, ..., 0).

b. If the measures do not concentrate on the complements of disjoint sets,
then

i

ii.

the IPS has infinitely many points that are both c-proportional and Pareto
minimal.

the IPS has infinitely many points that are both strongly c-proportional
and Pareto minimal.

Corollary 5.49
a. If the measures m, my, ..., m, concentrate on the complements of the dis-
joint sets Q1, Qa, ..., Q,, respectively, then

i. all partitions that are both c-proportional and Pareto minimal are

ii.

s-equivalent and p-equivalent (and are s-equivalent and p-equivalent to

(Q1, Q2. ..., On))

all partitions that are both strongly c-proportional and Pareto minimal
are s-equivalent and p-equivalent (and are s-equivalent and p-equivalent

10(Q1, Q2. ..., On))

b. If the measures do not concentrate on the complements of disjoint sets, then

i

ii.

there are infinitely many mutually non-s-equivalent partitions that are
both c-proportional and Pareto minimal.
there are infinitely many mutually non-p-equivalent partitions that are
both c-proportional and Pareto minimal.
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iii. there are infinitely many mutually non-s-equivalent partitions that are
both strongly c-proportional and Pareto minimal.

iv. there are infinitely many mutually non-p-equivalent partitions that are
both strongly c-proportional and Pareto minimal.

Corollary 5.49 — Equivalence Class Version
a. If the measures my, my, . .., m, concentrate on the complements of the dis-
Jjoint sets Q1, Qa, ..., Q,, respectively, then
i. there is exactly one s-class that is both c-proportional and Pareto min-
imal (and that class is [{Q1, Q2, ..., Ou)]s), and there is exactly one
p-class that is both c-proportional and Pareto minimal (and that class is
Q1. Q2. ..., On)lp)

ii. there is exactly one s-class that is both strongly c-proportional and Pareto
minimal (and that class is [{Q1, Q2, ..., On)]s), and there is exactly one
p-class that is both strongly c-proportional and Pareto minimal (and that
class is [(le Q2s R Qn>]p)

b. If the measures do not concentrate on the complements of disjoint sets,
then
i. there are infinitely many s-classes that are both c-proportional and Pareto
minimal.

ii. there are infinitely many p-classes that are both c-proportional and Pareto
minimal.

iii. there are infinitely many s-classes that are both strongly c-proportional
and Pareto minimal.

iv. there are infinitely many p-classes that are both strongly c-proportional
and Pareto minimal.

Again, we note that the s-classes and the p-classes in parts ai and aii are the
same set.

Next, we reconsider the existence of egalitarian partitions (which we dis-
cussed at the end of Section 5C) in light of the failure of absolute continuity.
We recall that a partition P = (Py, P,, ..., P,) is egalitarian if and only if
mi(Py) = my(Py) = -+ = m,(P,). As we saw in Section 5C, it is easy to show
that egalitarian partitions exist. In that section, we saw that if the measures are
absolutely continuous with respect to each other, then it is also straightforward
to show combine egalitarianism with fairness and efficiency notions. If absolute
continuity fails, it is still straightforward to combine egalitarianism with propor-
tionality or strong proportionality (or the corresponding chores notions), as we
did in Section 5C. However, such is not the case for Pareto maximality. Suppose
that there are three players, Player 1, Player 2, and Player 3, with measures
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my, my, and ms, respectively. Assume that m; = m, and that m; and m, on the
one hand, and m3 on the other, concentrate on disjoint sets. Then the IPS is the
convex hull of the set {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 0, 1), (0, 1, 1)}.
The outer Pareto boundary of this IPS consists of the closed line segment be-
tween (1,0, 1) and (0, 1, 1). Clearly, none of the points on this line segment
correspond to egalitarian partitions.

We close this section as we did Sections 5A and 5B, by commenting on the
convexity of the sets of points satisfying our various fairness and efficiency
properties. We first note that our remarks on fairness properties in Section 5A
hold with or without absolute continuity. Hence:

* The set of all proportional points is a convex subset of the IPS.

* The set of all strongly proportional points is a convex subset of the IPS.
* The set of all envy-free points is a convex subset of the FIPS.

* The set of all strongly envy-free points is a convex subset of the FIPS.
* The set of all super envy-free points is a convex subset of the FIPS.

Analogous facts hold for the chores fairness properties. However, our previous
remarks on the set of all Pareto maximal points and the set of all Pareto minimal
points is not quite correct if absolute continuity fails. Theorem 5.40 implies that
there may be only one Pareto maximal point or only one Pareto minimal point.
Since a one-point set is convex, we must adjust our previous statement from
Section 5B. Curiously, the sets under consideration will be convex only if one
of the two extremes of agreement or disagreement of the measures occurs. In
particular:

* The set of all Pareto maximal points in the IPS is a convex subset of the IPS
if and only if either the measures are all equal or the measures concentrate
on disjoint sets.

* The set of all Pareto minimal points in the IPS is a convex subset of the IPS
if and only if either the measures are all equal or the measures concentrate
on the complements of disjoint sets.

5E. Examples and Open Questions

In this section, we present examples and a theorem to illustrate how some of our
results and our geometric perspectives may be used to establish the existence of
partitions with various desired properties, and we conclude with open questions.
We make no general assumption in this section about absolute continuity. We
first present examples that rely on the IPS, and then examples that rely on the
FIPS.
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Example 5.50

a. A strongly proportional partition P = (P, P>, P3) with m(P)) =
% +de, my(Pp) = % + Se, and m3(P3) = % + 6¢ for some & > 0.

b. A strongly c-proportional partition P = (P, P,, P3) with m(P)) =
% —4de, my(Py) = % — 5S¢, and m3(P3) = % — 6¢ for some ¢ > 0.

If the measures are all equal, then such partitions do not exist, since in this
case  m(P)) + ma(P2) + m3(P3) = m(P) + m(P) +m(P;) =m(C) =
1. Assume then that the measures are not all equal, and consider part a.
The existence of such a partition follows easily from Theorems 5.1 or 5.27
(depending on whether or not the measures are absolutely continuous with
respect to each other) with g = (4,5, 6) and A = ¢.

Assuming that the measures are not all equal, there are actually infinitely
many non-p-equivalent partitions satisfying the given conditions. Given a point
of the IPS corresponding to a partition that satisfies these conditions, let g be
any point in the IPS that is on the open line segment between the given point
and the point (%, %, %). If Q is any partition such that m(Q) = ¢, then Q satisfies
the given conditions. Since there are infinitely many such points g, and distinct
points of the IPS are the image, under m, of non-p-equivalent partitions, it
follows that there are infinitely many non-p-equivalent partitions satisfying the
given conditions.

Notice that in this example we cannot insist that ¢ have any particular size.
This is so since the A of Theorems 5.1 and 5.27 can be small. If, for example,
the measures are not very different, then the IPS will not be much larger than
the simplex, and we may not be able to move far from the point (%, %, %
without leaving the IPS. On the other hand, if the measures are very different
from each other, then the IPS will be larger and a larger value of ¢ may be
possible.

If the measures are all absolutely continuous with respect to each other, then
we could have applied Theorem 5.23 instead of Theorem 5.1 and obtained a
partition that satisfies the given conditions and is also Pareto maximal. However,
if the measures are not all absolutely continuous with respect to each other, then
such a partition may or may not exist, since the point (%, %, %) + A(4,5,6) (as
in Theorem 5.27), where X is chosen so that this point is on the outer boundary
of the IPS, may or may not be on the outer Pareto boundary of the IPS.

The arguments for part b are similar and we omit them.

Our next example illustrates that, if the measures are absolutely continuous
with respect to each other, then for any desired ratios between players’ eval-
uations of their own pieces there is a Pareto maximal partition and a Pareto
minimal partition for which these ratios are satisfied. As we shall see, this need
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not be true if the measures are not absolutely continuous with respect to each
other.

Example 5.51

a. A Pareto maximal partition P = (Py, P>, Ps) with my(P) = 3m(P;) and
m3(P3) = Sm(Py).

b. A Pareto minimal partition P = (Py, P», P3) with my(P,) = 3m(P;) and
m3(P3) = Sm(Py).

If the measures are absolutely continuous with respect to each other, then
the existence of such partitions follows easily from Theorem 5.18 by setting
p = (1,3, 5). Of course, any such set of ratios can be satisfied by choosing the
correct p.

Notice that there is no partition satisfying the conditions of part a which is
also proportional since, if there were such a partition P = (Py, P,, P3), then
we would have m(P;) > % and, hence, m3(P3) = 5m(Py) > % > 1. Geomet-
rically, the idea here is that if we move from the origin in the direction given
by (1, 3, 5), we leave the unit cube at the point (%, %, 1) without ever passing
through any point with first coordinate at least % Then, certainly, we hit no
proportional points. On the other hand, as we leave the origin, moving in the
direction given by (1, 3, 5), we go through many points with all coordinates
at most % Whether we hit a point of the IPS that is c-proportional and Pareto
minimal depends on whether we hit the IPS at all before leaving this region
(i.e., the region in which all coordinates are at most %). This depends on the
shape of the IPS. If, for example, the measures are all equal, then the IPS
is equal to the simplex, and we do not hit the IPS until the point (%, %, %).
In this case, there is no point of the IPS that is c-proportional and Pareto
minimal.

Suppose now that the measures are not absolutely continuous with respect
to each other. For part a, suppose that the measures concentrate on disjoint sets.
Then, by Theorem 5.40, (1, 1, 1) is the only Pareto maximal point. A partition
corresponding to this point does not satisfy the conditions of part a. On the
other hand, if the measures concentrate on the complements of disjoint sets,
then, by Theorem 5.40, (0, 0, 0) is the only Pareto minimal point. A partition
corresponding to this point does satisfy the conditions of part b.

It is not hard to see that even if the measures do not concentrate on disjoint
sets, but the failure of absolute continuity is sufficiently strong so that the
intersection of the IPS with the z = 1 plane is large enough to include the point
(%, %, 1) in its interior, then there is no partition that satisfies the conditions of
part a.
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We note that the relationship between the standard and the chores issues in
this example represents a departure from our usual symmetry between these
settings.

Next, we show that it may or may not be possible to specify in advance the
amount of cake certain players get in a Pareto maximal or a Pareto minimal
partition.

Example 5.52

a. A Pareto maximal partition P = (P, P,) with m(P)) = .2.

b. A Pareto minimal partition P = (P;, P,)with m;(P;) = .2.

c. A Pareto maximal partition P = (P, P>, P3) with m;(P;) =.2 and
mZ(Pz) =.3.

d. A Pareto minimal partition P = (P, P», P3) with m(P;) =.2 and
mZ(Pz) =.3.

There may be no partitions satisfying any of the preceding conditions if the
associated measures are not absolutely continuous with respect to each other.
For example, for parts a and b, suppose that the two measures concentrate on
disjoint sets. Then, by Theorem 3.27, we know that (1, 1) is the only Pareto
maximal point and (0, 0) is the only Pareto minimal point. This implies that
there is no Pareto maximal partition P = (P, P,) with m(P;) = .2 and no
Pareto minimal partition P = (P;, P,) with m;(P;) = .2. A similar argument
shows that there may be no partition that satisfies the conditions of parts c or d
if absolute continuity fails.

Consider parts a and b, and suppose now that the two measures are absolutely
continuous with respect to each other. The vertical line x = .2 contains at least
one point of the IPS, since this line intersects the simplex. (It will contain
exactly one point, the point (.2, .8), which is on the simplex, if and only if the
measures are equal.) We imagine beginning at the point (.2, 0) and moving up
(i.e., in the positive y direction). The first point p = (p;, p») of the IPS that we
encounter is on the inner boundary of the IPS and, hence, by Theorem 3.9, is
on the inner Pareto boundary of the IPS. Thus, p is a Pareto minimal point and
if P = (P, P,) is such that m(P) = p, then P is a Pareto minimal partition
and m(Py) = .2. Similarly, if ¢ = (g1, ¢2) is the last point of the IPS that we
encounter as we move up from the point (.2, 0), then ¢ is on the outer boundary
of the IPS and, hence, by Theorem 3.9, ¢ is on the outer Pareto boundary
of the IPS. Thus, ¢ is a Pareto maximal point and, if Q = (Q;, Q») is such
that m(Q) = g, then Q is a Pareto maximal partition and m(Q;) = .2. (The
existence of such a first point and last point of contact with the IPS as we move
up from (.2, 0) follows from the fact that the IPS is closed.)
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Next we consider parts ¢ and d, and we assume that the measures are abso-
lutely continuous with respect to each other. As in the previous example, we
will see that our usual symmetry between Pareto maximality and Pareto mini-
mality does not hold. It turns out that there is always a partition satisfying the
conditions of part c, but there may or may not be a partition that satisfies the
conditions of part d.

For part c, we first make an observation. If P = (P;, P», P3) is Pareto
maximal and, for some i = 1, 2, 3, m;(P;) = 1, then, for any j = 1, 2, 3 with
Jj #i,m;(P;) = 0. This is so because if it were the case that m ;(P;) > 0 for
some such j then, by absolute continuity, m;(P;) > 0. But this is impossible,
since m;(P;) = 1. This observation tells us that the intersection of the IPS with
the x = 1 plane is the single point (1, 0, 0), the intersection of the IPS with the
y = 1 plane is the single point (0, 1, 0), and the intersection of the IPS with the
z = 1 plane is the single point (0, 0, 1).

To show that there is a partition that satisfies the conditions of part ¢, we
proceed as we did for part a. We begin at the point (.2, .3, 0) and move up (i.e.,
in the positive z direction). We know that we must hit the IPS, since the point
(.2, .3,.5) is on the simplex and therefore is in the IPS. Let p = (.2, .3, p3) be
the last point of contact with the IPS. Then p is on the outer boundary of the IPS
and, by our preceding observation, p3 < 1. Hence, p is an interior point of the
unit hypercube. Theorem 5.16 implies that p is on the outer Pareto boundary of
the IPS. Hence, p is a Pareto maximal point and any partition P with m(P) = p
is a Pareto maximal partition satisfying the conditions of part c.

For part d, consider Example 5.14 (which is illustrated in Figure 5.1). If m,
and m, are sufficiently different, then (.2, .3, 0) is an interior point of IPS;,,
the intersection of the IPS and the xy plane. This tells us that (.2, .3, 0) is
on the inner boundary but not on the inner Pareto boundary of the IPS and,
hence, there are no Pareto minimal points of the form (.2, .3, p3). It fol-
lows that, in this case, there is no partition P that satisfies the conditions of
part d.

What if we had asked for a Pareto maximal partition P = (P, P,, P3) with
m(Py) = .7Tand my(P,) = .6. Is this possible? The answer is maybe and maybe
not. Certainly our preceding description would not be correct since, beginning
with the point (.7, .6, 0) in the xy plane and moving up, we do not hit the simplex.
Whether or not we hit the IPS, and can therefore continue until we reach the
outer boundary of the IPS, depends on the shape of the IPS, which depends on
the particular measures. It is not hard to see that such a partition exists if and
only if (.7, .6, 0) € IPS,.

Next, we move on to examples that involve the FIPS. These examples will
use Theorem 4.18.
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Example 5.53 — The Examples from Section 4B In Section 4B, we listed
four situations meant to illustrate the differences between the various fairness
properties. However, in that section, we did not show that the given situations
were possible. We do so here. For convenience, we first restate these four
situations. In each case, we assume that there are three players and ask for a
partition P = (P, P,, P3) so that the given conditions are satisfied for some
& > 0. The measures may or may not be absolutely continuous with respect to
each other.

1 1 1
a. ml(Pl):§+28 ml(Pz):§+58 ml(P3):§—7€
1 1 1
my(Py) = 3 + 208 my(Pp) = 3 +5¢ my(P3) = 3 25¢
1 1 1
m3(P) = 37 Te  m3(P) = 3 + 35 m3(P3) = 3 +2¢
1 1 1
b. ml(P])=§+2€ ml(P2)=§—48 ml(P3)=§+28
1 1 1
my(Py) = 3 3e mo(Py) = 3 +5¢ ma(P3) = 3 2
1 1 1
m3(Py) = 3 +2¢ m3(P) = 3 de  ma(Py) = 3 126
1 1 1
C. ml(P1)=§+28 WL1(P2):§-|—8 ml(P3)=§—38
1 1 1
mo(Py) = 3 +3e my(P) = 3 +5¢ ma(P;) = i 8¢
1 1 1
m3(Py) = § + ¢ m3(P>) = 3 — 3 m3(P3) = § 4 2¢
1 1 1
d. ml(P]):§+2£ ml(P2):§—g ml(P?)):g—E
1 1 1
my(Py) = g —3e my(Pp) = 5 + 5 my(P3) = § — D¢
1 1 1
m3(Pr) = 3¢ m3(Pp) = 3¢ m3(Ps) = 3 +2¢

As noted in Section 4B, in all four of the preceding situations, P is strongly
proportional and,

* in situation a, P is not envy-free.

* in situation b, P is envy-free but not strongly envy-free.

* in situation c, P is strongly envy-free but not super envy-free.
* in situation d, P is super envy-free.

We now consider each of these situations. In situation a, P is strongly pro-
portional but satisfies no additional fairness properties. By Corollaries 5.2
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and 5.28, we know that a strongly proportional partition exists if and only
if the measures are not all equal. Of course, the existence of dependence rela-
tionships between the measures may imply that there is no partition P sat-
isfying the properties given in situation a. For example, if m; = m,, or if
m; = %mz + %m3, then it is clear that situation a is impossible since, for ex-
ample, the players’ evaluations of piece P, (i.e., m(P)) = % + 2e, my(P)) =
% + 20¢e, m3(Py) = % — 7¢) directly contradict these dependence relationships.
However, note that the conditions of situation a are consistent with the de-
pendence relationship m| = %mz + %m3_. Let us assume that this is the only
dependence relationship that holds between the three measures and hence that
DEP (see Definition 4.16) contains just this one equation. We can then use
Theorem 4.18 to show that there is a partition P satisfying the conditions of
situation a.

Let
2 5 =7
g=120 5 =25
-7 5 2

Note that each row of ¢ sums to one and each column is consistent with the
one assumed dependence relationship, m; = %mz + %I’l’l3. Hence, ¢ is a proper
matrix. Theorem 4.18 (with ¢ in place of 1) implies that, for some ¢ > 0,

% + 2¢ % + Se
) 1
1420 145 1-25 | = [§ + £q;j] € FIPS.
1 1 1 ij=n
53— Te 3+ 5¢ 34 2¢
Hence, for some partition P = (P;, P>, P3),

1 1 1
my(Py) = §+28 mi(Py) = §+58 mi(P3) = 3 —Te

1 1 1
my(Py) = 3 + 20e my(Py) = 3 + 5S¢ my(P3) = 37 25¢

1 1 1
m3(P1) = g —Te m3(P2) = g + S¢ M3(P3) = g + 2¢

and so P satisfies the conditions of situation a. Of course, this construction
would also work if the measures were linearly independent (i.e., if DEP were
empty).

We next consider situation b. If P is a partition that satisfies the conditions
of situation b, then P is strongly proportional and envy-free but is not strongly
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envy-free. We note that, as in situation a, it is easy see that certain dependence
relationships among the measures would make the existence of such a partition
impossible. Let us assume that the only dependence relationship is m| = m;
and, hence, DEP contains just this one equality. By Corollaries 5.7 and 5.32,
the assumption that two of the measures are equal implies that there does not
exist a strongly envy-free partition P. We shall show that there is a partition that
is strongly proportional, envy-free, and, in particular, satisfies the conditions of
situation b.

Let
2 -4 2
g=|-3 5 =2
2 -4 2

Since each row of g sums to one and in each column the first and third entries
are equal (and so each column is consistent with the one equation in DEP), we
know that ¢ is a proper matrix. It follows from Theorem 4.18 that, for some
g >0,

1 1 1

3+2 3—4e 3+2 |

1

1—3& 3+5 ;-2 =[—+eqi,} € FIPS.

3 3 3
1 1 1
§+28 §—48 §+28

i,j<n
Hence, for some partition P = (Py, P», P3),

1 1 1
ml(Pl):§+28 ml(PZ):§_48 ml(P3):§+2g

1 1 1
mo(Py) = §—3s mz(pz):§_|_5g M (P3) = 3_28

1 1 1
m3(Py) = §+28 m3(P2):§_48 m3(P3) = §+28

and so P satisfies the conditions of situation b. As in situation a, we note that
this construction would also work if the measures were linearly independent.

Next, we consider situation c. A partition that satisfies situation c is strongly
proportional and strongly envy-free, but not super envy-free. Corollaries 5.2 and
5.28 tell us that, in order for there to exist a strongly proportional partition, the
measures must not all be equal. However, Corollaries 5.7 and 5.32 tell us that, in
order for there to exist a strongly envy-free partition, we must have the stronger
condition that no two of the measures are equal. Dependence relationships are
not ruled out by these results. Of course, as in situations a and b, it is easy to
find dependence relationships involving the three measures that are inconsistent
with the given conditions.
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Let us assume that there is one dependence relationship between the mea-
sures, and this relationshipis m; = %mz + %mg. It is clear that the conditions of
situation c are consistent with this relationship. We note that by Corollaries 5.7
and 5.32 such a dependence relationship implies that there does not exist a
super envy-free partition. We shall show that there is a partition that is strongly
proportional, strongly envy-free, and, in particular, satisfies the conditions of
situation c.

Let
2 -3
g=13 5 -8
1 -3 2

Note that each row of g sums to one. Also, since the only dependence rela-
tionship between the measures is m; = %I’fh + %m3, we know that this is the
only equation in DEP. Since the columns of g are consistent with this equa-
tion, it follows that g is a proper matrix. Theorem 4.18 implies that, for some
e >0,

1 1 1

3+2 3+e 3 X

1 1 1
§+8 5—38 §+28

Hence, for some partition P = (P, P, P3),

1 1 1
mi(Py) = 3 +2 mi(P)= 3 +e&  mi(P3)= 3 3e

1 1 1
my(Py) = g +3e my(Py) = 5 + 5 my(P3) = § — 8¢

1 1 1
m3(Py) = 3 +e&  m3(P)= 3 3¢ m3(P3) = 3 + 2e.

Therefore, P satisfies the conditions of situation c. As in situations a and b, we
observe that the construction would also work if the measures were linearly
independent.

Finally, we consider situation d. If P is a partition satisfying the conditions
of situation d, then P is super envy-free. By Corollaries 5.7 and 5.32, we know
that such a partition exists if and only if the measures are linearly independent.
We make that assumption now, and thus DEP is empty.
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Let

-1 -1 2

Since each row of g sums to one and DEP is empty, it follows that g is a proper
matrix. Then, by Theorem 4.18, we know that, for some ¢ > 0,

1 I i
§+28 5—8 §—8

1
-3 345 ;-2 |= [§+gq,-,} e FIPS.
1—e 1-¢ 142 bI=n

Hence, for some partition P = (P;, P», P3),

1 1 1
m(P)=-+2¢ m(P)=-5—¢ m((P)=,—¢
% % %
mz(Pl) = g — 3¢ M2(P2) = g + 5¢ mz(P3) = g —2¢
1 1 1
my(P)=-—¢ my(P)=5—¢ m3(P)=+2
3 3 3
and so P satisfies the conditions of situation d.
Fix some point p = (p1, p2, ..., py) in the simplex that has all positive

coordinates (i.e., p is an interior point of the simplex). Corollary 1.5 implies
that there is a partition P = (Py, P», ..., P,) such that m;(P;) = p; for each
i =1,2,...,n.Can we change the equalities in some or all of these equations
to inequalities and find a partition P satisfying these n relationships? Clearly,
this is not always possible. If the measures are all equal, then it is certainly
not possible to find a partition P = (Py, P», ..., P,) such that m;(P;) > p; for
each i, since this would imply that each player’s measure of the entire cake C is
greater than one. Our next result shows that having the measures not all equal
is the only necessary restriction. After proving this result, we will present an
example.

Theorem 5.54 Suppose that the measures are not all equal and p =

(p1, P2y - - ., pu) Is a point in the simplex with all positive coordinates. In ad-
dition, assume that, for eachi = 1,2, ...,n,o; is one of the relations “<,”
“=,” or “>.” Then there exists a partition P = (P, P, ..., P,) such that

m;(P;)o; p; for each such i.
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Proof: Since the measures are not all equal, we may assume, by renumbering
if necessary, that m,_; # m,. We wish to define an appropriate proper matrix
q and to then apply Theorem 4.18.

Foreachi =1, 2, ..., n, define g;; as follows:
qgii = —1 if g; is the “<” relation
gii = 0 if o; is the “="relation
gii = 1 if o; is the “>" relation
We need to define ¢;; for distinct i, j = 1,2, ..., n in such a way that the
resulting matrix ¢ is proper. We begin by assigning values for all such g;; that
are not in either of the last two columns of g as follows: foreachi = 1,2,...,n

and j =1,2,...,n—2 with i # j, define g;; arbitrarily, subject to the con-
straint that each of these n — 2 columns is consistent with each of the equations
in DEP.

Next, we note that there is only one as yet undefined entry in each of the
last two rows of ¢ (g,—1,, inTow n — 1, and g, ,—; in row n). Define these two
values in the unique way that makes each row sum to zero. Observe that since
“m,_, = m," is not one of the equations in DEP, the assignment that we have
just made for g,_; , and g, ,—1 is not inconsistent with any equation in DEP.

It remains for us to define g;; fori =1,2,...,n —2and j =n — 1, n. For
each such i, define ¢; ,— arbitrarily, subject to the constraint that the (n — 1)th
column of ¢ is consistent with each of the equations in DEP.

Finally, we mustdefine g;, fori = 1, 2, ..., n — 2. For each such i, we define
qin to be the unique number that makes each row sum to zero. This completes
the definition of the matrix q. We must show that g is proper.

Itis immediate from our construction that each row of ¢ sums to zero. Itis also
immediate that each of the first » — 1 columns is consistent with each equation
in DEP. These two facts together imply that the nth column is consistent with
each equation in DEP. This establishes that ¢ is a proper matrix.

By Theorem 4.18, we know that, for some ¢ > 0, [p; + £qijli j<n €
FIPS. Hence, for some partition P = (P, P, ..., P,), mi(P)) = p1 + €q11,
my(P2) = pr +€qan, ..., m,(P,) = p, + €qu,. It then follows from the def-
inition of the ¢;; that, for each i = 1,2, ..., n, m;(P;)o;q;, as desired. This
completes the proof of the theorem. O

The following is an easy application of the theorem.

Example 5.55 A Pareto maximal partition P = (P, P», P3, Py) with
ml(Pl) > .1, M2(P2) > .2, M3(P3) = .3, and m4(P4) = 4.
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If the measures are all equal, then it is easy to see that there is no such
partition P since, if there were, then each measure would assign a value greater
than one to the whole cake.

Assume then that the measures are not all equal, set p = (.1, .2, .3, .4), let
o1 and o5 be the “>" relation, and let o3 and o4 be the “="" relation. Theorem
5.54 implies that there is a partition P = (P, P, P3, Ps) such that m;(P;)o; p;
foreachi = 1, 2, 3, 4. This P satisfies the desired equalities and inequalities.

Example 5.56 A partition on which each player’s measure of the relative sizes
of the n pieces of cake can satisfy any given order.

Assume that the measures are linearly independent. Suppose there are four
players and we wish to obtain a partition P = (P, P,, P3, Ps) satisfying the
following:

mi(P) = mi(P2) < mi(P3) = mi(Py)
ma(Py) < ma(Py) < ma(P3) < ma(Py)
m3(P3) < m3(Py) = m3(Py) < m3(P2)
ma(P1) = ma(Py) = ma(P3) = ma(Py)

Since the measures are linearly independent, a matrix is proper if and only
if each of its rows sums to one. Thus, finding a proper matrix that correctly
represents the preceding situation is quite easy. For example, we can let

-1 -1 1 1

It follows from Theorem 4.18 that, for some & > 0,

|
™
I
™
™

|
[N}

™

-
™

+ 2¢ —¢
= |:_ + 6qij:| e FIPS.

Blm Bl A= B
Bl— Bl B B—
+
™
Blm Bl B B
|
™
Blm Bl B— B
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Hence, for some partition P = (P;, P>, P3, Py),

1 1 1 1
my(Py) = 7 ¢ ml(PZ):Z_E m(P3) = 4_1+8 m(Py) = 4_1+8

1 1 1 1
my(Py) = 1 +2e my(Pp) = i 26 my(P3) = 7 +e my(Py) = 7 °¢

1 1 1 1
m3(P) = 1 m3(Pp) = 1 +e&  ma(P3) = ik m3(Py) = 1

1 1 1 1
my(Py) = 1 my(Py) = 1 my(P3) = 1 my(Py) = 1

and therefore,

mi(P) = m(P) < mi(P3) = m(Py)
ma(Py) < my(Ps) < my(P3) < ma(Pr)
m3(P3) < m3(Py) = m3(Py) < m3(P,)
ma(P1) = ma(P2) = ma(P3) = ma(Ps)

as desired.

It is not hard to see that certain dependence relationships between the mea-
sures are inconsistent with the desired equalities and inequalities. To illustrate,
note that the given equalities and inequalities imply that m(P,) < %, mo(P,) <
le’ and my(P>) = %. Hence, for example, no such partition could exist if it
my = %ml + %WQ.

The conditions of our final two examples have a similar appearance, but one
turns out to be possible and one impossible. This contrast will lead us to two

open questions.

Example 5.57 A partition P = (P, P,, P3, Py) satisfying the following
relationships:

m](P1)>.1 ml(P2)>.2 ml(P3)<.3 ml(P4)=4
I’H2(P1) <.l mz(Pz) =.2 mz(Pg,) <.3 mz(P4) > 4
I’H3(P1) =.1 m3(P2) > .2 m3(P3) <.3 m3(P4) > 4
WZ4(P1) > .1 m4(P2) > .2 m4(P3) <.3 m4(P4) > 4

Certain dependence relationships imply the impossibility of obtaining such
a partition. For example, the dependence relationship m; = %mz + %m3 is in-
consistent with the relationships m(Py) > .1, m,(P;) < .1, and m3(Py) = .1.
Let us assume that the following dependence relationships hold:
1 1 3 1

ms = Eml + Emz and my = é_lml + Zmz
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We assume that this list is complete, except for the dependence relationships

that are implied by these two.

It is not hard to see that the given relationships involving P are consistent
with the given dependence relationships. We shall define a proper matrix and
then use Theorem 4.18 to obtain a partition P satisfying the desired conditions.

Let
4 4 -8 0
—4 0 -4 8
q:
0 2 -6 4
2 3 =7 2

Each row of ¢ sums to one and each column is consistent with each of the given
dependence relationships. Hence, ¢ is a proper matrix. Theorem 4.18 tells us

that, for some ¢ > 0,

d4+4e 244 3-8 4

d—4e 2 3—4e A4+8e
1 2428 3—-6s 4+4e
d4+2e 243¢ 3—-T7¢ 4+42¢

= [}"j + SQij]i.jgn € FIPS

where we have set r =(.1,.2,.3,.4). Hence, for some partition P =

(P1, Py, P3, Py),

ml(P1)=.1+46‘ ml(P2)=.2+48 ml(P3)=.3—88
I’)’Q(Pl) =.1—4¢ I’I’EQ(Pz) =.2 mz(P3) =.3—4¢
I713(P1) =.1 m3(P2) =.2+42¢ I’Il3(P3) =.3—6¢
I’I’l4(P1) =.142¢ Wl4(P2) =.2+43¢ Wl4(P3) =.3-7T¢

and therefore,

mi(Py) = 4

mz(P4) = .4+ 8¢
m3(P4) =4+ 4e
WL4(P4) =442

ml(P])>.1 m](P2)>.2 ml(P3)<.3 ml(P4)=4
H’EQ(P]) <.1 mz(Pz) =.2 mz(P3) <3 mz(P4) > 4
M3(P]) =.1 m3(P2) > 2 m3(P3) <3 m3(P4) > 4
m4(P1) > .1 m4(P2) > .2 M4(P3) <3 m4(P4) > .4,

as desired.
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Example 5.58 A partition P = (Py, P», P;, P4) satisfying the following
relationships:

m](Pl) > .25 ml(Pz) =.25 ml(P3) < .25 ml(P4) > .25
mz(P1) =.25 mz(Pz) < .25 I’I12(P3) < .25 m2(P4) > .25
m3(P1) > .25 m3(P2) < .25 M3(P3) < .25 m3(P4) < .25
m4(P1) > .25 m4(P2) < .25 I’IZ4(P3) > .25 m4(P4) > .25

Let us assume that the following dependence relationship holds:
my+my =m3+my

We first observe that there is nothing obvious preventing us from using
Theorem 4.18, as in the previous example, to obtain a partition satisfying the
given conditions. In particular, the four conditions involving each measure are
consistent with the fact that each measure assigns value one to C (in contrast
with, for example, the conditions m(P;) > .25, m(P>) > .25, m(P3) > .25,
and m(Py) > .25), and the four conditions involving each piece of the par-
tition are consistent with the given dependence relationship (in contrast with,
for example, the conditions m(P;) > .25, my(Py) > .25, m3(Py) < .25, and
my4(P;) < .25). However, there is a subtler problem here that arises from the
interaction between these two types of constraints.

We claim that, the given conditions on the partition, together with the one
dependence relationship, imply that m; gives a larger value to each of the four
pieces of cake than does m3.

Consider piece P;. We are given that m,(P)) = .25 and my4(P;) > .25. Thus,
mo(Py) < my(Py) and so, since m(Py) + my(Py) = m3(Py) + my(Py), it fol-
lows that m(P;) > m3(Py).

Since m(P,) = .25 and m3(P,) < .25, itis obvious that m{(Py) > m3(P,).

Next, consider piece Ps;. We are given that m,(P;) < .25 and m4(P3) > .25.
Thus, my(P3) < m4(P3) and so, since m(P3) + my(P3) = m3(P3) + ma(P3),
it follows that m(P3) > m3(P3).

Finally, since m(Py) > .25 and m3(Py) < .25, it is obvious that m(Py) >
m3(Py).

We have shown that, for eachi = 1, 2, 3,4, m(P;) > m3(P;). But then

I =mi(C) =m(P1) +mi(P) +m(P3) +mi(Py)
> m3(Py) +m3(P2) +m3(P3) + m3(Py) = m3(C) =1

which is a contradiction. Hence, there is no partition satisfying the given con-
ditions and dependence relationship.
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A comparison between the last two examples presents us with a question. In
general, given certain dependence relationships, equalities, and inequalities, as
in the last two examples, how can we determine whether there exists a partition
satisfying these dependence relationships, equalities, and inequalities? We do
not know the answer to this question, but we wish to develop some terminology
in order to ask this question more precisely.

Definition 5.59 A relation matrix is an n X n matrix, each of whose entries is

one of the relations “<,” “=,” or “>.” If 0 = [0};]; j<x is a relation matrix,
p = (p1, p2, - ., pn)is apoint in the simplex with all positive coordinates, and
P = (P, P, ..., P,)isapartition, we shall say that P satisfies o with respect to

pifandonlyif, foreachi, j = 1,2,...,n,m;(P;)o;;p,. Also, a proper matrix
q =1qijli, j<n satisfies o if and only if, foreach i, j = 1,2, ..., n, g;;0;;0.

Suppose that o and p are as in the definition. If there exists a proper matrix
q that satisfies o, then it follows from Theorem 4.18 that there is a partition
P that satisfies o with respect to p. Conversely, if P = (P, P>, ..., P,) is
a partition that satisfies o with respect to p, then g = [m;(P;) — p;li j<u is
a proper matrix that satisfies 0. Hence, the question of whether there exists a
partition that satisfies o with respect to p is equivalent to the question of whether
there exists a proper matrix that satisfies o.

To illustrate this idea, we note that the existence of a partition satisfying the
conditions of Example 5.57 is equivalent to the existence of a proper matrix
that satisfies the relation matrix

VoIilA YV
vV v oIV
AN ANA
vV vV VvV

and the existence of a partition satisfying the conditions of Example 5.58 is
equivalent to the existence of a proper matrix that satisfies the relation matrix

vV v IV
AN A
VoA A A
vV AV V
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We also observe that the existence of a super envy-free partition is equivalent
to the existence of a proper matrix that satisfies the relation matrix

AN ANV
ANV A
AV A A
V. -A A A

We are now ready to state our question more precisely.

Open Question 5.60 Suppose that p = (py, p2, ..., py) is a point in the sim-
plex with all positive coordinates and o = [0, ];, j<, a relation matrix. Is there
a procedure for determining whether there exists a partition that satisfies o
with respect to p? Or, equivalently (by Theorem 4.18), is there a procedure for
determining whether there exists a proper matrix that satisfies o' ?

An affirmative answer to this question would still leave the following.
Open Question 5.61 Suppose that we know that there exists a partition that

satisfies o with respect to p or, equivalently, that there is a proper matrix that
satisfies 0. How do we actually find such a matrix?

For example, given the relation matrix

> > < =

< = < >
o =

= > < >

> > < >

of Example 5.57, how can we find a proper matrix satisfying o ? In this example,
we presented the matrix

4 4 -8 0
-4 0 -4 8
=10 2 -6 4
2 3 -7 2

and observed that this matrix is proper and satisfies o. We obtained this matrix
by “fiddling around.” We do not know a procedure for finding such a matrix in
general.



6
Characterizing Pareto Optimality

Introduction and Preliminary Ideas

We now turn our attention to characterizations of Pareto optimality. Suppose
that P is a partition. How can we determine whether or not P is Pareto maximal
or Pareto minimal? We have seen that P is Pareto maximal if and only if m(P)
is on the outer Pareto boundary of the IPS and that P is Pareto minimal if and
only if m(P) is on the inner Pareto boundary of the IPS. However, the relevant
IPS is not always available to us. Our goal is to find other ways to make this
determination. We begin by considering Pareto maximality.

Of course, if P is not Pareto maximal, the presentation of a Pareto bigger
partition establishes this. But it may not, in general, be clear how to find such
a Pareto bigger partition and, of course, our inability to find such a Pareto
bigger partition is not a proof that there is none. The methods presented in
Examples 6.3 (where we show that a certain partition is not Pareto maximal)
and 6.6 (where we show that a certain partition is Pareto maximal) are rather ad
hoc. We wish to develop general characterizations for Pareto maximality (and,
of course, Pareto minimality too).

Chapters 7, 8, and 10 each focus on a different approach. (Chapter 9 is de-
voted to the dvelopment of the framework needed in Chapter 10.) Our first
characterization, presented in Chapter 7, involves the maximization (for Pareto
maximality) or minimization (for Pareto minimality) of certain linear combi-
nations of the measures. In Chapter 8, we present our second characterization.
This characterization involves certain numbers called partition ratios that we
shall associate with a partition. Partition ratios provide us with a comparison
between how much a given player values his or her piece of cake compared
to how other players value that piece. Our third characterization, which we
present in Chapter 10, involves a geometric construction on the simplex, and is
attributable to D. Weller ([43]). In the present chapter, we state some definitions
and prove two theorems (Theorems 6.2 and 6.4) that will be needed for these
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characterizations. We make no assumptions in this chapter about the absolute
continuity of the measures.

Suppose P = (Py, P, ..., P,) is a partition of C. For any non-empty § C
{1,2,...,n}, (P; : i €§) is a partition of |, ; P; among the players named by
8. What is the relationship between the Pareto maximality of such a partition of
;s P and the Pareto maximality of the partition P of C? We introduce some
terminology to simplify our discussion.

Definition 6.1 A partition P = (Py, P, ..., P,) of C is proper subpartition
Pareto maximalif and only if, for every proper and non-empty § {1, 2, ..., n},
(P; : i € 8) is a Pareto maximal partition of (_J,_s P; among the players named
by 6.

i€d

We wish study the relationship between Pareto maximality and proper sub-
partition Pareto maximality. The relationship in one direction is easy.

Theorem 6.2 If P is a Pareto maximal partition of C, then P is proper sub-
partition Pareto maximal.

Proof: Fix a partition P = (Py, P,, ..., P,) of C and suppose that P is not
proper subpartition Pareto maximal. Then for some proper and non-empty § C
{1,2,...,n} there is a partition (Q; : i € §) of | J,; P; that is Pareto bigger
than (P; : i € §). Define a partition R = (R, Ry, ..., R,) of C as follows: for
eachi =1,2,...,n,

[ ifies
R'_{P,- ifi ¢ s

Then R is a partition of C that is Pareto bigger than P, and so P is not Pareto
maximal. O

The converse of the theorem is false. In other words, there exist partitions
P = (P, P, ..., P,) that are not Pareto maximal but are such that, for any
proper and non-empty § € {1,2,...,n}, (P; : i € §) is a Pareto maximal par-
tition of | J;; P; among the players named by 8. As a trivial example, let P be
any non-Pareto maximal partition of C among two players. Then certainly for
any proper and non-empty § € {1, 2}, (P; : i € §) is a Pareto maximal partition
of | ;s Pi among the players named by § since, in this case, § is a singleton.
(For any piece of cake A and any one player, the trivial partition of A into one
piece that is given to that one player is a Pareto maximal partition of A to the
one player.) The following is a less trivial example.



6. Characterizing Pareto Optimality 153

Example 6.3 Let C be the interval [0, 3) on the real number line and let m; be
Lebesgue measure on this set. Suppose that there are three players, Player 1,
Player 2, and Player 3, with corresponding measures m, m,, and m3, respec-
tively, defined as follows: for any A € C,

mi(A) = 3m (AN[0, 1))+ .1m(AN[1,2)) + .6m(AN[2,3))
ma(A) = .6m (AN[0, 1)+ 3m(AN[L,2)+ .1m (AN[2,3))
m3(A) = .1m(ANT0, 1)+ .6m(ANTL 2)+ 3m (AN[2,3))

We note that

m(C) = 3m(CNIO0, 1))+ .1m(CN[L,2))+ .6m(CNI[2,3))
=3+.14.6=1

Similarly, m,(C) = m3(C) = 1. Thus, m;, m,, and m3 are measures on C, and
it is easy to see that these measures are absolutely continuous with respect to
each other.

Let P = ([0, 1), [1, 2), [2, 3)). We claim that P is not Pareto maximal but
is proper subpartition Pareto maximal. We begin by computing each player’s
measure of his or her own piece of cake:

my([0, 1)) = 3m, ([0, 1)) + .1m (D) + .6m (D) = .3
my([1,2)) = .6mp(P) + 3mp([1,2)) + .1m (V) = .3
ms([2,3)) = 1m (@) + .6m, @) + 3m.([2,3) = .3

Next, we consider the partition Q = ([2, 3), [0, 1), [1, 2)). Let us compute
each player’s measure of his or her own piece of cake according to this partition:

mi([2,3)) = 3mp (D) + .1mp (D) + .6m([2,3)) = .6
ma([0, 1)) = .6m ([0, 1)) + 3mp(D) + .1mp(#) = .6
ms((1,2)) = 1my (@) + .6m.(1,2)) + 3mp(?) = .6

Thus, Q is Pareto bigger than P and so P is not Pareto maximal. It remains
for us to show that P is proper subpartition Pareto maximal.

Consider the partition R = ([0, 1), [1, 2)) of [0, 2) between Players 1 and 2.
‘We must show that this partition is a Pareto maximal partition of [0, 2) between
Player 1 and Player 2. Suppose, by way of contradiction, that it is not. Then
some transfer of cake from Player 1 to Player 2, call it piece A, and from Player 2
to Player 1, call it piece B, must result in a Pareto bigger partition. Player 1’s
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change due to this tradeism(B) — m(A) and Player 2’s change due to this trade
is my(A) — m(B). Since A C [0, 1) and B C [1, 2), the changes for Players 1
and 2 willbe .1m(B) — .3m(A)and .6m(A) — .3m(B), respectively. Since
we are assuming that the change produced by this trade results in a partition
that is Pareto bigger than the original partition, it must be that

Amy(B)— 3mp(A)>0 and  .6mz(A)— 3mp(B) >0

with at least one of these inequalities being strict. Adding twice the first in-
equality to the second, and using the fact that at least one of the inequalities is
strict, we obtain —.1m (B) > 0, and thus m(B) < 0, a contradiction. Thus, R
is a Pareto maximal partition of [0, 2) between Players 1 and 2. The proofs that
([0, 1), [2, 3)) is a Pareto maximal partition of [0, 1) U [2, 3) between Players
1 and 3, and that ([1, 2), [2, 3)) is a Pareto maximal partition of [1, 3) between
Players 2 and 3, are similar. This establishes that P is proper subpartition Pareto
maximal.

This example shows that the converse of Theorem 6.2 is false. We shall gain
some additional insight into the relationship between Pareto maximality and
proper subpartition Pareto maximality when we revisit this example in Chapters
8, 10, and 13 (see Examples 8.10, 10.10, and 13.23).

We can establish something resembling a converse to Theorem 6.2 if we
restrict the subpartitions that we consider and add some assumptions.

Theorem 6.4 Suppose that P = (Py, P,, ..., P,) is a partition of C and the
following conditions hold:

a. For any i =1,2,...,n, if A C P; and m;(A) =0, then for every j =
1,2,...,n,mj(A) =0.
b. There exists a partition y = (Y1, V2, - .-, Ym) Of {1, 2, ..., n} such that
i. foreveryk=1,2,...,m,(P; :i € y;) is a Pareto maximal partition of
U ey Pi among the players named by yy, and either
ii. for every k,k'=1,2,...,m with k <k/, if j € yx and j' € yp, then

m;(P;)=0or
iii. for every k,k'=1,2,...,m with k <k, if j € yx and j' € yp, then
mj(Pj) = 0.

Then P is Pareto maximal.

It is easy to see that one can easily change a partition y = (y1, V2, - -+, Ym)
that satisfies condition bii to one that satisfies condition biii, or vice versa,
simply by reversing the order of the ;.
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Before proving the theorem, we first comment on the sense in which it re-
sembles a converse to Theorem 6.2 and then develop some informal perspective
on the theorem.

The converse to Theorem 6.2 would have as its premise that P is
proper subpartition Pareto maximal; i.e., for any proper and non-empty § €
{1,2,...,n}, (P; :i € §) is a Pareto maximal partition of Uiea P; among the
players named by 8. Condition bi of Theorem 6.4 says that we need not
check to see whether this condition holds for every proper and non-empty
8 € {1,2,...,n}. Instead, we need only consider the collection of m disjoint
subsets of {1, 2,...,n} given by y. However, condition bii or biii gives an
additional requirement. We wish to develop some informal perspective about
this requirement.

We think of the conditions of the theorem as describing an iterative process,
consisting of m stages. At each stage certain pieces of cake are allotted to certain
players. With y = (y1, ¥2, ..., V) as in the theorem, we shall think of the first
allotment as going to the players named by y, the second allotment as going
to the players named by y», and so on. Condition bii says that a piece of cake
allotted to some player at some stage k has value zero to any player that receives
his or her piece at a later stage k’. Similarly, condition biii says that a piece of
cake allotted to some player at some stage k" has value zero to any player that
receives his or her piece at an earlier stage k. This iterative perspective will be
explored in considerably more detail in Chapters 7 and 10.

We shall discuss condition a of Theorem 6.4 following the proof of the
theorem.

Proof of Theorem 6.4: We assume that P = (P, P, ..., P,) is a partition
of C, y = (y1,¥2, ..., Vm) 1s a partition of {1,2,...,n}, and that the given
conditions hold. In particular, we shall assume that condition biii holds. If,
instead, condition bii holds, then the proof is similar. We must show that P is
Pareto maximal.

Suppose, by way of contradiction, that P is not Pareto maximal. Then,
by Theorem 5.38, we know that there is a Pareto maximal partition Q =
(01, O3, ..., Q) that is Pareto bigger than P.

We may view Q as the result of beginning with P and making some collection
of transfers of cake between players. Suppose that one of these is a transfer from
Player j to Player j' and this transfer consists of piece A. We may assume,
without loss of generality, that m j;(A) > 0, since otherwise no player would be
worse off if we simply eliminate this transfer. By condition a of the theorem,
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mj(A) > 0. Hence, we may assume that all transfers involve a piece of cake
that has positive value to both the giver and the receiver.

Claim The transition from partition P to partition Q involves no transfer of
cake between players named by different pieces of y. In other words, for any
distinct k, k' =1,2,...,m, and any j € y; and j’ € yp, the transition from
partition P to partition Q involves no transfer from Player j to Player j’, or
from Player j’ to Player j.

Proof of Claim: Fix k, k' =1,2,...,m with k < k’. We first show that the
transition from partition P to partition Q involves no transfer from a player
named by yp to a player named by j4, and then we show that this tran-
sition involves no transfer from a player named by y; to a player named
by e

Fix j € y; and j' € Y. We must show that the transition from partition
P to partition Q involves no transfer of cake from Player j' to Player j. By
condition biii of the theorem, m ;(P;) = 0. Then, since we have assumed that
all transfers involve a piece of cake that has positive measure to both the giver
and the receiver, it follows that the transition from partition P to partition Q
does not involve any transfer from Player j’ to Player j.

To show that the transition from partition P to partition Q involves no transfer
of cake from a player named by y; to a player named by y;, we assume by way of
contradiction that this is not the case and that k = 1,2, ..., m — 1 is minimal
such that, for some k' =k +1,k+2,...,m, there is a j € y; and j' € yp
so that the transition from partition P to partition Q involves a transfer from
Player j to Player j’. The previous paragraph and the minimality of k imply that
this transition involves no transfer of cake from any player not named by y; to
any player named by y;. Then, since (P; : i € yy) is a Pareto maximal partition
of |, ey, Pi among the players named by yy, it is clear that since the transition
from partition P to partition Q involves a transfer from a player named by 4
(i.e., Player j) to a player not named by y; (i.e., Player j'), m;(Q;) < m;(P;)
for some i € y,. This contradicts the fact that Q is Pareto bigger than P and,
hence, establishes the claim.

We return to the proof of the theorem. The claim tells us that each transfer
in the transition from partition P to partition Q takes place within some ;.
(Different transfers can take place within different y;.) Then, for each k =
1,2,...,m, (Q; : i € y) is a partition of Uieyk P;. Since Q is Pareto bigger
than P, it follows that, for some such k, (Q; : i € y;) is Pareto bigger than
(P; : i € yi). This contradicts condition bi and, hence, completes the proof of
the theorem. O
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Condition a of Theorem 6.4 was necessary because it clearly must hold for
any Pareto maximal partition and it is not implied by conditions bi, bii, or biii.
This condition will reappear in subsequent chapters, and so it will be convenient
to give it a name. While any partition that is not Pareto maximal can be thought
of as wasteful, a partition that violates condition a of the theorem can be thought
of as an extreme case of wastefulness. This perspective motivates our choice of
a name for this condition.

Definition 6.5 A partition P = (P, P,, ..., P,) is wasteful if, for some
i,j=1,2,...,n, there exists A C P; such that m;(A) =0 and m;(A) > 0.
If a partition is not wasteful, then it is non-wasteful.

Condition a of Theorem 6.4 says that P is non-wasteful. Notice that if a
partition is wasteful then a single transfer (of the set A in the definition, from
Player i to Player j) results in a Pareto better partition.

The following example illustrates the use of Theorem 6.4 in showing that a
partition is Pareto maximal.

Example 6.6 Let C be the interval [0, 4) on the real number line and let m
be Lebesgue measure on this set. Suppose that there are four players, Player 1,
Player 2, Player 3, and Player 4, with corresponding measures m, m,, ms, and
my, respectively, defined as follows: forany A C C,

2 1
mi(A) = gmL(A Nno, 1))+ gmL(A NI[1,2)
1 2
ma(A) = gmL(A n[o, )+ gmL(A n[1,2)
1 1 1
m3(A) = gmL(A N[o, D)+ gmL(A N[, 2)+ gmL(A n[2,3))
1
+-mp(ANI[3,4))
6
1 1 1
my(A) = gmL(A N[o, D) + gmL(A N[, 2)+ gmL(A n[2,3))
1
+§mL(A n[3,4)
It is straightforward to check that m;(C) = my(C) = m3(C) = my(C) = 1,
and so mj, my, m3, and my4 are each measures on C. We also note that
these measures are not all absolutely continuous with respect to each other
since, for example, m([2, 3)) = 0 but m3([2, 3)) = % Consider the partition

P ={([0,1),[1,2),[2,3),[3,4)). We claim that P is Pareto maximal. We shall
establish this using Theorem 6.4.
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We must show that the conditions of Theorem 6.4 are satisfied. To verify
condition a, non-wastefulness, we must show that

* if A C[0,1)and m(A) =0, then, forevery j =1,2,3,4,m;(A) = 0.
e if A C[1,2)and my(A) =0, then, forevery j =1,2,3,4,m;(A) = 0.
* if A C[2,3)and m3(A) = 0, then, forevery j =1,2,3,4,m;(A) = 0.
* if A C[3,4)and my(A) =0, then, forevery j =1,2,3,4,m;(A) = 0.

The truth of each of these statements follows easily from the definitions of the
measures. Thus condition a of the Theorem 6.4 holds.

For condition b, we must define a partition y of {1, 2, 3, 4}. We do so with
an eye toward satisfying condition bii.

It is clear from the definitions of the measures that if we set y; = {3, 4} then,
for j € yyand j' € {1, 2, 3,4}\y; = {1, 2}, we have m j(P;) = 0. Note that no
singleton set has this property and hence {3, 4} is the smallest such set with this
property. Next, we observe that for no singleton set y» € {1, 2}, j € y», and
j €1{1,2,3,4)\(y1 U y») do we have m j(P;) = 0. Hence, we set y, = {1, 2}
and, thus, y = ({3, 4}, {1, 2}). We must show that condition b of the theorem
holds with this y.

For condition bi, we must show that

* ([2,3),[3,4)) is a Pareto maximal partition of [2, 4) between Players 3 and
4 and

e ([0, 1),[1,2)) is a Pareto maximal partition of [0, 2) between Players 1
and 2.

This can be established using the same approach as was used in Example 6.3.
We omit the details.

To verify condition bii, we must show that m;([2, 3)) =m([3,4)) =
my([2, 3)) = my([3,4)) = 0. This follows easily from the definitions of
and m,. Thus, Theorem 6.4 implies that P is Pareto maximal.

We close this chapter by stating the chores versions of Theorems 6.2 and
6.4. The proofs are similar and we omit them. Theorem 6.7 requires the notion
of “proper subpartition Pareto minimal.” The definition of this notion is the
obvious adjustment of Definition 6.1 and we omit it.

Theorem 6.7 If P is a Pareto minimal partition of C, then P is proper sub-
partition Pareto minimal.
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Theorem 6.8 Suppose that P = (Py, P», ..., P,) is a partition of C and the
following conditions hold:

a. For any i =1,2,...,n, if A C P; and m;(A) > 0, then, for every j =
1,2,...,n,mj(A) > 0.
b. There exists a partition y = (Y1, V2, ..., Ym) of {1, 2, ..., n} such that,
i. foreveryk=1,2,...,m,(P;:i € y) is a Pareto minimal partition of
U; ey, Pi among the players named by yy, and either
ii. forevery k,k' =1,2,...,m with k <k', if j € yx and j' € y, then

mj(P;)=0or
iii. for every k,k' =1,2,...,m withk <k, if j € yx and j' € yp, then
mj(Pj/) =0.

Then P is Pareto minimal.



7

Characterizing Pareto Optimality I

The IPS and Optimization of Convex
Combinations of Measures

In this chapter, we shall use the IPS to provide characterizations of Pareto
maximality and Pareto minimality using the notion of convex combinations
of measures. In Section 7A, we begin with a purely geometric description
of this notion in the two-player context, and in Section 7B, we establish our
characterization in the general n-player context. In these sections, we assume
that the measures are absolutely continuous with respect to each other. In
Section 7C, we consider the situation without absolute continuity.

7A. Introduction: The Two-Player Context

We shall focus only on Pareto maximality in this section. All of the ideas in
this section have analogous chores versions, but we will not state these here.
We shall do so in the general n-player context in the next section.

Consider Figure 7.1. In each of the figures, we see the IPS for some cake
C and measures m; and m,, with the outer boundary darkened. (The IPS in
Figures 7.1b and 7.1c is the same.) As illustrated in each figure, we imagine a
line with negative slope, beginning to the upper right of the IPS and moving in
a parallel manner until it makes contact with the IPS. Since the IPS is a closed
subset of the plane, we know that there is a line in this family of parallel lines
that makes first contact with the IPS.

In the situation depicted in Figure 7.1a, the family of parallel lines makes first
contact with the IPS at point p, and at no other points. This is in contrast with
the situation depicted in Figure 7.1b, where the family of parallel lines makes
simultaneous first contact with the IPS at all points along the line segment
determined by points p and g. Notice that in Figure 7.1a no other family of
parallel lines makes first contact with the IPS at point p, and in Figure 7.1b
no other family of parallel lines makes first contact with the IPS at all points

160
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along the line segment determined by points p and ¢. This is in contrast with
the situation depicted in Figure 7.1c, where there are an infinite number of
families of parallel lines which each make first contact with the IPS at point
p and at no other points. The figure shows two such families. (One family is
illustrated with solid lines and one with dashed lines.) In Chapter 11, we shall
see that for each of these figures there is a cake and corresponding measures
that yield the given IPS, and in Sections 12B and 12C we will explore what
underlies the differences among the situations depicted in Figures 7.1a, 7.1b,
and 7.lc.

We shall see that every Pareto maximal point in the IPS is as above. That is,
every Pareto maximal point is the point of first contact of some family of parallel
lines with the IPS. Conversely, we shall also see that for any such family of
parallel lines the point or points of first contact with the IPS are Pareto maximal
points. Then, we shall connect this notion with the notion of maximizing convex
combinations of measures. We first place some restrictions on the families of
parallel lines that we consider.

Definition 7.1 We shall say that a line is non-negative if and only if it does not
intersect the negative x axis, the negative y axis, or the origin.

Thus a line is non-negative if and only if it has an equation of the form
ax + By =c,wherea > 0,8 > 0,c > 0, and o and $ are not both zero. Put
another way, a line is non-negative if and only if it is either a vertical line
intersecting the positive x axis, a horizontal line intersecting the positive y
axis, or a line that intersects both the positive x axis and the positive y axis.
We shall be interested in families of parallel non-negative lines. Notice that if
ax + By = c is a non-negative line, then all non-negative lines parallel to this
line are obtained by varying the value of ¢ > 0, with larger values of ¢ yielding
lines that are farther from the origin. In Observation 7.2, we imagine starting
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with a large enough value of ¢ so that the line is “beyond” (i.e., farther away
from the origin than) the IPS.

Observation 7.2

a. If Fis afamily of parallel non-negative lines, then there is at least one point of
the IPS at which F makes first contact with the IPS, and any such first-contact
point is Pareto maximal.

b. If p is a Pareto maximal point of the IPS, then there is at least one family of
parallel non-negative lines that makes first contact with the IPS at p.

As illustrated in Figures 7.1a and 7.1b, there may be one or infinitely many
points as in Observation 7.2a and, as illustrated in Figures 7.1a and 7.1c, there
may be one or infinitely many families as in Observation 7.2b.

We note two special cases of families of parallel non-negative lines and
their connection to Observation 7.2. If F is the family of vertical lines that
intersect the positive x axis, then F is a family of parallel non-negative lines.
This family makes first contact with the IPS at the Pareto maximal point (1, 0)
and at no other points. Similarly, the family of horizontal lines that intersect
the positive y axis is a family of parallel non-negative lines that makes first
contact with the IPS at the Pareto maximal point (0, 1) and at no other points.
We shall see in Section 7C that the situation is very different without absolute
continuity.

We wish to connect the ideas presented in Observation 7.2 with the no-
tion of maximization of expressions of the form am; + Bm,. Suppose that
F is a family of parallel non-negative lines. Then there exist « > 0 and
B >0, with at least one of these inequalities being strict, so that each line
in F is of the form ax + By = ¢ for some ¢ > 0. Fix any partition P =
(Py, P,). We shall say that P maximizes the expression am; + fm, if and
only if, for any partition Q = (Q1, Q2), am (Q1) + fma(Q>) < am (Pr) +
Bma(P2). Let m(P) = p = (p1, p2).

Claim F makes first contact with the IPS at p (and perhaps at other points as
well) if and only if P maximizes the expression am; + Bm;.

Proof of Claim: For the forward direction, assume that F makes first contact
with the IPS at p, and let k = am(P;) + Bma(P,). Then ax + By = k is the
line in F that makes first contact with the IPS.

Next, fix any partition Q = (Q1, Q») and let m(Q) = g. We must show that
ami(Q1) + Bma(Q2) < am(Py) + fmy(P2). Letam(Q1) + fma(Q2) = k'
Then, we wish to show that &’ < k.
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The line ax + By = k’ is one of the lines in F and ¢ is on this line. Since
q € IPS, F makes first contact with the IPS at or before g. But we know that
the line in F that makes first contact with the IPS is the line ax + By = k. This
implies that k' < k, as desired.

For the reverse direction, we assume that / does not make first contact with
the IPS at p. Let g be a point of first contact of F with the IPS and let QO be a
partition such that m(Q) = q.

As before, we let k = am(Py) + Bmy(P) and k' = am(Q) + Bm2(Q0>).
Since m(Q) is a point of first contact of F' with the IPS and m(P) is not, it
follows that k" > k. Thus, am(Q1) + Bma(Q2) > am(P)) + Bmy(P>), and
so P does not maximize the expression am| + fm;.

This completes the proof of the claim.

Combining this claim with Observation 7.2, we see that a partition P =
(Py, P,) is Pareto maximal if and only if it maximizes some expression of the
form am; + Bm,, where « > 0, 8 > 0, and at least one of these inequalities is
strict.

7B. The Characterization

In this section, we generalize the ideas of the previous section to the general
context of n players, where we shall more precisely state and prove our results.
In the present context, the IPS is a subset of R" and, instead of considering
families of parallel lines, we consider families of parallel hyperplanes.

We first considered hyperplanes in Chapter 4. We recall that a hy-
perplane in R" is given by an equation of the form o;x; +aoxy +--- +
o, x, = ¢ for some constants oy, as, ..., a,, c, where not all of the «; are
equal to zero. As in the two-player context, the relevant hyperplanes will have
o, o, ..., o, > 0, with at least one of these inequalities strict, and ¢ > 0.

Definition 7.3

a. Forany o = (o1, a2, ..., ) € S, we shall refer to the expression «ym | +
omy + - - - + a,my, as a convex combination of the measures, or as the con-
vex combination of the measures associated with «.

b. For any partition P = (Py, P>, ---, P,), the value of the convex combi-
nation aymy + apmy + - - - + aym,, applied to P is given by aym(Py) +
aZmZ(PZ) + -+ anmn(Pn)-

c. A partition P maximizes the convex combination of measures oym; +
army + - - - + a,m,, if and only if, for any partition Q, oym | + aymy + - -+ +
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a,m, applied to P is greater than or equal to aym; + opmy + - - - + oy,
applied to Q.

Our characterization of Pareto maximality is the following.

Theorem 7.4 A partition P is Pareto maximal if and only if it maximizes some
convex combination of measures.

The proof of Lemma 4.20 required a theorem from the field of convexity
theory. The proof of Theorem 7.4 requires the following result, which is similar
to the result used in Lemma 4.20. It is also a basic and well-known theorem in
the field of convexity theory (see, for example, [25]):

Given convex sets G, G, € R" with disjoint interiors, there is a hyperplane H
such that G, is contained in one of the closed half-spaces of R” determined by H,
and G, is contained in the other closed half-space of R" determined by H.

Proof of Theorem 7.4: For the forward direction, suppose that P = (P,
P,, ..., P,) is Pareto maximal. We must find « = («y, a2, ..., @,) € S so that
P maximizes the convex combination of measures associated with «.

Let m(P) = p = (p1, p2, - .., pn)- Then p € IPS. We recall that BT (p) =
{(g1,q2,...,qn) € R": foreachi =1,2,...,n,q9; > p;} and that, since P is
a Pareto maximal partition and hence p is a Pareto maximal point, B*(p) N
IPS = {p}. Clearly, B™(p) is a convex set and we know that the IPS is convex.
Since these two convex sets intersect at the single point p, their interiors are
disjoint. It follows from the aforestated result that there is a hyperplane that
separates these two sets. In other words, for some o = (o, s, ..., o,) and
some constant k, if H is the hyperplane givenby o1 x; + apxy + - - - + o x,, =k,
then BT (p) is contained in one of the closed half-spaces determined by H and
the IPS is contained in the other. By multiplying both sides of this equation by
—1, if necessary, we may assume that

o1xX] + orxy + - -+ apx, < k for every (xy, x2, ..., x,) € IPS,

a1X) + aoxy + - - 4+ apx, > k forevery (x1, X2, ..., x,) € BT(p), and

aipr+orpr+--- o, py, =k

Also, by multiplying both sides of each of the preceding inequalities and
both sides of the equation by the positive number
thatoy +ar + -+, = 1.

We claim that, for each i =1,2,...,n,«a; > 0. Suppose by way of
contradiction that, for some such i, «; < 0. We first note that (py, pa, ...,
pi—t, pi + 1, pist, ..., ps) € BT (p) and hence aip;+orpy+---+

1
e et o, - e may assume
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ai_1pi—1 +ai(p; + 1)+ Qi1 Pit1 -t o py = k. On the other hand,

apr+opy+ - Faimpior Hoi(pi + D+ diipipr + -+ pa
=(aip1+oapr+--+ o pict +0pi F Qg pigr + o py)
<(aipr+arpr+ -+ ai_ipit Faipi F g pig1 + o Faapy) =k

This is a contradiction. Hence, for each i = 1,2, ...,n, «; > 0. Since o +
oy + -+ a, = 1, this tells us that @ € S.

We claim that P maximizes the convex combination of measures associated
with «. We must show that, for any partition Q = (Q1, Q», ..., Ou),

aymi(Py) + aoma(Pa) + - - - + oymy, (Py) > aym(Q1)
+ 052m2(Q2) +---+ O511””11(Qn)~

We establish this as follows:

aym(Pr) +ayma(Pr) + -+ - + oymy,(Py)
=aprt+apr+--tap, =k
> Ollml(Ql) + aZmZ(QZ) +--- 4+ anmn(Qn)

The preceding inequality holds because (m(Q), m2(Q2), ..., mu(Q,)) €
IPS. This establishes the forward direction of the theorem.

The reverse direction is quite straightforward. We assume that P =
(P, P, ..., P,) is not Pareto maximal and we must show that P does not
maximize any convex combination of the measures.

Since P is not Pareto maximal, Lemma 1.13 implies that there is a
partition Q = (Q1, O, ..., Q,) such that, for each i =1,2,...,n,m;(Q;)
> m;(P;). Then, for any « = (o, @2, ..., ) € S,

aym(Q1) + ayma(Q2) + - -+ + a,m, (Q,)
> aym(Pr) +arma(Po) + -+ - + oymy(Py)

and thus P does not maximize any convex combination of the measures. This
completes the proof of the theorem. O

In the proof, we did not need to assume that the «;s sum to one. However,
there was no harm in scaling to make these coefficients sum to one, and we
chose to do so for reasons of uniformity and so that we could simply say that
aels.

There is a perspective on maximization of convex combinations of measures
thatinvolves maximizing “total utility.” A standard example of a Pareto maximal
partition is one that maximizes the quantity m(P)) + mo(P,) + - - - + m,(P,).
However, we may think of this sum as measuring total utility only if we assume
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that units of utility are the same for all players. If such is not the case, then
total utility may be properly measured by some weighted sum om(P;) +
army(Py) + - - - + a,m,(P,), where (a;,an, ...,a,) € S. Theorem 7.4 says
that a partition is Pareto maximal if and only if maximizes some such generalized
total utility. We shall study standard total utility (i.e., m(Py) + ma(P>) + - - - +
my(Py,)) further in Chapter 13.

We wish to more directly connect the proof of Theorem 7.4 with our geo-
metric discussion from the two-player context. For any (¢, a2, ..., «,) € S, it
is not hard to see that

P maximizes the convex combination of measures o m; + aymy + - -+ +
o,m,

if and only if
the family of parallel hyperplanes of the form ojx; 4+ apxy +---+
o, x, = c makes first contact with the IPS at the point m(P) (and possibly at
other points too).

This, together with the theorem, tells us that, as in the two-player context,

the point p is Pareto maximal

if and only if
for some (o, aa,...,®,) € S, the family of parallel hyperplanes of the
form oy x| + axxy + - - - + a0, x, = ¢ makes first contact with the IPS at the
point p.

Or, equivalently,

the partition P is Pareto maximal

if and only if
for some (1, &z, ..., a,) € S, the family of parallel hyperplanes of the form
a1x; + orxy + - - - + o, x, = ¢ makes first contact with the IPS at the point
m(P).

In particular, if P is Pareto maximal and (o, a2, ..., ¢0,) and k are as in the
proof of the theorem, then the hyperplane o x; + aoxy + - - - + o, x, = kis the
member of this family that makes first contact with the IPS, and the point m(P)
is on this hyperplane.

Since the IPS is closed, it follows that for any o € S the family of parallel
hyperplanes with coefficients given by o makes first contact with the IPS at one
or more points. This immediately yields the following result.

Theorem 7.5 Givenanya € S, there is a partition P that maximizes the convex
combination of measures corresponding to o.
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Notice that if a partition P maximizes some convex combination of mea-
sures, then every partition that is p-equivalent to P maximizes this same convex
combination of measures. Hence, we may refer to the p-class of partitions that
maximizes a convex combination of measures. In Section 12C, we shall con-
sider the question of how many p-classes of partitions correspond in this way
to a given «, and how many as correspond in this way to a given p-class of
partitions. In terms of our geometric perspective, this is the question of how
many families of parallel hyperplanes make first contact with how many points
of the IPS. (For two players, this is the issue illustrated by the contrast between
Figures 7.1a, 7.1b, and 7.1c, which we discussed previously.)

Next, we focus briefly on a special case, as we did in our discussion of the two-
player context. Consider the point (1,0, ..., 0) € S. The convex combination
of measures corresponding to this point is simply m;. It is easy to see that
this convex combination is maximized by the partition (C, , . .., @) and by no
other partition. Of course, analogous facts are true for components other than
the first. As we shall see in Section 7C, the situation is quite different without
absolute continuity.

We close this section by considering the chores versions of these results.
We first illustrate these ideas for two players. Consider Figure 7.2. In these
figures, we have drawn the same IPSs as in Figure 7.1 but have darkened the
inner boundary instead of the outer boundary. Whereas a family of parallel non-
negative lines makes first contact with the IPS at one or more points on the outer
boundary of the IPS, such a family makes last contact with the IPS at one or more
points on the inner boundary of the IPS. Thus, any such family makes last contact
with the IPS at a Pareto minimal point. As we did for the outer boundary and
Pareto maximality in Figure 7.1, we illustrate various possibilities in Figure 7.2.
In Figure 7.2a, the family of parallel non-negative lines makes last contact with
the IPS at the point , and at no other points, and no other family of parallel
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non-negative lines makes last contact with the IPS at point r. In Figure 7.2b,
the family of parallel non-negative lines makes simultaneous last contact with
the IPS at all points on the closed line segment determined by the points r and
s (which we have made thicker), and no other family of parallel non-negative
lines makes last contact with the IPS at all points of this line segment. Finally,
in Figure 7.2c, there are an infinite number of families of parallel lines, each
of which makes last contact with the IPS at point r and at no other points. The
figure shows two such families.

In the general n-player context, we refer to the point of last contact of some
family of parallel hyperplanes (rather than lines) with the IPS. The coordinates
of such a point of last contact correspond to the sequence of coefficients of some
convex combination of measures that is minimized. The definition and theorems
corresponding to Definition 7.3c and Theorems 7.4 and 7.5 are as follows. The
proofs of Theorems 7.7 and 7.8 are similar to the proofs of Theorems 7.4 and
7.5, respectively, and we omit them.

Definition 7.6 A partition P minimizes the convex combination of measures
aymy + aymy + - - - + a,my, if and only if, for any partition Q, oym | + apmy +
-+ a,m, applied to P is less than or equal to aym; + opmy + - - - + oy,
applied to Q.

Theorem 7.7 A partition P is Pareto minimal if and only if it minimizes some
convex combination of measures.

Theorem 7.8 Given any « € S, there is a partition P that minimizes the convex
combination of measures corresponding to .

7C. The Situation Without Absolute Continuity

In this section we make no general assumptions about absolute continuity. We
consider how to adjust Theorems 7.4 and 7.7 to this situation. We first examine
the two-player case and then present two characterizations of Pareto maximality
(and corresponding characterizations of Pareto minimality) for the general n-
player context. Both use the notion of maximization of convex combinations
of measures. We shall also discuss our geometric perspective involving points
of first contact with the IPS of families of parallel hyperplanes.

Consider Figure 7.3. Suppose (in either part of the figure) that A, B C C
are such that m({(C\ A, A)) = p and m({B, C\B)) = 5. Then m;(A) = 0 and
my(A) > 0, and so m, is not absolutely continuous with respect to m, and
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mi(B) > 0and m»(B) = 0, and so m is not absolutely continuous with respect
tom,. Thisis asin Chapter 2, in our discussion of Figure 2.1, where we observed
that a vertical line segment going up from (1, 0) or down from (0, 1) corresponds
to a situation where m, is not absolutely continuous with respect to m, and a
horizontal line segment going to the left from (1, 0) or to the right from (0, 1)
corresponds to a situation where m, is not absolutely continuous with respect
to m,. Given the sets A and B, we can be more specific:

a. Points on the vertical line segment between (1, 0) and p are associated with
partitions that give all of C\ A to Player 1 and distribute A between the two
players.

b. Points on the horizontal line segment between (0, 1) and s are associated
with partitions that give all of C'\ B to Player 2 and distribute B between the
two players.

c. Points on the vertical line segment between (0, 1) and r are associated with
partitions that give all of C\ A to Player 2 and distribute A between the two
players.

d. Points on the horizontal line segment between (1, 0) and ¢ are associated
with partitions that give all of C'\ B to Player 1 and distribute B between the
two players.

It will follow from our work in Chapter 11 that Figures 7.3a and 7.3b depict real
IPSs. In other words, for each of these figures, there is a cake C and measures
m and m; on C so that the corresponding IPS is as pictured.
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The only Pareto maximal partitions associated with the points on these line
segments are obtained by giving all of A to Player 2 in a and by giving all of B
to Player 1 in b. Thus, the only Pareto maximal points on these line segments
are the points p and s. Similarly, the only Pareto minimal partitions associated
with the points on these line segments are obtained by giving all of A to Player 1
in ¢ and by giving all of B to Player 2 in d. Thus, the only Pareto minimal points
on these line segments are the points g and r.

Let us focus our attention on the vertical line segment in each figure from
(1, 0) to p. It is clear that our previous notions (obtained under the assumption
of absolute continuity) do not generalize to our present setting. In particular, the
family of parallel non-negative lines given by 1x 4+ 0y = ¢, or simply x = ¢,
makes first contact with the IPS at all points along the line segment between
(1,0) and p, and none of these points except p is Pareto maximal. An analogous
problem occurs along the horizontal line segment from (0, 1) to s.

To relate this perspective to the notion of maximization of convex combi-
nations of measures, consider the convex combination of the measures m; and
my given by 1m 4+ Omy = m. This is clearly maximized by any partition that
gives all of C\ A to Player 1, regardless of how A is distributed. However, the
only one of these partitions that is Pareto maximal is (C\ A, A), the partition
associated with the point p. Other partitions that give all of C\A to Player 1
(and are not s-equivalent to (C\ A, A)) are associated with other points along
the line segment between (1, 0) and p and are not Pareto maximal. An analogous
problem occurs with the convex combination Om ;| + 1my = ms.

Is there a theorem analogous to Theorem 7.4 that holds if the measures are
not absolutely continuous with respect to each other? Since a partition that
maximizes a convex combination of measures corresponds to a point of first
contact of a family of parallel non-negative lines with the IPS, let us approach
the question in terms of these families.

We wish to know whether we can characterize Pareto maximal points of the
IPS in terms of points of first contact of families of parallel non-negative lines
with the IPS. As we have just seen, Theorem 7.4 fails in our present context. The
family of vertical lines and the family of horizontal lines each make first contact
with the IPS at many points, only one of which, in each case, is Pareto maximal.
However, there is a tempting adjustment of Theorem 7.4 that suggests itself,
which we now examine. This adjustment involves ruling out certain families of
non-negative lines.

We recall that a line is non-negative if and only if it does not intersect the
negative x axis, the negative y axis, or the origin and that, equivalently, the line
ax + By = c is non-negative if and only if « > 0, 8 > 0, and ¢ > 0, where «
and B are not both zero.
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Definition 7.9 A line is positive if and only if it intersects the positive x axis
and the positive y axis.

Thus, a line is positive if and only if it has an equation of the form ax + By =
¢, where o > 0, 8 > 0, and ¢ > 0. The effect of considering positive rather
than non-negative lines is that we exclude vertical and horizontal lines from
our consideration. The result we would like is the following: a point on the IPS
is Pareto maximal if and only if it is the point of first contact of some family
of parallel positive lines with the IPS. Or, in terms of maximization of convex
combinations of measures this desired result is as follows: a partition is Pareto
maximal if and only if it maximizes some convex combination of measures of
the form am| + Bm,, where « > 0 and 8 > 0.

If we examine Figure 7.3a, we see that this approach seems to work. In
particular, the Pareto maximal points p and s are each a point of first contact of
a family of parallel positive lines with the IPS. This is illustrated in Figure 7.4.
On the other hand, this approach does not work for the IPS in Figure 7.3b.
In this figure, the outer Pareto boundary has a vertical tangent line at point
p and a horizontal tangent line at point s. Consequently, the only family of
parallel non-negative lines that makes first contact with the IPS at p is the
family of vertical lines, and the only family of parallel non-negative lines that
makes first contact with the IPS at s is the family of horizontal lines. Thus,
no family of parallel positive lines makes first contact with the IPS at either
of these points, and therefore the approach outlined above does not work. It is
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not hard to see that this problem can also occur when there are more than two
players.

Although the approach we have just discussed does not lead to a charac-
terization of Pareto maximality, it does suggest a theorem. This result is a
straightforward generalization of ideas already considered. It will be used in
establishing Theorem 7.13, which gives the first of our two characterizations
of Pareto maximality in this section. We now leave the two-player setting and
consider the general n-player context. We shall refer to a convex combina-
tion of measures with all positive coefficients as a positive convex combina-
tion of measures. Then, a convex combination of measures is positive if and
only if its sequence of coefficients corresponds to a point in the interior of the
simplex.

Theorem 7.10 Let P be a partition of C.

a. If P is Pareto maximal, then it maximizes some convex combination of
measures.

b. If P maximizes some positive convex combination of measures, then it is
Pareto maximal.

Proof: For part a, we simply observe that this is precisely the forward di-
rection of Theorem 7.4, and the proof of this direction of that theorem did
not use absolute continuity. (Absolute continuity was used in the proof of
the reverse direction of Theorem 7.4 in going from the assumption that P =
(Py, Py, ..., P,) is not Pareto maximal to the assertion that there is a partition
0 =(01, 0,,...,0,)suchthat, foreachi = 1,2, ...,n,m;(Q;) > m;(P;).)

For part b, we assume that P = (P, P,, ..., P,) maximizes the positive
convex combination of measures o;m; + aomy + - - - + «,m,. Suppose, by
way of contradiction, that partition Q = (Qy, O, ..., Q,) is Pareto bigger
than P. Then, mi(Q1) = mi(P1), ma(Q2) = ma(P2), ..., mu(Qy) = m,(Py),
with at least one of these inequalities being strict. But then, since «, ay, . . .,
o, >0,

aym(Q1) + ooma(Q2) + -+ - + aymu(Qr)
> alml(Pl) + aZmZ(PZ) + -+ anmn(Pn)~

This contradicts the fact that P maximizes the positive convex combination of
measures am; + aymy + - - - + a,my,. O

This result is very much in the spirit of Theorem 7.4. However, it is not an “if
and only if” statement; hence, it does not provide a characterization of Pareto
maximality. To illustrate, we return to Figure 7.3b and let



7C. The Situation Without Absolute Continuity 173

G = the set of points of the IPS that are the points of first contact with the
IPS of some family of parallel non-negative lines and

H = the set of points of the IPS that are the points of first contact with the
IPS of some family of parallel positive lines.

Because a positive line is certainly non-negative, it follows that H C G.
Theorem 7.10 implies that H is a subset of the outer Pareto boundary and
the outer Pareto boundary is a subset of G. Since

¢ the points s and p are each on the outer Pareto boundary of the IPS but neither
is in H, and

* every point that is on the line segment between the points (1, 0) and p,
including (1, 0) but not p, or is on the line segment between the points (0,
1) and s, including (0, 1) but not s, is in G but is not on the outer Pareto
boundary of the IPS,

it follows that H is a proper subset of the outer Pareto boundary and the outer
Pareto boundary is a proper subset of G. Translating this to a statement about
convex combinations and Pareto maximal partitions, this tells us that

¢ the set of partitions that maximize some positive convex combination of the
measures is a proper subset of the set of Pareto maximal partitions and

¢ the set of Pareto maximal partitions is a proper subset of the set of partitions
that maximize some convex combination of the measures.

Thus, the converses to parts a and b of Theorem 7.10 are each false, and we see
that this approach does not lead to a characterization of Pareto maximality.

The preceding discussion, together with ideas from Chapter 6, suggests how
to approach a characterization of Pareto maximality using maximization of con-
vex combinations of measures. We shall present two similar characterizations.
The first (Theorem 7.13) flows directly out of Theorems 6.2, 6.4, and 7.10. The
central ideas behind these characterizations are closely related to the work of
E. Akin [1] and M. Dall’ Aglio [19].

We need the following definition for both of our characterizations. We will
also use this definition in Chapters 10 and 13.

Definition 7.11 The ordered pair («,y) is a partition sequence pair if and
only if

a. o = (o, o, ..., @) 1s a sequence of positive numbers,
b. vy = {y1,v2, ..., V) is apartition of {1, 2, ..., n}, and
c. foreachk =1,2,...,1, Zieyk o = 1.
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Notice that if (¢, y) is a partition sequence pair, then for each k =
1,2,...,t, (o : 1 € y;)1s an interior point of the (|y;| — 1)-simplex.

We call the central notion in our first characterization “a-maximization of a
partition sequence pair,” and the central notion in our second characterization
“b-maximization of a partition sequence pair.”

Definition 7.12 Let («,y) be a partition sequence pair with o =
(ap,02,...,0)and Yy = (y1, ¥2, ..., V), and let P = (P, P,, ..., P,) be a
partition. We shall say that P a-maximizes the partition sequence pair (c, y) if
and only if the following two conditions hold:

a. For every k =1,2,...,¢, partition (P; :i € y;) of Uieyk P; maximizes
the convex combination of the measures (m; : i € y;) corresponding to
(o 11 € i)

b. Either
i. for every k, k' =1,2,...,t with k < k/, if j € y and j’ € yu, then

mj(P;)=0or

ii. for every k, k' =1,2,...,t with k <k/, if jey and j €y,
then mj/(Pj) =0.

It is easy to see that a partition P and a partition sequence pair (¢, y) sat-
isfy condition bi of the definition, where y = (yi, 12, ..., ¥), if and only if
P and the partition sequence pair («, '), where y' = (v, ¥i—1, ..., Y1), sat-
isfy condition bii of the definition. Hence, P a-maximizes some partition se-
quence pair by satisfying condition bi of the definition if and only if P a-
maximizes some partition sequence pair by satisfying condition bii of the
definition.

There is a special case that will arise in our proof of Theorem 7.13. We have
always assumed that any cake we consider is non-empty, and we certainly will
assume that the cakes whose partitions we characterize in this section are non-
empty. However, we will need to consider the empty cake in establishing our
first characterization. Suppose that P, «, and y are as in Definition 7.12. It may
be that, for some k = 1, 2, ..., ¢, each player named by y; receives no cake
(i.e., foralli € y,, P; = (). Then condition a of Definition 7.12 asserts that the
partition of the empty cake among the players named by y; maximizes the con-
vex combination of the measures (m; : i € y;) corresponding to (¢; : i € yg).
But since there is only one partition of the empty cake among the players
named by y;, this partition maximizes this, and any, convex combination of
measures.

Our first characterization of this section is the following.
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Theorem 7.13 A partition P is Pareto maximal if and only if it a-maximizes
some partition sequence pair and is non-wasteful. (For the definition of “non-
wasteful,” see Definition 6.5.)

Proof: Fix a partition P = (Py, P, ..., P,) of C. For the forward direction,
we assume that P is Pareto maximal. Then P is certainly non-wasteful. We
must find a partition sequence pair (¢, y) that is a-maximized by P. We shall
construct o = (o, &2, ..., o,) and y = (y1, V2, ..., Vi) in t stages, using part
a of Theorem 7.10 at each stage.

We shall consider a different cake at each stage of the construction. For nota-
tional convenience, let C; = C. Then P is a Pareto maximal partition of C; and
s0, by part a of Theorem 7.10, we know that for some al = (a%, 0121, e, a,ll) €
S, P maximizes the convex combination of measure corresponding to o!. Let
y={i<n :a} > 0} and, for each i € yy, let «; :all.Ifyl ={1,2,...,n},
then let @ = (aq, o2, ..., @), let y = (y1), and we are done.

Ify, #£{1,2,...,n}, letC, = C\(Uieyl P;). We now consider C, to be the
cake. If C, =0, let y» = {1,2,...,n}\y; and define (¢; : i € y») arbitrarily,
subject to the following two conditions:

a. foreachi € y», o; > 0;
b. Zieyz o = 1.

Leto = (ay, a2, ..., o), let y = (y1, v»), and we are done.
If C, # @ then, by Theorem 6.2, (P; : i € {1,2,...,n}\y;) is a Pareto max-
imal partition of C, among the players named by {1, 2, ..., n}\y;. Part a of

Theorem 7.10 implies that, for some &® = (a? :i € {1,2,...,n}\y1), where
the oziz are non-negative numbers that sum to one, (P; : i € {1,2,...,n}\y1)
maximizes the convex combination of the measures (m; : i € {1,2,...,n}\y;)
corresponding to o?. Let y» = {i € {1,2,...,n}\y; : &’ > 0} and, for each

i €y, leto; =ai2. fyiUy={1,2,...,n}, then let @ = (1, vz, . .., @),
let y = (y1, ¥2), and we are done.

Ifyy Uy #{1,2,...,n}, we consider the cake C3 = C\(Uie(ylun) P). If
C3 = (), we proceed as before, letting y3 = {1, 2, ..., n}\(y1 U »») and defining
(o 1 i € y3) arbitrarily, subject to the following two conditions:

a. foreachi € y3, a; > 0;
b. Ziem o = 1.

Leta = (o, o, ..., &), let y = (y1, ¥2, ¥3), and we are done.

If C3# 0, we use part a of Theorem 7.10 to obtain o = (o] :i €
{1,2,....n]\(»1 U»p) and define y3 ={i € {1,2,....n\(y1 Up) 1 &} >
0} and o; = a? for each i € y3, as before. We continue in this manner.
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Notice that each y; is non-empty. Thus, the preceding process must eventu-
ally halt because, for some ¢, we must have y; Uy, U--- Uy, ={1,2,...,n}.
At this point, we will have defined a partition sequence pair (¢, y), with o =
(1,2, ...,0,) and ¥y = (y1, ¥2, ..., ¥;). We must show that P a-maximizes
this partition sequence pair.

For condition a of Definition 7.12, fix some k=1,2,...,¢t and re-
call that C; = C\(Uie(ylunu---uw,l) P;) (where, when k=1, we set y; U
Y2 U+ Uy = ). By construction, the partition (P; :i € {1,2,...,n}\
(Y1 Uy U---Uy_1)) of Cr maximizes the convex combination of the mea-
sures (m; :i € {1,2,...,n}\(y1 Uy, U---U y_1)) corresponding to o . (This
is true whether or not C; = ). See the discussion preceding the statement of
the theorem.) Then, since y; C {1,2,...,n}\(y1 Uy U--- U y_1), the parti-
tion (P; : i € y) of Ui n P; maximizes the convex combination of the mea-
sures (m; : i € yx) corresponding to (o; : i € y). This is so since a partition of
U ¢y, Pi that produces a larger sum immediately yields a partition of Cy that
produces alarger sumthandoes (P; :i € {1,2,...,n}\(y1 Uy U---Uy_1)).

Next, we show that the partition sequence pair (¢, y) satisfies condition bii
of Definition 7.12. Fix k, k' = 1,2, ..., t with k < k/, and assume that j € y;
and j’ € yr. We must show that m j(P;) = 0.

Consider the partition (P; :i € {1,2,...,n}\(1 Uy, U---Up_1)). By
construction, this partition maximizes the convex combination of the mea-
sures (m; :i € {1,2, ..., n)\(1 Uy U---Uy_1)) correspondingtoozk.lfwe
change this partition by transferring P; from Player j’ to Player j, the resulting
change in the value of this convex combination is o/km;(P;:) — almj(P;).
Since k < k' and j’ € y, we know that a]j?, = 0 and, since j € y;, we know
that oz’j‘. > 0. Hence, the resulting change in the value of the convex combina-
tion is the positive number oc’jf , times m ;(P;:). But this change in the value
of the convex combination cannot be positive, since the partition (P; : i €
{1,2,...,n}\(1 Uy, U---U y_1)) maximizes this convex combination of
the measures. Thus, m ;(P;) = 0. This establishes that P a-maximizes the par-
tition sequence pair («, ).

For the reverse direction, we assume that P is non-wasteful and that it
a-maximizes the partition sequence pair (¢, y), where o = (a1, @, ..., &ty)
and y = (1, ¥2, ..., ¥:). We must show that P is Pareto maximal. We shall
show that P satisfies the conditions of Theorem 6.4.

Since P is non-wasteful, condition a of Theorem 6.4 is satisfied.

To show that condition bi is satisfied, fix any k = 1, 2, ..., r. We must show
that (P; : i € ;) is a Pareto maximal partition of _J; ey, Pi among the play-
ers named by y;. By assumption, the partition (P; : i € y) of | J; <y, i maxi-
mizes the convex combination of the measures (m; : i € y;) corresponding to



7C. The Situation Without Absolute Continuity 177

(o0; 2@ € y). Since «; > 0 for each i € y;, part b of Theorem 7.10 implies that
(P; : i € y;) is a Pareto maximal partition of |J,_, P; among the players named
by yx. Thus, condition bi is satisfied.

Conditions bii and biii of Theorem 6.4 are identical to conditions bi and bii,
respectively, of Definition 7.12 and, hence, one of these conditions holds.

We have shown that the conditions of Theorem 6.4 are satisfied. It follows
that P is Pareto maximal. This completes the proof of the theorem. O

IS 7

We can think of the partition of {1,2,...,n} given by y as establishing
a social hierarchy among the players. Suppose that some partition satisfies
condition bii of Definition 7.12. Then all players named by y; feel that all cake
is given out at stage 1 among the players named by y,;. Players named by y»
may feel that some of the cake has already been given out in stage 1, but they
feel that all remaining cake is given out at stage 2 among the players named
by y,. Players named by y3; may feel that some of the cake has already been
given out in stages 1 and 2 among the players named by y; and y», but they
feel that all remaining cake is given out at stage 3, and so on. Hence, we may
think of players named by earlier y;s as having higher priority or higher social
status than players named by later y;s. The situation would be the opposite if
the partition satisfied condition bi instead of condition bii of Definition 7.12.

In Chapter 10, we shall study a different characterization of Pareto maxi-
mality (given by Theorem 10.28) and shall connect a-maximization with this
new notion. This new notion will provide us with additional perspective about
the iterative nature of a-maximization.

Although Theorem 7.13 is a characterization of Pareto maximality, we
find it to be somewhat unsatisfying, since it involves an additional notion be-
yond that of maximization of convex combinations of measures, namely non-
wastefulness. As we shall see, this assumption is not needed in our second
characterization (Theorem 7.18).

Our second characterization is similar to our first. Let us return to Fig-
ure 7.3b, which we have repeated as Figure 7.5. (We recall that the IPS of this
figure shows that our attempt at characterizing Pareto maximality using points
of first contact of a single family of parallel non-negative lines, or a single family
of parallel positive lines, does not work.) Consider the family of parallel lines
y = k. As illustrated in Figure 7.5b, this family makes first contact with the
IPS at all points along the line segment 7. We previously observed that the only
point of t that is Pareto maximal is its right endpoint. Next, we consider just the
points of T and ask which of these points are the points of first contact with t of
some family of parallel lines, where we consider only families that are normal
to the original family y = k. (In general, we consider two families of parallel
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(a) (b) ()
Figure 7.5

hyperplanes to be normal if and only if any plane in one family is normal to
any plane in the other family. Of course, since we are presently working in two
dimensions, the only family of parallel lines that is normal to the family given
by y = k is the family given by x = k, i.e., the family of vertical lines.) As
illustrated in Figure 7.5c, s is the unique such point of first contact.
Generalizing this idea to n players, and using the perspective of maximization
of convex combinations of measures, rather than the equivalent perspective
involving points of first contact of families of parallel hyperplanes with the IPS,
we arrive at the following: a partition P of C is Pareto maximal if and only if

a. P maximizes the convex combination of measures corresponding to some
al e §;

b. among those partitions that maximize the convex combination of measures
corresponding to «', P maximizes the convex combination of measures
corresponding to some > € S, where ? has zeros in any position in which
«! has a non-zero entry; and

c. among those partitions that maximize the convex combination of measures
corresponding to a! and to o2, as described earlier, P maximizes the convex
combination of measures corresponding to some o> € S, where o has zeros
in any position in which either o' or o has non-zero entries, etc.

This process continues until there are no additional non-zero positions to be
filled. Notice that requiring that each o* has zeros in any position in which any of
a',a?, ..., af~! have non-zero entries corresponds to requiring that the family
of parallel hyperplanes with coefficients given by o is normal to each of the
families of parallel hyperplanes with coefficients given by o', &?, ..., a*~!.
(This correspondence uses the fact that all coefficients of each &' are non-
negative.)

We now begin making these ideas precise.
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Definition 7.14 If («, y) is a partition sequence pair witha = (a1, a2, ..., o)
and y = (y1, Y2, ..., V), we define ok (a, y) = (a’f, 0512‘, o ,a,’j), foreach k =

1,2,...,1t,as follows:

0[{( _ {(X,' ifi € Yk
! 0 ifié¢mny

By conditions a and c¢ of Definition 7.11, for each k=1,2,...,1,
oF (e, y) € S. To connect this definition to the preceding discussion, we re-
call that each y; tells us which coordinates are non-zero at each stage of the
process and («; : i € y;) gives the corresponding coordinates. The idea behind
o (a, ) is simply to fill in zeros in the appropriate placesin each (a; : i € ;) so
that the sequence has length n and, hence, is a point in the (n — 1)-simplex S.

We are almost ready to give our second characterization. We first need some
definitions.

Definition 7.15 If IT is any collection of partitions, P = (P, P>, ..., P,) €
I1, and @ = (g, o2, ..., ®,) € S, then we say that P maximizes the con-
vex combination of measures corresponding to o relative to Il if and
only if, for any QO = (Q1, Q2, ..., On) € I, a1m1(Q1) + aom2(Q2) + -+ +
a,m,(Q,) < aymi(P) + aomy(Py) + - - - + a,m,(P,).

Definition 7.16 If («, y) is a partition sequence pair with o = (a1, @y, ..., o)
and y = (y1,¥2, ..., ), we define a sequence of sets of partitions
M, y), M (a, y), ..., I (a, y), as follows:

a. T1%a, y) = Part, the set of all partitions of C among the n players, and

b. foreach k = 1,2, ...,t, ¥, y) = {Q € ¥ (e, ¥) : O maximizes the
convex combination of measures corresponding to of(a, y) relative to
(o, ).

We note that if TI%w, y), IT'(a, y), ..., ITI(«a, y) are as in the definition,
then M%c, y) 2 M (e, y) 2 -+ 2 M(a, y). Also, IT'(et, ) # V.

Definition 7.17 Let («,y) be a partition sequence pair with o =
(o1, 00,...,0) and ¥y = (y1, V2, ..., V), and let P be a partition. We shall
say that P b-maximizes the partition sequence pair («,y) if and only if
P e ' (a, y).

Our second characterization of Pareto maximality is Theorem 7.18. It makes
precise the ideas described earlier. Unlike our first characterization, we shall
not need to explicitly assume that the partition is non-wasteful.
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Theorem 7.18 A partition P is Pareto maximal if and only if it b-maximizes
some partition sequence pair.

Proof: Fix a partition P = (P, P, ..., P,) of C. For the forward direction,
we shall use Theorem 7.13. For the reverse direction, we shall use the definition
of Pareto maximality.

For the forward direction, we assume that P is Pareto maximal. Then,
by Theorem 7.13, P a-maximizes some partition sequence pair (¢, ) and

is non-wasteful. Set o = («q, o, ..., ®,) and y = (y1, V2, ..., ¥:). We will
show that P b-maximizes (¢, ). In order to establish this, we must show that
P € Il (a, y).

We may assume, without loss of generality, that P and («, y) satisfy condition
bii of Definition 7.12 since, if they instead satisfy condition bi, we can simply
reverse the order of y = (y1, 2, ..., V).

Suppose, by way of contradiction, that P ¢ I1'(«, ) and choose any Q €
IM"(«, y).Since P € M%a, y), wemay let kbe minimal such that P ¢ (e, y).
Then the convex combination of measures corresponding to a*(a, ) yields a
greater sum when applied to Q than when applied to P. In other words (forgetting
about terms with coefficient zero), Ziew a;m;(Q;) > Zieyk a;m;(P;).

By condition a of Definition 7.12, we know that the partition (P; : i € y)
of |, n P; maximizes the convex combination of the measures (m; : i € ;)
corresponding to («; : i € y;). Then, since Zieyk a;mi(Q;) > Zieyk a;m;(P;),
it follows that, for some j € y;, there is an A C (Q/\(Uieyk P;)) such that
m;(A) > 0. This implies that, for some B C A, some k' =1,2,...,¢ with
k" # k, and some j’ € yp, we have B C P and m;(B) > 0. Condition bii of
Definition 7.12 implies that £’ < k.

Define a new partition R = (R, Ry, ..., R,) as follows. For each i =
1,2,...,n,

0, ifi jandi # j'
Ri={0)\B ifi=j
QyUB ifi=j

We may view partition R as having been obtained from partition Q by having
Player j give piece B to Player j'. Since Q € IT'(«, y), we know that Q €
I1¥~"(a, ). Recall that j € y; and j’ € y. Then, since Q and R agree except
at coordinates j and j', and k' — 1 < k' < k, it follows that R € I'Ik/’l(oz, y).
We claim that the convex combination of measures corresponding to
o (a, y) yields a greater sum when applied to R than when applied to Q.
Partitions Q and R agree except at coordinates j and j'. Since j ¢ y, the jth
coefficient in a*’ (e, y) is zero. Thus, corresponding terms of the two relevant
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sums are equal except possibly for the j’ term. Thus, we must compare m ;:(Q /)
and m‘/‘/(Rj/).

Recallthat B € Pj andm j(B) > 0. Since P is Pareto maximal, m j;(B) > 0.
Then, mjr(Rj/) = mj/(er U B) = mj/(Qj/) + mj/(B) > mj/(er). Hence, the
convex combination of measures corresponding to o («r, ) yields a greater
sum when applied to R than when applied to Q. But Q € IT¥ "(«a, ¥), R €
¥ ~Y(a, ), and, since Q € I’ (e, y) and [T (a, y) < IT¥ (e, ), we know that
Qe ¥ (e, y). This contradicts the definition of ¥ (a, y).

For the reverse direction, we assume that P b-maximizes the partition se-
quence pair («, ), where ¢ = («y, &2, ..., o) and y = (y1, ¥2, ..., ¥). Then
P e ' (a, y).

Suppose, by way of contradiction, that P is not Pareto maximal, and let Q =
(01, O3, ..., Q) be any partition that is Pareto bigger than P. Then, for every
i=1,2,...,n,m(Q;) > m;(P;), with at least one of these inequalities being
strict. Let k be minimal such that, for some j € yx, m;(Q;) > m;(P;). Forevery
k' <kand j € yo,mj(Q;) =m;(Pj).Since P € IT'(«, y) and hence, P €
IT=!(a, y), it follows that Q € IT*"(a, ). But m;(Q;) > m;(P;) for every
i € yx and, for some j € yi, m;(Q;) > m;(P;). This implies that the convex
combination of measures corresponding to a*(a, ) yields a greater sum when
applied to Q than when applied to P. But since P € IT'(«, y), we know that
P € IT*(a, y). This contradicts the definition of T («, y). O

In this section, we have made no assumptions about whether the measures
are absolutely continuous with respect to each other or not. Hence, we may
view Theorems 7.13 and 7.18 as general results that hold whether or not the
measures are absolutely continuous with respect to each other, and Theorem 7.4
as a special case that holds if we do have absolute continuity. This is so be-
cause we may view the condition given in Theorem 7.4 (maximization of
some convex combination of measures) as a special case of the conditions
given in Theorems 7.13 and 7.18 (a-maximization and b-maximization, re-
spectively, of some partition sequence pair). To see that this is so, suppose that
the measures are absolutely continuous with respect to each other, and consider
the partition P = (P, P,, ..., P,). By Theorem 7.4, P maximizes the con-
vex combination of the measures corresponding to some & = («, o2, ..., &y).
Let §={i<n:a; >0}. If §={1,2,...,n}, then P a-maximizes and b-
maximizes the partition sequence pair («, ), where y = ({1,2,...,n}) (G.e.,y
is the trivial partition of {1, 2, ..., n} into one piece). If § # {1, 2, ..., n}, then,
for any i € {1,2,...,n}\d, absolute continuity implies that P; has measure
zero. It is then straightforward to show that P a-maximizes and b-maximizes
the partition sequence pair (o, y), where y = (§, {1, 2, ..., n}\f).
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Recall that the length of y corresponds to the length of the iterative procedure
in each of our two characterizations. Our preceding discussion tells us that if the
measures are absolutely continuous with respect to each other then this iterative
process has length at most two. Suppose that partition P gives a piece of cake
of positive measure to each player. Then, for eachi = 1,2,...,n,0; > 0. In
this case, P a-maximizes and b-maximizes the partition sequence pair («, y),
where y = ({1, 2, ..., n}), and hence the iterative procedure has length one.

On the other hand, if the iterative process of Theorems 7.13 and 7.18 is
of length one, it certainly need not be true that the measures are absolutely
continuous with respect to each other. For example, suppose that the measures
are not all absolutely continuous with respect to each other, and pick any o € S
with all positive coefficients. Let P be any partition that maximizes the convex
combination of measures corresponding to «. By part b of Theorem 7.10, P
is Pareto maximal. But then P a-maximizes and b-maximizes the partition
sequence pair («, ), where y = ({1, 2, ..., n}). We shall not carefully examine
the question of when the partition sequence pair (o, ) of Theorems 7.13 and
7.18 is such that y is equal to the trivial partition ({1, 2, ..., n}) (and hence the
iterative process has length one), but instead give a simple example that will
illustrate the relevant issue.

Example 7.19 Let us again consider the IPSs in Figure 7.3. Both of these
figures represent situations in which neither measure is absolutely continuous
with respect to the other. For each figure, let P be a partition such thatm(P) = p,
where the point p is as indicated. (The partition P may be different for each of
the figures.) In Figure 7.3b, the iterative process of Theorems 7.13 and 7.18 has
length two. In particular, the partition sequence pair is («, y), where ¢ = (1, 1)
and y = ({1}, {2}). For the situation represented in Figure 7.3a, this same two-
step iteration and corresponding partition sequence pair will work, but so will
a one-step process corresponding to the partition sequence pair («, y), where
oa=(1—¢,¢e)and y = ({1, 2}), for sufficiently small ¢ > 0.

We close this section by considering chores versions of Theorems 7.10, 7.13,
and 7.18. The chores version of Theorem 7.10 is the following. The proof is
similar and we omit it.

Theorem 7.20 Let P be a partition of C.

a. If P is Pareto minimal then it minimizes some convex combination of mea-
sures.

b. If P minimizes some positive convex combination of measures, then it is
Pareto minimal.
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The chores versions of Theorems 7.13 and 7.18 require the notions of
a-minimization and of b-minimization of a partition sequence pair (¢, y ). These
are defined by making the obvious adjustments to Definitions 7.12, 7.15, 7.16,
and 7.17. (There is one place where it may not be clear what we mean by
the “obvious adjustment.” Part b of Definition 7.12 remains the same in the
chores version of this definition.) Although the resulting adjustments of Theo-
rems 7.13 and 7.18 to the chores context would be correct theorems, we shall
not state or prove these results. The reason is that these results would create
a misleading impression. In contrast with previous adjustments to the chores
context, something very different happens when we try to adjust the iterative
approaches of these theorems to the chores context. Perhaps surprisingly, the
chores versions turn out to be much simpler. In particular, they do not require
an iterative procedure at all.

We first consider the chores version of Theorem 7.13. We shall need the
chores version of non-wasteful.

Definition 7.21 A partition P = (Py, P, ..., P,) is c-non-wasteful if and only
if,foranyi =1,2,...,nand A C P; withm;(A) > 0, we have m j(A) > 0O for
every j =1,2,...,n.

Clearly, any Pareto minimal partition is c-non-wasteful since, if it were not
and Player i had a piece of cake that he or she considered to be of positive
measure but Player j considered to have measure zero, then a transfer of that
piece of cake from Player i to Player j would result in a Pareto smaller partition.

Suppose that we have made the necessary adjustments to Definition 7.12
in order to define what it means for a partition to a-minimize a partition se-
quence pair. Let P = (P, P, ..., P,) be a partition, let («, ) be a partition
sequence pair, and assume that P g-minimizes («, y) and is c-non-wasteful. Set
o= (o, 02, ...,ap)and y = (y1, ¥2, - .., ¥¢). Suppose that t > 1 (and so our
iterative procedure has length greater than one) and assume, without loss of gen-
erality, that P and («, y) satisfy condition bi of Definition 7.12. (As noted previ-
ously, part b of this definition is the same as in the definition of a-minimization.)
Fixanyk=1,2,...,t =1, j € y, and j’ € y,. Then m (P;) = 0 and, since
P is c-non-wasteful, m ;(P;) = 0. Thus, we have shown that each player that is
not named by y; believes that he or she has received a piece of cake of measure
zero. This implies that the first # — 1 stages in our iterative process can be col-
lapsed into a single stage. In other words, instead of y = (y1, y2, ..., 1), we
have y = (y|, i), where y/ = y1 Uy U -+~ Uy,1.

We can make this characterization easier still. After collapsing the first — 1
stages into a single stage in our preceding analysis, each player that receives a
piece of cake in this new first stage believes that his or her piece of cake has
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measure zero. This observation will simplify our characterization. It provides
the background for Theorem 7.23, which is our adjustment of Theorem 7.13 to
the chores context. We first need a definition.

Definition 7.22 Suppose that P = (Py, P,, ..., P,) isapartition of C. A trans-
fer of some A C P; from Player i to Player jis a

a. zero-to-zero transfer it m;(A) = 0 and m ;(A) = 0.

b. positive-to-positive transfer it m;(A) > 0 and m ;(A) > 0.
c. positive-to-zero transfer if m;(A) > 0 and m ;(A) = 0.

d. zero-to-positive transfer if m;(A) = 0 and m j(A) > 0.

Notice that a partition P is non-wasteful if and only if it is not possible to
perform any zero-to-positive transfers and is c-non-wasteful if and only if it is
not possible to perform any positive-to-zero transfers.

Theorem 7.23 A partition P = (P, P,, ..., P,) is Pareto minimal if and only
if the following two conditions hold:

a. P is c-non-wasteful.
b. The partition (P; : i € 8) of |J,;.s Pi minimizes some positive convex com-
bination of the measures (m; : i € §), where § = {i <n :m;(P;) > 0}.

Before beginning the proof, we comment on one special case. It may be that
the § of the theorem is empty. If the measures concentrate on the complements
of disjoint sets (see Definition 5.39), then there exists a partition making § = ¢.
In this case, P is certainly Pareto minimal, and both conditions of the theorem
hold. Thus, if § = @, the theorem is true.

Proof of Theorem 7.23: Fix a partition P = (Py, P, ..., P,). For the forward
direction, we assume that P is Pareto minimal. Then P is certainly c-non-
wasteful. Let § = {i : m;(P;) > 0}. We must show that the partition (P; : i €
8) of |J,;cs P; minimizes some positive convex combination of the measures
(m; 1 i €8).

It is easy to see that (P; : i € §) is a Pareto minimal partition of | J; ; P;
among the players named by 8, since any partition of |_J;; P; among the players
named by § that is Pareto smaller than (P; : i € §) would immediately yield a
partition of C that is Pareto smaller than P. Then, part a of Theorem 7.20
implies that (P; : i € §) minimizes some convex combination (¢; : i € §) of
the measures (m; : i € §). We claim that, for eachi € §, a; > 0.

Suppose, by way of contradiction, that i € § and o; = 0, and fix any j € §
with; > 0. (There must be such a j since the sequence (; : i € §) consists of
non-negative numbers and sums to one.) Since j € §, we know thatm ;(P;) > 0.
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Let Q be the partition of |_J; s P; thatresults from (P; : i € §) by transferring P;
from Player j to Player i. The convex combination of the measures (m; : i € §)
corresponding to (o; : i € §) produces a smaller sum when applied to Q than
to P, contradicting the fact that (P; : i € §) is a Pareto minimal partition of
(U, s P: among the players named by 8. Hence, for each i € §, ; > 0, and we
have shown that (P; : i € §) minimizes a positive convex combination of the
measures (m; : i € §).

For the reverse direction of the theorem, we assume that P is c-non-wasteful
andthat (P; : i € 6) minimizes the positive convex combination of the measures
(m; i € §)correspondingto (¢«; : i € §), where§ = {i : m;(P;) > 0}. Partb of
Theorem 7.20 implies that (P; : i € 8) is a Pareto minimal partition of |, _; P;
among the players named by §. We must show that P is Pareto minimal. Suppose,
by way of contradiction, that Q = (Q1, Q», ..., Q,) is Pareto smaller than P.

Letus consider the various transfers between the players that change partition
P to partition Q. We claim (using the terminology of Definition 7.22) that we
need only consider positive-to-positive transfers. A zero-to-zero transfer has
no effect on any of our considerations. (We note that this is not the case for all
fairness properties. For example, a zero-to-zero transfer that some third player
views as a transfer involving cake of positive measure can affect envy-freeness.)
Thus, we may simply redefine Q so that any zero-to-zero transfers are not done.
A zero-to-positive transfer results in a partition that is Pareto bigger. Hence,
simply not doing any such transfer results in a partition that is Pareto smaller
than Q, so we may, as before, assume that Q has been redefined so that no
zero-to-positive transfers are done. The existence of a positive-to-zero transfer
would contradict the fact that Pis c-non-wasteful. Hence, we may assume that all
transfers involved in the transition from P to Q are positive-to-positive transfers.

We claim that there are no such positive-to-positive transfers between a
player named by § and a player not named by §. Recall that a player not named
by & believes that his or her piece of cake has measure zero. Hence, there can
be no positive-to-positive transfer from a player not named by § to any player.
Also, there can be no positive-to-positive transfer from a player named by §
to a player not named by &, since such a transfer would increase the receiving
player’s evaluation of his or her piece, contradicting the fact that Q is Pareto
smaller than P.

We have shown that the transition from partition P to partition Q involves
only positive-to-positive transfers, and these transfers are all done between
players named by §. It follows that | J; s P; = (s Qi and hence (Q; : i € §)
is a partition of |_J;_; P; among the players named by §. Since Q is Pareto smaller
than Pandm;(P;) = Oforalli ¢ §,itmustbethat(Q; : i € §)isaPareto smaller
partition of | J._s P;, among the players named by §, than is (P; : i € §). This

i€d
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contradicts the fact that (P; : i € §) is a Pareto minimal partition of | ;s P;
among the players named by 8. This completes the proof of the theorem.  [J

Next, we consider adjusting Theorem 7.18 to the chores context. We first
sketch a simple example to illustrate the relevant issues. This idea here is very
similar to the idea discussed in motivating Theorem 7.23. (See the two para-
graphs preceding Definition 7.22.)

Assume that there are five players, Player 1, Player 2, Player 3, Player 4, and
Player 5, and P = (Py, P>, P3, P4, Ps) is a Pareto maximal partition of C. By
Theorem 7.18, P b-maximizes some partition sequence pair (&, y). Suppose
that o = (o1, a2, 03, ag, 0s) and y = ({1, 2}, {3}, {4, 5}). Let us review what
this means:

First look at the set of all partitions that maximize the convex combination of
measures corresponding to (a1, oz, 0, 0, 0). Then, among all such partitions, look
at those that maximize the convex combination of measures corresponding to

(0, 0, a3, 0, 0). Finally, among all these partitions, single out those that maximize
the convex combination of measures corresponding to (0, 0, 0, a4, os). P is one of
these partitions.

It is not difficult to construct specific examples to show that it may not
be possible to find a partition sequence pair that yields P as in the preceding
paragraph, but where y is a partition of {1, 2, 3,4, 5} into fewer than three
pieces.

The situation is very different for Pareto minimality. Suppose that we have
made the necessary adjustments to Definitions 7.15, 7.16, and 7.17 in order to
define what it means for a partition to b-minimize a partition sequence pair.
Let us continue to assume that « and y are as before, and suppose that some
partition Q is Pareto minimal and b-minimizes the partition sequence pair (¢, ).
Mimicking the preceding discussion, this tells us the following:

First look at the set of all partitions that minimize the convex combination of
measures corresponding to («y, oz, 0, 0, 0). Then, among all such partitions, look at
those that minimize the convex combination of measures corresponding to

(0,0, @3, 0, 0). Finally, among all these partitions, single out those that minimize
the convex combination of measures corresponding to (0, 0, 0, oy, as). Q is one of
these partitions.

This idea is correct, but it is misleading. The set of all partitions that mini-
mize the convex combination of measures corresponding to («;, s, 0, 0, 0) is
simply the set of all partitions that give Player 1 and Player 2 a piece of cake of
measure zero (with respect to each’s own measure). Similarly, among the set of
all partitions that minimize the convex combination of measures corresponding
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to (o1, &2, 0, 0, 0), the set of all partitions that minimize the convex combina-
tion of measures corresponding to (0, 0, a3, 0, 0) is simply the set of all such
partitions that give Player 3 a piece of cake of measure zero (with respect to
his or her measure). Hence, the first two steps of this process result in the set
of all partitions that give each of Player 1, Player 2, and Player 3 a piece of
cake of measure zero (with respect to each’s own measure). This set of parti-
tions is the set of partitions that minimize the convex combination of measures
corresponding to («, &z, @3, 0, 0). Thus, we see that the first two stages of this
iterative process can be collapsed into a single stage.

It is not hard to see that the preceding idea is general. All but the last stage
of any such iteration can be collapsed into a single stage. Therefore, a partition
is Pareto minimal if and only if it >-minimizes some partition sequence pair
(o, ), where y is a partition of {1, 2, ..., n} into at most two pieces. In other
words, any partition that is Pareto minimal can be shown to be Pareto minimal
by this type of iteration with length at most two.

It is interesting to note that this collapsing to at most two stages in our
iterative procedure occurs both in the chores context and in the standard context
when absolute continuity holds. (See the discussion following the proof of
Theorem 7.18.) This curious connection can be carried further. We saw that,
in the standard context when absolute continuity holds, the procedure can be
reduced to just one stage if each player believes that he or she receives a piece
of cake of positive measure. It is not hard to see that the same is true in our
present context.

As in the chores version of Theorem 7.13 (i.e., Theorem 7.23), we can make
this characterization easier still by noticing that, after collapsing the first two
stages into one stage in our preceding example, each player that receives a piece
of cake in this new first stage believes that his or her piece of cake has measure
zero. Our adjustment of Theorem 7.18 to the chores context is the following.

Theorem 7.24 Let P = (Py, P>, ..., P,) be a partition and set § = {i <n:
m;(P;) > 0}. Then, P is Pareto minimal if and only if there exists o =
(ay,an,...,a,) € S such that,

a. foreachi,a; > 0 ifand only ifi € 6 and
b. P minimizes the convex combination of the measures corresponding to «,
relative to {Q : Q = (Q1, Q2, ..., Qn) and m;(Q;) =0 foralli € .

Proof: Fix apartition P = (P, P>, ..., P,)andsetd = {i <n :m;(P;) > 0}.
For the forward direction, we shall use Theorem 7.23. For the reverse direction,
we shall use the definition of Pareto minimality.
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For the forward direction, we assume that P is Pareto minimal. By Theorem
7.23, we know that (P; : i € §) minimizes the positive convex combination
of the measures (m; : i € §) corresponding to some («; : i € §). For each i €
{1,2,...,n}\d,leto; = Oandseta = (a1, @2, ..., &,). Thene; > Oifand only
if i € 6. We must show that P minimizes the convex combination of measures
corresponding to «, relative to {Q : Q = (01, Oz, ..., Q) and m;(Q;) =0
foralli ¢ §}.

Suppose, by way of contradiction, that for some partition R =
(Ry, Ry, ..., R,) withm;(R;) = 0foralli ¢ §, the convex combination of the
measures corresponding to « is smaller when applied to R than when applied
to P. Consider the collection of transfers that changes partition P to partition
R. Since m;(R;) = 0 for all i ¢ §, any transfer in this collection from a player
named by & to a player not named by § must be a zero-to-zero transfer or a
positive-to-zero transfer (see Definition 7.22). Any zero-to-zero transfer can
be ignored, since no player’s measure of his or her piece changes if we sim-
ply do not do this trade, and the Pareto minimality of P implies that there are
no positive-to-zero transfers. Hence, we can assume that the transition from
partition P to partition R involves no transfer of cake from a player named
by & to a player not named by 8. It follows that | ;s P; € ;s Ri. This im-
plies that the partition (R; N ({UJ,cs Pi) : j € 8) is a partition of | J,_; P; among
the players named by 8. For each j € §, R; N (| ;s Pi) € R; and, hence,
m;(R; N (U;es P1)) < m;(R;). Then, since o;; = 0 for all i ¢ § and the con-
vex combination of measures corresponding to « is smaller when applied to R
than when applied to P, it follows that the convex combination of the measures
(m; : i € §) corresponding to (o; : i € §) produces a smaller sum when ap-
plied to the partition (R; N (| J;cs P;) : j € &) than when appliedto (P; : i € §).
This contradicts the fact that (P; : i € §) minimizes this convex combination of
measures.

For the reverse direction, we assume that P is not Pareto minimal, and
we let R be a partition that is Pareto smaller than P. Then, for every i =
1,2,...,n,m;(R;) < m;(P;),with at least one of these inequalities being strict.
Let § be as in the statement of the theorem and fix any o = (o1, &2, ..., ) € S
that satisfies condition a of the theorem. We must show that condition b of the
theorem fails.

Foreachi = 1,2, ..., n,sincem;(R;) < m;(P;), weknow thatifm;(P;) =0
then m;(R;) = 0. Thus, R is in the set that appears in condition b of the theorem.
Thus, it suffices to show that the convex combination of the measures corre-
sponding to « produces a smaller sum when applied to R than when applied to
P. But we know that for at least one i, m;(R;) < m;(P;). For this i, m;(P;) >
0, and hence i € . This implies that o; > 0. It follows that the convex
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combination of the measures corresponding to o produces a smaller sum when
applied to R than when applied to P, as desired. This completes the proof of the
theorem. O

We close this section by providing another perspective on the lack of symme-
try between Pareto maximality and Pareto minimality when absolute continuity
fails. The failure of absolute continuity implies that, forsome A € C, atleastone
player views A as having positive measure and at least one player views A as hav-
ing measure zero. Let 8 = {i <n : m;(A) > 0} and let §° = {i : m;(A) = 0}.
Then, 6~ and 8° are each non-empty.

Suppose that we are interested in Pareto maximal partitions of C. Then A must
be distributed among the players named by 6~. Precisely how A is distributed
is important. Each player named by §~ would like as much of A as he or she
can get. And, depending on the specific measures, the distribution of the rest of
the cake (i.e., of C\ A) may need to be coordinated with the distribution of A.

On the other hand, suppose now that we are interested in Pareto minimal
partitions of C. Then all of A must be distributed among the players named by
8°. In contrast with the previous situation, precisely how A is distributed among
these players is irrelevant. Neither the players named by §~ nor the players
named by §° have any preferences on this matter.
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Characterizing Pareto Optimality II

Partition Ratios

In this chapter, we introduce and study partition ratios. These ratios are numbers
that can be associated with any partition. They provide us with our second ap-
proach to characterizing Pareto maximality and Pareto minimality and will be
useful in future chapters. In Section 8 A we consider the two-player context, and
in Section 8B we establish our characterization in the general n-player context.
In these sections, we assume that the measures are absolutely continuous with
respect to each other. In Section 8C we consider the situation without absolute
continuity. The definition of partition ratios and the corresponding character-
ization are very similar to a notion and result that appeared in a preliminary
version of E. Akin’s [1] but did not appear in the published version.

8A. Introduction: The Two-Player Context

Suppose that P = (P;, P») is a partition of C that is not Pareto maximal, and let
us assume for simplicity that P; and P, are both of positive measure. (We shall
drop this simplifying assumption when we consider the general n-player context
in the next section.) Since P is not Pareto maximal, there is a partition Q =
(Q1, O») thatis Pareto bigger than P. We can imagine the change from partition
P to partition Q as being accomplished by a trade between the two players. In
other words, there are sets A; € Py and A, C P, suchthat Q) = (P1\A1) U A,
and Q, = (P>\A,) U A;. Since each player is at least as happy with partition
Q as with partition P, and at least one of the two players is strictly happier, we
know that m(A,) > m(Ay) and my(Ay) > m,(A,), with at least one of these
inequalities being strict. This implies that m(Ay)my(A1) > m(A)my(As).
Note that none of these four quantities can be zero, since any such trade that
leads to a Pareto bigger partition must involve sets of positive measure. It follows

that (2249)(#142) > 1. This establishes the following:

190
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If P = (P, P>) is a partition such that, for any sets A; € P, and A, C P, of

ositive measure, (Z240)(m1A2)y < | then P is Pareto maximal.
p (A (az)

Consider the converse of this statement. The preceding argument cannot
simply be reversed, since it is not the case that m(A)my (A1) > m1(A1)m2(Az)
implies m(A) > m(A;) and my(A;) > my(A,), with at least one of these
inequalities being strict. However, we claim that the converse is true. Fix a
partition P = (P;, P,) and assume that there are sets A; € P; and A, C P, of
positive measure such that (m2lADym(A2)y o ] Thep (MA2)y(mdDy o 1 We

. mi(Ay) {ﬂz(Az) . mi(A1)7 N ma(Az)
must show that P is not Pareto maximal. We consider three cases:

Case 1: % > 1 and % > 1. At least one of these inequalities must
be strict. It follows that m(A;) > m(A;) and m>(A{) > m»(A,), with at
least one of these inequalities being strict. Then, a trade of A; and A,

yields a partition that is Pareto bigger that P. Hence, P is not Pareto

maximal.

Case 2: Zix?; < 1. By Corollary 1.6, we know that there exists a set
By C Ay such that my(By) = (3433)mi(A1) = mi(Az) and my(By) =
(%)mz(m). Then

mi(Ay)
ma(By) (ml<AT>)(m2<A1>> B (ml(Az)) (mz(A1)> .
m(Az) m(Az) mi(Ay) ) \ma(Az) '

Thus, m»(By) > my(A3). Since m(B;) = m(A»), it follows that a trade
of By and A, yields a partition that is Pareto bigger than P. Hence P is
not Pareto maximal.

Case 3: g;gﬁ;; < 1. This is similar to Case 2, and we omit it.

Thus, we have established the following:

A partition P = (P;, P,) is a Pareto maximal if and only if, for any sets A; C P,

ma(Ap) o mi(A2)
and A, C Py, (’”l(A]))(’"Z(AZ)) <1

Consider the following two quantities:

my(A) g

pry, = sup : A C P and A has positive measure
mi(A)
mi(A) g

pr,; = sup : A C P, and A has positive measure
my(A)

We continue to assume that P gives a piece of cake of positive measure to each
player. Then each of the preceding sets is non-empty. We note that 0 < pr;, <
oo and 0 < pr,; < oo. (That each is greater than zero follows from absolute
continuity.)
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The following two conditions are easily seen to be equivalent:

e forany sets A; € P; and A, C P, (%)(%) <1, and
* prippry; < 1,

where we set (k)(00) = (00)(k) = (00)(00) = 0o > 1 for any « > 0. Our pre-
ceding work establishes the following:

A partition P = (Py, P,) is Pareto maximal if and only if pr,,pr,, < 1.

The letters “pr” are meant to denote “partition ratio.” We shall give the
general n-player definition in the next section.

8B. The Characterization

In this section, we generalize the analysis of the previous section to the n-
player context. We now drop our simplifying assumption that the partitions we
consider are partitions into sets of positive measure.

We have shown that for two players, a partition P = (P;, P,) into sets of
positive measure is Pareto maximal if and only if, for any sets A; € P; and
A, C P, of positive measure, ( ZTEQ: ; ) %) < 1. Wethenrestated this in terms
of partition ratios. Theorem 8.9 generalizes this result to the n-player context.
The argument for the forward direction of the theorem is a generalization of the
argument given in the previous section. However, the reverse direction needs
an additional result, Theorem 8.2. This result is trivially true for two players,
but is not at all obvious for more than two players. We first need a definition.

Definition 8.1 Supposethat P = (Py, P,, ..., P,)isapartition, {iy, i, ..., i;}
€ {1,2,...,n},andforeach j = 1,2,...,1, A;; C P;,. Then, CT({iy, i, . ..,
ir)|(Ai, Aiy, ..., Aj,)) denotes the trade in which Player i; gives A;, to Player
i, Player i, gives A;, to Player i3, ..., Player i;_; gives A;, , to Player i;, and
Player i; gives A;, to Player i;. A trade of this form is a cyclic trade. A positive
cyclic trade is a cyclic trade in which each A;; has positive measure.

Let us re-examine our proof in the previous section of the following
statement:

If P = (P, P») is a partition such that, for any sets A; € P, and A, C P, of

positive measure, (Zfiﬁ:;)(%) < 1, then P is Pareto maximal.

We assumed that P is not Pareto maximal and then asserted (now using the
terminology of Definition 8.1) that there must be a cyclic trade yielding a
Pareto bigger partition. If this cyclic trade involves the sets A; and A,, then

(ZTEQ:;)(:Z;EX;) > 1. If we try to generalize this argument to more than two
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players, we find that there is a gap. We can show that if there is a positive cyclic
trade that yields a Pareto bigger partition, then we obtain the desired inequality.
Certainly, if P is not Pareto maximal, then there is a collection of transfers that
yields a Pareto bigger partition. However, the question is this: If P is not Pareto
maximal, does there exist a positive cyclic trade that yields a Pareto bigger
partition? This is the gap, and it is filled by the following theorem.

Theorem 8.2 If P is a partition that is not Pareto maximal, then there is a
positive cyclic trade that yields a partition Pareto bigger than P.

This result was proved by D. Weller ([43]). Our proof is a slight variation
of his.

We shall prove two lemmas before beginning the proof of Theorem 8.2. The
following lemma will be used in the proofs of Theorem 8.2 and Lemma 8.8 and
will also be used in Chapters 13 and 14.

Lemma 8.3 Suppose that Ay, A,, ..., A, C C all have positive measure,
where t > 1. Then there exist positive-measure sets By, Ba, ..., B, C C that
satisfy the following:

a. Foreveryi =1,2,...,t, Bi C A;.

m (Bz) m (B ) my(B;—1) (I (A) mZ(A ) mr(At—l)
b. (m:(&))(mi(B;))'”( m,(B;) )= (mll(Ao)(mz(A;))'“( m(A;) ).

c. mi(By) = m(By), my(By) = ma(By), ..., m_1(Bi_2) = m;_1(B;_1).
d. Foratleastonei =1,2,...,t, B = A;.

Although this shall not be used, we note that condition ¢ allows us to rewrite
condition b as

m(B;_1) _ (ml(At)> <m2(A1)) o <mt(At—l)>
m(B;) mi(Ay) my(Az) m(A;) .

Proof of Lemma 8.3: Fix positive-measure sets Aj, Az, ..., A, € C. For each
k=1,2,...,t — 1, we shall show how to obtain sets B, BX, ..., BF that sat-
isfy, or partially satisfy, the four conditions of the lemma, plus one additional
condition. In particular, for each such k, we shall define BF, Bé‘, el B," satis-
fying the following:

i. Condition a of the lemma.

ii. Condition b of the lemma.
iii. m(BF) = m(Bf), ma(Bf) = ma(BY), ..., mp(Bf_,) = my(B).
iv. Foratleastonei =1,1,2,...,k, Bf = A;.

v. Foreachi =k + 1,k +2,...,t — 1, Bf = A;.
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Then, Bi_l, Bé_l, ..., B'=! will satisfy the four conditions of the lemma. We
begin by defining B|, B;, ..., B!. We consider two cases:

Case 1: mi(A;) > mi(Ay). Then m‘(:\‘; <1 and so, by Corollary 1.6,
we may let B,‘ C A, be such that, for each j =1, 2, ...,t,mj(Bt) =
(Bl ;(A,). For each i=1,2,...,t—1, set B! =A; Then
B!, B}, ..., B! clearly satisfy conditions i and v. Condition ii is satisfied
since

( i })> (mz(B )) (m,_1(3,12)> (mr(B}l))
1( 11 ) m’—l(Btl—l) m’(Bfl)
(:’nVLIIEAI) mi(A)\ /my(A)

mi(Ay) (mz(A2)>

<mt—l(At—2)> mi(A;—1)
m—1(A;—1) (:Zl,iAl;) m;(A,)
. <m1(At)> (mz(Al)) o (mtl(At2)> <mt(At1)>
— \mi(A)) \ma(Ay) m;—1(A;—1) mi(A) )’
condition iii is satisfied since m;(B)) = (%)ml(A,) =mi(A)) =
ml(Bll), and condition iv is satisfied since Bl1 =A;.

Case 2: m1(A;) < mi(A;). Then, since % < 1, Corollary 1.6 tells us
that there exists Bll C A; such that, for all j =1,2,...,1, mj(Bll) =
(%)mj(Al).Foreachi =2,3,...,t,set Bi1 = A;.Then, asinCase 1,
B!, B, ..., B! clearly satisfy conditions i and v. Condition ii is satisfied

since
(ml(Btl)) (mz(Bll)> (}’I13(le)> (mf(le—l))
(51) () \ (D)
ml(A) () maany (ms(Az))
"Z:Eﬁrlg mi(Ay) ma(Az) m3(As)

(mz(Az 1))
m(Ay)

. <ml(Ar)) (mz(A1)> <m3(A2)> . <mt(At—l))

~ \mi(AD ) \ma(Az) ) \m3(A3) m(A;) )’
condition iii is satisfied since ml(Btl) =mi(A)) = (%)ml(Al) =
m1(B}), and condition iv is satisfied since B! = A,.
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Next, fix any s=1,2,...,t—2 and suppose that we have defined
By, B;, ..., B} satisfying conditions i, ii, iii, iv, and v. We wish to define
B‘f“, B‘;H, e, Bf“ satisfying these conditions. As before, we consider two
cases.

myy (B

1)
Case 1: myy1(By) > msy1(B; ). Then o .(Btﬁ < 1. By Corollary 1.6,
for each i =1¢,1,2,...,s, we let Bf+1 C B} be such that, for each
j=1,2,... t,my(BT) = (mr;*_lfféf;;))mj(Bf).Foreachi =s+1,5+
2,...,t—l,set BT = BS. Then, B{*', BS*', ..., BS*! clearly satisfy

conditions i and v. (Satisfaction of these conditions uses our assumption

that By, B, ..., B} satisfy condition v.) For condition ii, we must show
mi (B mv<B D m(BIE) N omy(A) y ma(Ar) my(Ar_1)
that ( (BSH )(m (Bls+l ) (mz(B,Hl)) - (ml(Al))(mz(Az)) t ( m(A;) ) We

establish thls as follows

(ml(Bf“)) (m2(3;+1)) (m (Bf*f))
mi(B]™) ) \ma(B3™) m.(B;™)
: [(ml(Bi‘“)) (mzwm) (mswst:)) (mmﬂ

mi(Bi™) ) \ma(B3™) my (Bi™) ) \myii (BST)

) ()

mS+2 s+2 Bs+1

mi— B;Jrzl mt(Bf+1l)

m,_ Bs+1 )(ml(Bts-H )i|

m$+3( s+%)
)
( man D) (57) [ (% i;?f;t‘))mz
(%
( (

m\+1(Bv ) s \+1(Bv )
m,H(B+1) m (Bl) HA(BH) mz
i) mo(55) ’Zififfé*s)>ms+l
ms+l(B: ) s s B
( mH](BJsrl )ms (B ) m +1( )

ms2(Biy) | [mes(Blio)
msi2(By,) | \msia(Bs)

(mt—l(BiY2)> m:(B;_))
m,_1(Bf71) (m.\+1(3.?+1)) mz(Bts)

mv+l(3f)
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(i) Gteh) - (o)

_ <m1(A:)) (mz(A1)> (mz(Atl))
— \mi(A) ) \ma(Ay) m(A;)
The last equality follows from our assumption that the sets By, B3, ..., B}
satisfy condition ii.
For condition iii, we must show that ml(Bf“) = ml(B‘fH),
mz(B‘lH'l) = mz(B‘;H), oy me (BT = mHl(B;jr'll). By our as-

sumption that the sets By, B3, ..., B; satisfy condition iii, we know that
mi(B}) = mi(B)), my(B}) = my(B3), - -, ms(B;_|) =my(B;])  and,

e
my(ByH) = (%) mi (By)
- (Pt Yo ) = ()
)= (G
= (2l o=
() = ("Lﬁf(B;S)) (B

To show that condition iii holds, it remains for us to show that

myy1(BSTY) = myi 1 (BIT]). We establish this as follows:

my1(By1)
M1 (Bss)

= myy1(By1))

mH_] (B;+1)

) o (B) = mooa (B2..)

For condition iv, we must show that, for at leastone i =1, 1,2, ...,
s+ 1, Bf“ = A;. Our assumption that B}, B3, ..., B} satisfy condition
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v implies that B; ; = A,1. Hence, since BYLI = B?, ., it follows that

s+1
B +1 — AH—I

s+1°

Case 2: myy1(By) < ms1(By, ). Then % < 1 and by Corollary 1.6
s+ s+1

we let B't| € BY,, be such that, foreach j = 1,2,...,¢,m;(B']) =

(m“:;j;? ))) m (B +1) Foreachi=1,2,...,s,5+2,....1, set B! =

BS. Then Bi*', By™, ..., B/*! satisfy conditions i and v.

o mi (B, ma(Bit) m(BEH
For condition ii, we must show that ( (B )(mz(B”' )-- (m,(B,”‘)) =

(Zl':fﬁ’l)))(ﬁfzﬁx) e (m,;’(/?;)‘)). We establish this as follows:

(mn(Bf“))( (B‘“)) ,_(mz(Bfﬂ‘))
m (B) (857 mi(B™)
() (mt). .(m«Bsw))( -
B (B my (B! m3+1(
My Bfill Ms+3 Bfizl my
() (i) (e )(
mi(B;) \ (ma(B1) my+1(B;)
() G) - (ol ) o

(mriljl((BB 1))) mys2(B}y) <ms+3 (B‘f+2))

mss2(B3 ) msy3(By )

<m,_1(Bf_2)> (m,(Bf_l))

t—l(B,s_l) mt(BtS)
_ (B (ma(B)))  (ma(BL)
- (o) () (ot
_(mi(A)\ (ma(Ay) m;(A;—1)
N <m1(A1>> <m2(A2)) ( mi(A) )
The last equality follows from our assumption that By, B3, ..., B} satisfy
condition ii.

For condition iii, we must show that ml(Bs“):ml(B‘f“),
mz(B‘f“) = mz(BSH) Comg (BT = msH(BYH) By assump-

tion, By, Bj,..., B/ satlsfy condition iii and, hence, m;(B]) =
mi(B}), ma(B}) = my(B3), ..., mg(B;_,) =my(B;). This implies

|~ = N
x| =
It
~ [~
v

3
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that  m (B = mi(B{™), my(Bj™) = my(By™h), ... my(Bt)) =
my (BT, It remains for us to show that m(B*!) = m_YH(B‘;Ill). We
establish this as follows:

ms+1(Bss+1) =ms+1(B;) = <

Finally, we show that condition iv holds. Our assumption that
B{, B5, ..., B} satisfy condition iv implies that, for at least one i =
t,1,2,...,s, B} = A;. But, for any such i, Bf“ = B/. Hence, Bf“ =
A; for at least one such i, and so condition iv is satisfied.

Ms+1 (BYS) s _ s+1
My (BSS+1)> et (Bet) = (B31)

This establishes that, for each k=1,2,...,t — 1, there are sets
BY, B, ..., BF satisfying conditions i, ii, ii, iv, and v. Set B; = B}, B, =
Bé‘l, ..., B = Bf‘l. Then By, By, ..., B; satisfy conditions a, b, ¢, and d.
This completes the proof of the lemma. O

Next, we introduce some additional structure and prove a lemma about this
structure.

Definition 8.4 Suppose that P and Q are partitions. The directed graph asso-
ciated with the transition from P to Q, denoted by G(P, Q), is the graph given
as follows:

a. The vertices of G(P, Q) are labeled 1,2, ..., n, with each vertex corre-
sponding to one of the n players.

b. There is an arrow from vertex i to vertex j if and only if the transition from
partition P to partition Q involves a positive-measure transfer from Player
i to Player j.

A closed pathin G(P, Q) corresponds to a positive cyclic trade. Theorem 8.2
asserts that if P is a partition that is not Pareto maximal, then there is a partition
Q that is Pareto bigger than P and is such that the directed graph G(P, Q)
contains exactly one closed path and no arrows besides those in this path.
Because all graphs we shall consider will have the same n vertices, we shall
use the notation “G(P, R) € G(P, Q)” to mean that every arrow in G(P, R)
isin G(P, Q).

The following lemma will be used in the proof of Theorem 8.2.

Lemma 8.5 Suppose that P and Q are partitions and Q is Pareto bigger
than P. Then G(P, Q) contains at least one closed path. Or, equivalently, the
transition from P to Q involves at least one positive cyclic trade.

Proof: Suppose that P and Q are partitions, that Q is Pareto bigger than P,
and assume, by way of contradiction, that G(P, Q) contains no closed paths.
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Since Q is Pareto bigger that P, we know that P and Q are not p-equivalent,
and so the transition from P to Q involves some positive-measure transfer of
cake. Hence, G(P, Q) contains at least one arrow. Since G(P, Q) contains no
closed paths, there must be at least one vertex in G(P, Q) such that an arrow
begins at this vertex but no arrow ends at this vertex. This tells us that in the
transition from partition P to partition Q at least one player gives up some piece
of cake of positive measure but receives no piece of cake of positive measure.
This player is less happy with partition Q than with partition P, contradicting
the fact that partition Q is Pareto bigger than partition P. O

Suppose that partition P is not Pareto maximal. The lemma tells us that the
transition from P to any Pareto bigger partition includes at least one positive
cyclic trade. Theorem 8.2 asserts that some positive cyclic trade, by itself,
changes P into a Pareto bigger partition.

Proof of Theorem 8.2: Assume that partition P is not Pareto maximal and
suppose, by way of contradiction, that no positive cyclic trade yields a partition
that is Pareto bigger than P. We will obtain our desired result by repeatedly
applying the following claim.

Claim Suppose Q is a partition that is Pareto bigger than P. Then there is a
partition R satisfying that

i. R is p-equivalent to or Pareto bigger than Q (and hence is Pareto bigger
than P),
ii. G(P, R) € G(P, Q), and
iii. G(P, R) contains at least one fewer closed path than does G(P, Q).

Proof of Claim: We assume that Q is Pareto bigger than P. Lemma 8.5 tells
us that G(P, Q) contains at least one closed path or, equivalently, that the
transition from P to Q involves at least one positive cyclic trade. For ease of
notation, we assume (by renumbering if necessary) that for some ¢ > 1 this
cyclic trade involves Players 1 through ¢, in order. In particular, suppose that
CT((1,2,...,1)|(A], A2, ..., A;)) is a positive cyclic trade that is maximal
with respect to these players. In other words, in changing from partition P to
partition Q, Player 1 gives A (and no proper superset of A;) to Player 2, Player

2 gives A, (and no proper superset of A,) to Player 3, etc. Since Ay, As, ..., A,
are all subsets of C of positive measure, we can apply Lemma 8.3 to obtain
positive-measure sets By, B, ..., B, such that

a. foreveryi =1,2,...,¢, B C A;.

b. (ml(Bt))(mz(Bl)) . (mz(Bz—l)) — (ml(Ar))(mZ(Al)) . (mt(Ar—l))'

my(By) 7 ma(By) m(B) mi(Ap) 7% my(As) mi(A;)
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c. mi(B;) = m(By), ma(By) = ma(Ba), ..., m_1(Bi_2) = m;_(B;_1).
d. foratleastonei =1,2,...,t, B = A;.

We shall use only conditions a, ¢, and d here.

By condition a, CT((1, 2, ..., t)|(By, B2, ..., B;)) is a positive cyclic trade.
Condition c implies that Player 1, Player 2, ..., Player t — 1, are equally happy
before and after this trade. What about Player ¢? Suppose that m,(B,_;) >
m;(B;). In other words, suppose that Player ¢ is happier after the trade. Then
CT(1,2,...,t)|(By, Ba, ..., By))isapositive cyclic trade that transforms par-
tition P into a Pareto bigger partition. This is contrary to our assumption that
no positive cyclic trade yields a partition that is Pareto bigger than P. Hence,
my(B;_1) < m;(By).

We are now ready to describe the partition R. We begin with an infor-
mal description. Every transfer of cake in CT((1, 2, ...,)|(By, B2, ..., B;))
is contained within a transfer of cake in CT((1,2,...,1)[(A, Aa, ..., A})),
and every transfer of cake in CT((1, 2, ...,t)|(A, Aa, ..., A;)) is in the set
of transfers that changes partition P into partition Q. Thus, the transfers mak-
ing up CT((1,2,...,t)[{(B1, Ba, ..., B;)) constitute part of the transfers that
change partition P to partition Q. To obtain partition R, we simply start with
P and do the transfers that change partition P to partition Q, except that we
leave out all of the transfers in CT((1, 2, ..., )|{By, B2, ..., B;)).

In the precise definition of the partition R that follows, it will be
convenient to imagine starting with partition P, doing all of the trans-
fers that change P to @, and then undoing those transfers given by
CT(L,2,...,t)|(By, B, ..., By)). The positive cyclic trade that undoes
these transfers is CT((t,t — 1,...,2, 1)|(B,—1, B,—2, ..., B, B;)). Hence, R
is the partition obtained from Q by completing all of transfers given by
CT({t,t —1,...,2, )|{Bi—1, Bi—2, ..., By, B;)). If weset Q = (Qy, Q>, ...,
0,),then R = (R, R,, ..., R,) where, foreachi = 1,2, ..., n, we define R;
as follows:

R'_{(Q,‘uzai)\B,‘1 ifi=1,2,....,1

or fi=t+1,t4+2,...,n

where we set By = B;.

Ifi=t+1,t+2,...,n,then R, = Q;, and so Player i is indifferent be-
tween partition Q and partition R. By condition ¢ of Lemma 8.3, we know
that m(B,) = m1(B1), ma(B1) = ma(Ba), ..., m;_1(B;_2) = m;_1(B,_1), and
so Player 1, Player 2, ..., Player r — 1 are also indifferent between partition
Q and R. Recalling that m,(B,_;) < m,(B,), we see that Player ¢ is at least as
happy with partition R as with partition Q. Hence, partition R is p-equivalent to
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or Pareto bigger than partition Q and, since Q is Pareto bigger than P, it follows
that R is Pareto bigger than P, and so condition i of the claim is satisfied.

Concerning condition ii, we must show that every arrow that appears
in G(P, R) also appears in G(P, Q)). In other words, we must show that,
for distinct i, j = 1,2,...,n, if the transition from partition P to parti-
tion R involves a positive-measure transfer from Player i to Player j, then
so does the transition from partition P to partition Q. Since we have por-
trayed the change from partition P to partition R as consisting of first chang-
ing partition P to partition Q, and then completing the transfers given by
CT({t,t—1,...,2, )|(B;_1, B;_», ..., By, B;)), it suffices to show that com-
pleting these transfers does not introduce any positive-measure transfers
that were not already present in the change from P to Q. This is clear
from our definition of the B;, since each transfer in CT({t,z —1,...,
2, )[(B,;-1, Bi—2, ..., By, B;)) partially or completely undoes a transfer in-
volved in the transition from partition P to partition Q. Hence, this cyclic trade
adds no new arrows to the directed graph.

For condition iii, we first note that, by condition ii, there are no closed
paths in G(P, R) that are not also in G(P, Q). We must show that some
closed path in G(P, Q) is not present in G(P, R). Consider the closed path
in G(P, Q) associated with CT((1,2,...,1)|(Ay, Az, ..., A;)). This is the
closed path consisting of an arrow from vertex 1 to vertex 2, an arrow
from vertex 2 to vertex 3, ..., an arrow from vertex t — 1 to vertex ¢, and
an arrow from vertex ¢t to vertex 1. We need only show that one of these
arrows does not exist in G(P, R). By condition d of Lemma 8.3, for at
least one i =1,2,...,t, B = A;. Fix such an i and note that the transfer
of A; from Player i to Player i + 1 in CT((1,2,...,#)|{A1, Az, ..., A;))
is precisely undone by the transfer of B; from Player i + 1 to Player i in
CT(t,t —1,...,2, 1)|{B;—1, Bi—2, ..., B, By)). This tells us that G(P, R)
does not contains an arrow from vertex i to vertex i + 1, and so the closed
path in G(P, Q) under consideration does not exist in G(P, R). (This uses
our assumption that, in changing from partition P to partition Q, Player i
gives nothing besides A; to Player i + 1.) This completes the proof of the
claim.

We return to the proof of the theorem. We have assumed that P is not Pareto
maximal and, by way of contradiction, that no positive cyclic trade yields a
partition that is Pareto bigger than P. Let Q be a partition that is Pareto bigger
than P. Since the number of closed paths in any directed graph on n vertices
is certainly finite, we can apply the claim repeatedly to arrive at a partition R
that is Pareto bigger than P and is such that G(P, R) contains no closed paths.
This contradicts Lemma 8.5 and thus completes the proof of the theorem. [
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We are now ready to generalize the two-player analysis from Section 8A.

Definition 8.6 Fix a partition P = (P, P,, ..., P,). For distinct i, j =

1,2,...,n, we define pr;

i the ij partition ratio, as follows:

mj(A) ..
pr;; = sup : A C P; and A has positive measure
! m;(A)
If, for some i =1,2,...,n, P; has measure zero, then for every j =
m;(A)

1,2,...,n with j #1i, {m,-(A) : A C P; and A has positive measure} = . In
this case, we shall consider pr;; to be undefined for every such j. It is possible
that {Z;Eﬁ; : A C P; and A has positive measure} is unbounded for some i and
J» in which case we set pr;; = 0o. Also, absolute continuity guarantees that,
for all distincti, j = 1,2, ...,n,if pr;; is defined, then pr; > 0. Thus, for any

such i and j, either pr;; is undefined or else 0 < pr;; < oo.

Definition 8.7 Suppose that iy, i, ...,i, € {1,2, ..., n} are distinct.

a. A sequence of the form (pr; ; , pt;,;, - - -, PI;_,; _,» Pt;,_,;,)» Where each such
P is defined, is called a cyclic sequence.

b. CS(k) denotes the set of all cyclic sequences of length k.

c. CS denotes the set of all cyclic sequences.

d. If o = (pr; ;. pr;s»> -+ PLi,_,,_,» PL;,_,;,) € CS, then the cyclic product of @,
denoted by CP(¢), is the product pr; ; pr; ;, = - * Pt _;._,PL;,_, ;.-

Of course, different partitions will have different partition ratios and different
sets CS associated with them. In what follows, it should always be clear by
context, whenever we mention a partition ratio or the set CS, to which partition
we are referring.

Since one or more of the terms in a cyclic product can be infinite, but none
of the terms can be zero, it follows that, for any ¢ € CS, 0 < CP(¢) < oo.

Our characterization of Pareto maximality, Theorem 8.9, will follow easily
from Theorem 8.2 and the following lemma.

Lemma 8.8 Let P be a partition and fix any k = 2,3, ..., n. There exists
@ € CS(k) such that CP(¢) > 1 if and only if there exists a positive cyclic trade
of length k that produces a partition Pareto bigger than P.

Proof: Fix a partition P and k =2,3, ..., n.

For the forward direction, suppose that, for some ¢ € CS(k), CP(¢p) > 1.
By renumbering, if necessary, we may assume that ¢ = (pr;, pry,, ...,
PI_2.k_1» Pfx_1 ) - By the definition of the partition ratios (regardless of whether
or not any involved partition ratio is equal to infinity), this implies that, for each
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i=1,2,...,k thereisaset A; C P; of positive measure such that the follow-
ing inequality holds:

<ml(Ak)> (mz(A1)>.” (mk—l(Ak—2)> ( mi(Ag—1) ) o1
mi(Ax) ) \mi(Ay) mi—2(Ag—2) ) \mp—1(Ax-1)
Rearranging terms gives us the following inequality:
<m1(Ak)) (mz(A1)> <mk—1(Ak—2)) (mk(Ak—l)) o1
mi(A1) ) \ma(Az) mi—1(Ag-1) mi(Ag)
Since each A; has positive measure, we can apply Lemma 8.3 to obtain sets
By, By, ..., By, each of positive measure, such that

a. foreveryi =1,2,...,k, B; C A;.
miB) My BN omiBi )y cmi (A AN mi(Ag )
b. (ml(Bl))( mz(Bz)) ( my(By) )= (ml(Al))( mz(Az)) ( mi(Ag) )-

c. m(By) = m(By), ma(By) = ma(By), ..., my_1(Bx_2) = my_1(Br_1).
d. foratleastonei =1,2,...,k, B, = A;.

In contrast with our previous application of Lemma 8.3 in the proof of Theorem
8.2, we shall use only conditions a, b, and c here.

3 my(Bp)\ M2 (By) my(Bi—1) .
By condition b, we know that (m:(Bf))( mz(B;))---( (B0 ) > 1. This, to-

my(Bi—1)
B 1 and, hence, my(By_1) >

gether with condition c, implies that
my(By).

Foreachi =1,2,...,k, B; C A; C P; and, hence, B; C P;. Consider the
positive cyclic trade CT((1, 2, ..., k)|(B1, Ba, ..., By)). Let O be the partition
obtained from partition P by completing this trade. Condition c tells us that
Player 1, Player 2, ..., Player k — 1 are each indifferent between partitions
P and Q. Since my(By—_1) > my(By), we know that Player k is happier with
partition Q than with partition P. Thus, CT((1, 2, ..., k)|[(B1, B2, ..., By)) is
a positive cyclic trade of length k that produces a partition that is Pareto bigger
than P.

For the reverse direction, we assume that there is a positive cyclic trade of
length & that produces a partition that is Pareto bigger than P. By renum-
bering, if necessary, let such a cyclic trade be given by CT((l, 2, ..., k)]
(A1, Ay, ..., Ag)). Then, m(Ag) > m (A1), ma(Ar) >my(Az), ..., m(Ar_1)
> my(Ay), with at least one of these inequalities being strict. It follows that

(ml(Ak)) <m2(A.)> <mk(Ak—l)> o1
mi(Ay)) \ma(Ay) my(Ag) .

Rearranging terms gives us the following inequality:

(mz(z‘h)) <m3(A2))”.( mi(Ag_1) > <m1(Ak)> o1
mi(Ay) ) \my(Az) mi_1(Ar=1) ) \mi(Ag)
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Each of the fractions on the left-hand side of this inequality is one of the
terms over which the supremum is taken in the definition of the corresponding
partition ratio. Thus, pri,pry; . .. pr_y ;pry; > 1, and we have shown that there
exists ¢ € CS(k) with CP(¢) > 1. This completes the proof of the lemma. [

Besides its use in the proof of Theorem 8.9, Lemma 8.8 will also be used
in Chapter 13 when we consider a possible hierarchy involving the failure of
Pareto maximality. Our characterization of Pareto maximality using Partition
ratios is the following.

Theorem 8.9 A partition P is Pareto maximal if and only if for every ¢ €
CS,CP(p) < 1.

Proof: For the forward direction, suppose that P is a partition and that, for
some ¢ € CS, CP(¢p) > 1. By Lemma 8.8, we know that there exists a positive
cyclic trade that produces a partition Pareto bigger than P. Hence, P is not
Pareto maximal.

For the reverse direction, suppose that P is not Pareto maximal. Theorem
8.2 implies that there is a positive cyclic trade that yields a partition Pareto
bigger than P. Therefore, by Lemma 8.8, there exists a ¢ € CS such that
CP(p) > 1. ]

Next, we present an application of the theorem. Example 8.10 applies the
theorem first to show that a certain partition is not Pareto maximal, and then
to show that another partition is Pareto maximal. The cake, measures, and
partitions in this example are the same as in Example 6.3.

Example 8.10 Let C be the interval [0, 3) on the real number line and let
my be Lebesgue measure on this set. Suppose that there are three players,
Player 1, Player 2, and Player 3, with corresponding measures m, m,, and ms3,
respectively, defined as follows: for any A C C,

mi(A) = 3mp(AN[0, 1)+ . Ami(AN[L,2)+ .6m(ANI[2,3))
ma(A) = .6mp(AN[0, 1))+ 3m(ANTL,2) + .1m(AN[2,3))
m3(A) = 1mp(AN[0, 1)+ .6mi(AN[L2)+ 3m(AN[2,3)

Asnoted in Example 6.3, it is easy to verify thatm | (C) = m»(C) = m3(C) = 1,
and so m, my, and m3 are measures on C. It is also easy to verify that these
measures are absolutely continuous with respect to each other.
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Consider the partition P = ([0, 1), [1, 2), [2, 3)). The corresponding parti-
tion ratios are as follows:

A .6
pr;, = sup ma(A) : A C [0, 1) and A has positive measure ; = — =2
mi(A) 3
A d 1
pry; = sup Z;EA; : A C[1,2)and A has positive measure ¢ = 353
A d 01
pri3 = sup m3(A) : A C [0, 1) and A has positive measure y = — = —
mi(A) 3 3
A .6
prs; = sup m(A) : A € [2,3) and A has positive measure; = — =2
m3(A) 3
A .6
pry; = sup m3(A) : A C[1,2)and A has positive measure y = — =2
- my(A) 3
A d 1
prs, = sup ZEEA; : A C [2, 3) and A has positive measure ¢ = 353

Since pr,pry;pry; = (2)(2)(2) = 8 > 1, Theorem 8.9 tells us that P is not
Pareto maximal. We also note that each of the three cyclic sequences of length
two (i.e., (pry,, pray), (P13, Pra;). and (pr,3, pr3,)) have product equal to 23. By
Lemma 8.8, it follows that there is no cyclic trade of length two that produces
a partition Pareto bigger than P.

With cake C and measures m, m,, and m3, as before, let us now consider
the partition Q = ([2, 3), [0, 1), [1, 2)). The corresponding partition ratios are
as follows:

pry; = sup Z?Ef\; : A C [2,3) and A has positive measure ¢ = —é = é
pry; = sup % : A C [0, 1) and A has positive measure ¢ = —Z = %
pryz = sup Z?E;\; : A C[2,3) and A has positive measure ¢ = —2 = %
pr3; = sup Zigi; : A C[1,2)and A haspositive measure} = —é = é
pry; = sup Z;Ef\; : A C [0, 1) and A has positive measure} = —é = é
prs, = sup Zif‘; : A C[1,2)and A has positive measure} = —Z = %

Computing all cyclic products, we have:
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PrypPry; = Pryzprs; = przprs; = <é) (%) = %
1 1 1 1

PIoPIy3pr3 = (8) (g) <g> ~ 216
1 1 1 1

P3Py pryz = (5) (5) (5) =3

Since all cyclic products are less than one, Theorem 8.9 tells us that Q is
Pareto maximal.

We recall from Chapter 6 (see Definition 6.1) that a partition P =
(P, P>, ..., P,) is proper subpartition Pareto maximal if and only if, for any
proper and non-empty § € {1,2,...,n}, (P; :i € §) is Pareto maximal parti-
tion of ;s P; among the players named by 8. Also (see Theorem 6.2), if P is
Pareto maximal, then P is proper subpartition Pareto maximal. We presented
Example 6.3 to show that the converse is false. We are now in a position to give
some additional perspective on this idea by connecting it with partition ratios.

Let P be a partition. We observe that the partition ratios associated with a
proper subpartition of P are the same as the corresponding partition ratios for
P. Also, if § € {1, 2, ..., n} is proper and non-empty, and ¢ € CS refers only
to players named by &, then ¢ € CS(k) for some k < |§|. This, together with
Theorem 8.9, implies that

a. P is proper subpartition Pareto maximal if and only if, for any ¢ € CS of
length less than n, CP(¢) < 1 and

b. P is proper subpartition Pareto maximal but not Pareto maximal if and only
if, for any ¢ € CS of length less than n, CP(¢) < 1 and, for some ¢ € CS of
length n, CP(¢) > 1.

Partition P = ([0, 1), [1, 2), [2, 3)) in Example 8.10 is precisely as described
in statement b. We shall revisit this example in Chapter 10 (where we will gain
some additional geometric perspective) and in Chapter 13 (in our study of a
possible hierarchy involving the failure of Pareto maximality).

Next, we consider chores versions of the ideas presented in this section. The
definitions of cyclic trade and of positive cyclic trade, as given in Definition 8.1,
do not refer to Pareto maximality. Hence, these definitions are appropriate for
our discussion of chores. The chores version of Theorem 8.2 is the following.
The proof is analogous and we omit it.

Theorem 8.11 If P is a partition that is not Pareto minimal, then there is a
positive cyclic trade that yields a partition Pareto smaller than P.
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Our definition of chores partition ratio, which we denote by qr
to the definition of partition ratio.

ijo is analogous

Definition 8.12 Fix a partition P = (Py, P>, ..., P,). For distinct i, j =

1,2,...,n,wedefine gr,;, the ij chores partition ratio, as follows:

ijo

(A
qr;; = inf m;j(4) 1 A C P; and A has positive measure
! m;(A)

As in the standard context, if P; has measure zero forsomei =1,2,...,n,
then we shall consider gr;; to be undefined forevery j = 1,2,..., nwith j #i.
Also, for distincti, j = 1,2,...,n,0 < qr;; < oo. This is in contrast with the
fact that, for such i and j, 0 < pr;; < oc.

Chores cyclic sequences are defined in the obvious way. We shall
let CCS(k) and CCS denote the set of all chores cyclic sequences of
length k£ and the set of all chores cyclic sequences, respectively. If ¢ =
Qqry ;-4 iys - 9%, > qr;,_;,) € CCS, then the chores cyclic product of ¢,
denoted by CCP(g), is the product qr; ; qr; ;, - --qr; _,;  qt;, i -

Since one or more of the terms in a chores cyclic product can be zero, but
none of the terms can equal infinity, it follows that, for any ¢ € CCS,0 <
CP(¢p) < oo. The chores versions of Lemma 8.8 and the characterization theo-
rem, Theorem 8.9, are the following.

Lemma 8.13 Let P be a partition and fix k = 2,3, ..., n. There exists ¢ €
CCS(k) such that CP(¢) < 1 if and only if there exists a positive cyclic trade of
length k that produces a partition Pareto smaller than P.

Theorem 8.14 A partition P is Pareto minimal if and only if, for every ¢ €
CCS, CP(p) > 1.

The proofs are analogous to the proofs of Lemma 8.8 and Theorem 8.9 and
we omit them.

We close this section by noting that, in contrast with our general theme,
we have presented no geometric perspective on the partition ratio characteriza-
tions of Pareto maximality and Pareto minimality. In the next chapter, we will
consider a new geometric framework for studying cake division, and then, in
Chapter 10, we will present a characterization of Pareto maximality and Pareto
minimality using this framework. In Chapter 13, armed with this material, we
will look back and supply geometric perspective for what we have done in this
section.
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8C. The Situation Without Absolute Continuity

In this section we make no general assumptions about absolute continuity.
Recall that a partition P is non-wasteful (see Definition 6.5) if and only if it
is not possible to perform any zero-to-positive transfer and is c-non-wasteful
(see Definition 7.21) if and only if it is not possible to perform any positive-to-
zero transfer. We shall frequently use the notions of zero-to-positive transfer,
positive-to-zero transfer, etc. (see Definition 7.22).

Our presentation in this section parallels that of the previous section, but there
will be important differences. We begin by re-examining Definition 8.1. The
definition and notation for cyclic trade needs no change. However, the definition
of positive cyclic trade given in Definition 8.1 does not make sense in our present
context, since a subset of C may have positive measure for some players but
not for others. The appropriate adjustment of this part of Definition 8.1 is the
following.

Definition 8.15 The cyclic trade CT((i1, i2, ..., i;)|{Ai, Aip, ..., Aj)) 1s a
positive cyclic trade if each transfer of cake in this cyclic trade is a positive-to-
positive transfer.

In other words, a cyclic trade is positive if and only if, for each transfer
that is part of the cyclic trade, both the player giving up the piece of cake and
the player receiving it give positive value to that piece. If the measures are
absolutely continuous with respect to each other, then certainly the condition
given in Definition 8.15 implies the condition given in Definition 8.1, and so
these definitions are consistent.

Next, we consider Theorem 8.2. This result is easily seen to be false if
absolute continuity fails. Suppose, for example, that A and B are disjoint subsets
of C,m;(A)=0,m(B)=0,my(A) >0, and my(B) > 0, and consider the
partitions P = (C\A, A) and Q = (C\(AU B), AU B). Q is Pareto bigger
than P, and hence P is not Pareto maximal. However, it is clear that no positive
cyclic trade, starting with P, yields a partition that is Pareto bigger than P. This
example uses the fact that P is wasteful (see Definition 6.5). We need only add
the assumption of non-wastefulness to Theorem 8.2 to obtain a correct result.

Theorem 8.16 If P is a partition that is non-wasteful and is not Pareto maximal,
then there is a positive cyclic trade that produces a partition Pareto bigger
than P.

Before beginning the proof, we state and prove two lemmas. These results,
Lemmas 8.17 and 8.17, are the appropriate adjustments of Lemmas 8.3 and 8.5,
respectively, which were used in the proof of Theorem 8.2.
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Certainly Lemma 8.3 cannot be applied directly in the proof of Theorem
8.16, since it refers to sets of positive measure, and that concept does not make
sense without absolute continuity. The appropriate adjustment of Lemma 8.3
to our present setting is the following.

Lemma8.17 Supposethat Ay, A,, ..., A; C C,wheret > 1, are suchthat, for
everyi =1,2,...,t, mi(A;) > 0 and m;(A;_1) > O (Where we set Ay = A;).
Then there exist By, By, ..., B, C C that satisfy the following:

a. Foreveryi =1,2,...,t, Bi C A;.
mi(B)\ema(BDy . cmBim)y _ cma(A) ema(ADy o cmi(Aimn)
b. (m1(31 )(mz(Bz)) ( m(B;) )= (ml(Al))(mz(Az)) ( m(Ar) )-
c. my(B;) = mi(By), ma(By) = my(B2), ..., m;_1(Bi—2) = m;_1(B;1).
d. Foratleastonei =1,2,...,t, B = A;.
e

. Foreveryi = 1,2,...,n,m;(B;) > 0andm;(B;_1) > 0(where we set By =
B)).

The proof is the same as the proof of Lemma 8.3, and we omit it.

Next, we need an appropriate adjustment of Definition 8.4 to our present
setting.

Definition 8.18 Suppose that P and Q are partitions. The directed graph asso-
ciated with the transition from P to Q, denoted by G(P, Q), is the graph given
as follows:

a. The vertices of G(P, Q) are labeled 1, 2, ..., n, with each vertex corre-

sponding to one of the n players.
b. There is an arrow from vertex i to vertex j if and only if the tran-

sition from partition P to partition Q involves either a positive-to-
positive, a positive-to-zero, or a zero-to-positive transfer from Player i to
Player j.

We shall refer to an arrow in G(P, Q) as a positive-to-positive arrow, a
positive-to-zero arrow, or a zero-to-positive arrow depending on whether the
transfer to which it corresponds is positive-to-positive, positive-to-zero, or zero-
to-positive, respectively. Then, a closed path in G(P, Q) consisting of positive-
to-positive arrows corresponds to a positive cyclic trade. Theorem 8.16 implies
that if P is a partition that is non-wasteful and is not Pareto maximal then there
is a partition Q that is Pareto bigger than P and is such that the directed graph
G(P, Q) contains exactly one closed path consisting of positive-to-positive
arrows (and no arrows besides those in this path).

As in the previous section, we shall write “G(P, R) € G(P, Q)” to mean
that every arrow in G(P, R) is in G(P, Q), but now we shall also mean that
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every arrow in G(P, R) is of the same type (i.e., positive-to-positive, positive-
to-zero, or zero-to-positive) as it is in G(P, Q).
The following lemma is the appropriate adjustment of Lemma 8.5.

Lemma 8.19 Suppose that P and Q are partitions and Q is Pareto bigger than
P. Then at least one of the following two conditions holds:

a. G(P, Q) contains at least one zero-to-positive arrow (or, equivalently, the
transition from P to Q involves at least one zero-to-positive transfer).

b. G(P, Q) contains at least one closed path consisting of positive-to-positive
arrows (or, equivalently, the transition from P to Q involves at least one
positive cyclic trade).

Proof: The proofis similar to the proof of Lemma 8.5. Suppose that P and Q are
partitions and that Q is Pareto bigger than P. Assume, by way of contradiction,
that G(P, Q) contains no zero-to-positive arrows and no closed paths consisting
of positive-to-positive arrows. We consider two cases.

Case 1: G(P, Q) contains at least one positive-to-positive arrow. By as-
sumption, G(P, Q) contains no closed paths consisting of positive-to-
positive arrows. It follows that for some i there is a positive-to-positive
arrow that begins at vertex i but no positive-to-positive arrow that ends
at vertex i. Since we have assumed that G(P, Q) contains no zero-to-
positive arrows, it follows that either no arrows of G(P, Q) end at vertex
i or else only (one or more) positive-to-zero arrows end at vertex i. In
either case, in the transition from partition P to partition Q, Player i be-
lieves that he or she has given up a piece of cake of positive measure and
has received no cake of positive measure. Thus, Player i is less happy with
partition Q than with partition P. This contradicts the fact that partition
Q is Pareto bigger than partition P.

Case 2: G(P, Q) contains no positive-to-positive arrows. Since partition
Q is Pareto bigger than partition P, we know that P and Q are not p-
equivalent and hence the transition from P to Q involves at least one
transfer that is positive-to-positive, positive-to-zero, or zero-to-positive.
We have assumed that G(P, Q) contains no positive-to-positive arrows
and no zero-to-positive arrows. Hence, all arrows in G(P, Q) are positive-
to-zero arrows. Suppose such an arrow exists from Player i to Player ;.
Then, in the transition from partition P to partition Q, Player i believes
that he or she has given up a piece of cake of positive measure and received
no cake of positive measure. Thus, Player i is less happy with partition Q
than with partition P. This contradicts the fact that partition Q is Pareto
bigger than partition P.
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Proof of Theorem 8.16: The proof is similar to the proof of Theorem 8.2. Sup-
pose that partition P is non-wasteful and is not Pareto maximal and assume, by
way of contradiction, that there does not exist a positive cyclic trade that yields
a partition Pareto bigger than P. Notice that, since P is non-wasteful, G(P, Q)
contains no zero-to-positive transfers for any partition Q. The following is the
appropriate adjustment to our present setting of the claim used in the proof of
Theorem 8.2. As in that proof, the desired result will follow easily by repeatedly
applying the claim. O

Claim Suppose Q is a partition that is Pareto bigger than P. Then there is a
partition R satisfying that

a. Ris p-equivalent to or Pareto bigger than Q (and hence is Pareto bigger than
P),

b. G(P,R) € G(P, Q), and

c. G(P, R) contains at least one fewer closed path consisting of positive-to-
positive arrows than does G(P, Q).

The proof of the claim is almost identical to the proof of the claim found in
the proof of Theorem 8.2, and we omit it. The only differences are the following:

* Lemma 8.17 is used in place of Lemma 8.3.

* Lemma 8.19 is used in place of Lemma 8.5. (If Q is Pareto bigger than
P, then Lemma 8.19, together with our assumption that P is non-wasteful,
implies that G(P, Q) contains at least one closed path consisting of positive-
to-positive arrows.)

Returning to the proof of the theorem, we let Q be a partition that is Pareto
bigger than P. We repeatedly apply the claim to arrive at a partition R that
is Pareto bigger than P and is such that G(P, R) contains no closed paths
consisting of positive-to-positive arrows. This contradicts Lemma 8.19 and our
assumption that P is non-wasteful.

The definition of partition ratio in the previous section refers to sets of posi-
tive measure, and this is not meaningful in our present setting. The appropriate
definition of partition ratio when absolute continuity is not assumed is the
following.

Definition 8.20 Fix a partition P = (Py, P>, ..., P,). For distinct i, j =

1,2,...,n, we define Prijs the ij partition ratio, as follows:

m;(A) .
pr;; = sup | — : A C P; andeither m;(A) > O orm;(A) > 0
! m;(A)
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We shall say that pr;; is undefined if m;(P;) = 0 and m;(P;) = 0.

The conditions given in the definition rule out the possibility that any term
':an ((:)) in the preceding set can be of the form g. However, in contrast with the
situation in the previous section, there can be elements of this set of the form
g, where k > 0, and elements of this set of the form f—), where ¥ > 0. We set %,
where « > 0, equal to infinity. In this case, pr; ; is infinite. We recall that in the
absolute continuity context a partition ratio is the supremum of a collection of
(finite) numbers and is infinite if and only if this collection is unbounded. In the
present context, a partition ratio can be infinite if either this occurs or if at least
one term in the set over which the supremum is taken is infinite. This difference
will be important in what follows, and we therefore introduce notation to make

this distinction.

Notation 8.21 Let P = (Py, P>, ..., P,) be a partition and fix distinct i, j =
1,2,...,n.

a. We write pr;; = oo™ if and only if
i. foreach A C P;,if m;(A) > 0, then m;(A) > 0 and
ii. {m/éjj; : A C P, and either m;(A) > 0 or m;(A) > 0} is unbounded.
b. We write prij = oo™ if and only if, for some A C P;, m;(A) > 0 and

mi(A) = 0.

After stating condition ai, the set in condition aii could have been written
more simply as {ZT{?; : A C P;and m;(A) > 0}.” We note that, for any par-
tition P and distinct i, j =1,2,...,n, pr; = oo™ if and only if there is a

zero-to-positive transfer from Player i to Player j. Then,

P is non-wasteful

if and only if
for all distinct i, j = 1,2, ..., n, there is no zero-to-positive transfer from
Player i to Player j

if and only if
for all distinct i, j = 1,2,...,n, pr;; %+ 00™*,

Definition 8.22 is the same as Definition 8.7, except for the description of
the multiplication rules for our two different types of infinities.

Definition 8.22 Suppose that iy, i, ...,i; € {1,2, ..., n} are distinct.

a. A sequence of the form (pr; ; , pr; ;,, - - - PI;,_,;,_,» P;,_,;,)» Where each such
pr; ;, is defined, is called a cyclic sequence.

b. CS(k) denotes the set of all cyclic sequences of length k.

c. CS denotes the set of all cyclic sequences.
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d. Ifo = (pr;; , pryi» - - » Pli_i,_,» PL;,_,;,) € CS, then the cyclic product of ¢,

denoted by CP(¢), is the product pr; ; pr; ;, - - - pr;,_,;_, Pr;,_,; Where we set
L. (0)(00™) = (00")(0) =0,

ii. (0)(00™) = (00™)(0) = oo™,

iii. (positive number)(co™) = (co™)(positive number) = co*,

iv. (positive number)(co**) = (co™)(positive number) = co™*,
V. (00)(00%) = 00",

vi. (00™)(00™) = (0c0™)(00*) = 0c0™*, and

vii. (00™)(0c0™) = co™*.

It follows from the definition that, for any ¢ € CS, CP(p) > 0 and we can
have CP(¢) = oo™ or CP(¢) = co™*.

We give some informal perspective on our conventions for arithmetic involv-
ing co* and co™*. We first note that co™ corresponds to an achieved infinity,
rather than a limit. Or, in other words, pr; ;= 0o0™ corresponds to the exis-
tence of a zero-to-positive transfer from Player i to Player j. The existence
of such a transfer implies that the given partition is not Pareto maximal, and
thus we define any product involving co™* to be co**, to be consistent with our
upcoming characterization theorem, Theorem 8.24. On the other hand, co* is
not an achieved infinity, but a limit. We can think of pr;; = co* as indicating
the existence of transfers from Player i to Player j such that the value of the
piece of cake received by Player j (according to m ;) divided by the value of the
piece of cake given up by Player i (according to m;) is as large as we want, but
still finite. This as-large-as-we-want-but-still-finite situation, when combined
with a partition ratio that is zero, should give us zero, and when combined
with a positive number, should give us “as large as we want but still finite,”
i.e., 00*.

Our characterization of Pareto maximality is Theorem 8.24. It will follow
easily from Theorem 8.16 and the following lemma, which is our adjustment
of Lemma 8.8.

Lemma 8.23 Let P be a partition that is non-wasteful and fix any k =
2,3,...,n. There exists ¢ € CS(k) such that CP(p) > 1 if and only if there
is a positive cyclic trade of length k that produces a partition Pareto bigger
than P.

Proof: Fix a partition P that is non-wasteful and any k = 2,3, ..., n.

For the forward direction, suppose that for some ¢ € CS(k), CP(¢) > 1. The
proof is precisely as in the forward direction of the proof of Lemma 8.8. In that
proof we noted that some of the partition ratios might be equal to oo, and that
this causes no difficulty. Now we note that, since P is non-wasteful, no partition
ratio is equal to co™*. However, some of the partition ratios might equal co*.
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As in the case of partition ratios equal to oo in the proof of Lemma 8.8, this
causes no difficulty.

The reverse direction is precisely as in the proof of the reverse direction of
Lemma 8.8. O

The statement of our characterization theorem is the same as Theorem 8.9,
where we assumed that the measures were absolutely continuous with respect
to each other.

Theorem 8.24 A partition P is Pareto maximal if, and only if, for every ¢ € CS,
CP(p) < 1.

Proof: The proof is similar to the proof of Theorem 8.9.

For the forward direction, we suppose that P is a partition and that for some
¢ € CS, CP(p) > 1. We must show that P is not Pareto maximal. We consider
two cases.

Case 1: P is wasteful. Then there exists a zero-to-positive transfer from
some Player i to some Player j. The partition that results from doing just
this one transfer is Pareto bigger than P. Hence, P is not Pareto maximal.

Case 2: P is non-wasteful. By Lemma 8.23, there is a positive cyclic trade
that produces a partition Pareto bigger than P. Hence, P is not Pareto
maximal.

For the reverse direction, suppose that P is not Pareto maximal. We must
show that, for some ¢ € CS, CP(¢) > 1. We consider the same two cases as
before.

Case 1: P is wasteful. This implies that, for some i and j, pr;; = oo™*. Let
@ be any cyclic sequence that includes pr;;. Our arithmetic rules (see
Definition 8.22) imply that CP(¢) = co™ > 1.

Case 2: P is non-wasteful. Theorem 8.16 tells us that there is a positive
cyclic trade that produces a partition Pareto bigger than P. It follows
from Lemma 8.23 that there exists ¢ € CS such that CP(¢) > 1.

This completes the proof of the theorem. O

Next, we present an application. We use Theorem 8.24 first to show that a
certain partition is Pareto maximal and then to show that another partition is
not Pareto maximal.

Example 8.25 Let C be the interval [0, 3) on the real number line and let
m be Lebesgue measure on this set. Suppose that there are three players,
Player 1, Player 2, and Player 3, with corresponding measures m, m,, and ms,
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respectively, defined as follows: forany A € C,

mi(A) = Tm(AN[0, 1) + 3mi (AN, 2))
ma(A) = 2m (AN[0, 1)+ .8m (ANTL,2))
m3(A) = 3m(AN[0, 1))+ . 1mi(AN[L,2) + .6m(AN[2,3)

It is easy to verify that m(C) = m»(C) = m3(C) = 1, and so m, m,, and m3
are measures on C. These measures are not absolutely continuous with respect
to each other since, for example, m;([2, 3)) = 0 but m3([2, 3)) = .6.

Consider the partition P = ([0, 1), [1, 2), [2, 3)). We will use Theorem 8.24
to show that P is Pareto maximal. The partition ratios are as follows:

my(A) .
pry, = sup : A C [0, 1) and either m(A) # 0 or m(A) # 0
mi(A)
22
77
mi(A) .
pry; = sup : A C[1,2) and either my(A) #% 0 or m(A) # 0
ma(A)
3 3
8 8
my(A) ‘
pr;3 =supy ——— : A € [0, 1) and either m;(A) # 0 or m3(A) # 0
my(A)
3 3
7T
mi(A) .
pry; = sup : A C [2, 3) and either m3(A) £ 0 or m(A) # 0
m3(A)
0
= — = O
.6
m3(A) .
pry; = sup : A C[1,2) and either my(A) # 0 or m3(A) # 0
ma(A)
1
8 8
my(A) .
pry, = sup 1 A C [2, 3) and either m3(A) # 0 or my(A) # 0
; m3(A)
=% =

Next, we compute all cyclic products:
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2 3 3
Pl = | = - ==
Pri2pry 7 3 23
3
Prizpr3; = <§) 0)=0
1
Pry3prs3; = 3 0) =
2 1 O =0
Iy PIyaPl; = | = - =
Pri2Pr3PT3) 7 3

3 3
=0 (z)(=)=0
pra;pry; priz = ( )(8) (7>

Since all cyclic product are less than one, Theorem 8.24 implies that P is
Pareto maximal. We observe that every cyclic product involving Player 3 is
equal to zero. This corresponds to the fact that Player 1 and Player 2 each put
value zero on Player 3’s piece, [2, 3).

With cake C and measures m, m,, and m3, as before, we now consider the
partition Q = ([1, 2), [2, 3), [0, 1), ). The corresponding partition ratios are as
follows:

L [maA) .
pry; =supy ——— : A C[1,2)and either m(A) # 0 or my(A) # 0
mi(A)
8 8
3 3
ml(A) .
pry; = sup : A C [2, 3) andeither m,(A) # 0 or m(A) #£ 0
ma(A)
undefined
m3(A) .
pri3 = sup : A C[1,2)and either m;(A) # 0 or m3(A) # 0
m1(A)
b1
3 3
m1(A) .
pr3; = sup : A C [0, 1) and either m3(A) # 0 or m(A) # 0
m3(A)
7T
33
L maA) .
pry; = sup : A C [2, 3) and either m,(A) # 0 or m3(A) # 0
ma(A)
_6_ o
0
A
prs, = sup my(4) 1 A C [0, 1) and either m3(A) # 0 or my(A) # 0
m3(A)
2 2

3 3
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Since, for example, pry;pr3, = (oo**)(%) = 00™, Theorem 8.24 implies that
Q is not Pareto maximal.

In this example, and in our example from the last section (Example 8.10), all
sets over which suprema were taken were singletons. We chose these examples
for simplicity. In Chapter 13, we shall present some perspective on partition
ratios when these sets are not singletons.

We close this section by presenting chores versions of the main ideas of this
section. The definitions of zero-to-zero, positive-to-positive, positive-to-zero,
and zero-to-positive transfers, and of positive cyclic trade, as in Definitions
7.22 and 8.15, remain appropriate for our present setting. The chores version of
Theorem 8.16 is the following. The proof is entirely analogous and we omit it.

Theorem 8.26 If P is a partition that is c-non-wasteful and is not Pareto
minimal, then there is a positive cyclic trade that produces a partition Pareto
smaller than P.

Our definition of the chores partition ratios for the non-absolute continuity
context is the natural combination of Definition 8.12 (chores partition ratios
with absolute continuity) and Definition 8.20 (partition ratios without absolute
continuity).

Definition 8.27 Fix a partition P = (P, P, ..., P,). For distinct i, j =
1,2, ..., n, we define qrij» the ij chores partition ratio, as follows:

[my(A) .

qr;; = inf { ———— : A C P; and either m;(A) > O orm;(A) > 0
! m;(A)

As we did for pr;;, we shall say that qr;; is undefined if m;(F;) =0 and

mj(P,-) =0.

In contrast with the standard context where there were two different ways
that a pr;; could be infinite, there is only one way that a gr;; could be infinite.
For some i and j, qr;; is infinite if and only if m;(P;) = 0 and m;(P;) > 0.
We shall simply write “qr;; = oo™ in this case, and shall not need our “co0*” or
“o00™”” notation. We note that, for any i and j, 0 < qr;; < oo.

However, we do need to make a distinction between two different ways that
a qr;; can be equal to zero. This distinction is analogous to the distinction we

made between pr;; = 0o* and pr;; = co**. That distinction was based on the

fact that if the set {:Zf((fz : A C P; and either m;(A) > 0 or m;(A) > 0} has
an infinite supremum, it might or might not have an element that is infinite.

Similarly, if the set {;"1{'((2; : A C P; and either m;(A) > 0 or m;(A) > 0} has
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an infimum that is zero, it might or might not have an element that is zero. Thus,
we make the following distinction.

Notation 8.28 Let P = (Py, P,, ..., P,) be a partition and fix distinct i, j =
1,2,...,n.

a. We write gr;; = 0" if and only if
i. foreach A C P;,if m;(A) > 0, then m ;(A) > 0 and
ii. inf{% : A C P; andeither m;(A) > O orm;(A) > 0} = 0.
b. We write qrij = 0** if and only if, for some A € P;, m;(A) > 0 and

m;(A) = 0.

In analogy with what was the case for Notation %, we note that, after stating
condition ai, the set in condition aii could have been written more simply as
inff{ Z/ é;; : A C P;and m;(A) > 0}. Also, we observe that, for any partition P
and distinct i, j = 1,2, ..., n, qr;; = 0™ if and only if there is a positive-to-

zero transfer from Player i to Player j. Then,

P is c-non-wasteful
if and only if
for all distinct i, j = 1,2, ..., n, there is no positive-to-zero transfer from
Player i to Player j
if and only if
for all distinct i, j = 1,2,...,n, qr;; %+ 0™,

Next, we wish to define chores cyclic sequences and chores cyclic products.
In analogy with what we did in Definition 8.22, where we defined the relevant
arithmetic for co* and for co™*, we make the following definition.

Definition 8.29 Suppose thatiy, i, ...,i, € {1,2, ..., n} are distinct.

a. A sequence of the form (qr; ; , qr » At ;- 4r;,_,;,)» where each such
qr; ;, is defined, is called a chores cyclic sequence.
b. CCS(k) denotes the set of all chores cyclic sequences of length k.
c. CCS denotes the set of all chores cyclic sequences.
d. If o ={qr;;,,qr;,;,----45;,_,;, 45, ;) € CCS, then the chores cyclic
product of ¢, denoted by CCP(p), is the product qr; ; qr; ;, ---qr; ,;  qt; ;.
where we set
i. (0%)(00) = (00)(0%) = o0,

ii. (0™)(00) = (00)(0™) = 0™,

iii. (positive number)(0*) = (0*)(positivenumber) = 0*,

iv. (positive number)(0**) = (0**)(positive number) = 0**,
v. (0%)(0%) = 07,

iin?
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vi. (0)(0%) = (0)(0**) = 0**, and
vii. (0%%)(0*) = 0**.

It follows from the definition that, for any ¢ € CCS, CCP(¢p) < oo and we
can have CCP(¢) = 0* or CCP(p) = 0**. The motivation for our conventions
for arithmetic involving 0* and 0** is analogous to the motivation that we
discussed for arithmetic involving oo™ and co™**.

The chores version of Lemma 8.23 is the following. The proof is analogous
and we omit it.

Lemma 8.30 Let P be a partition that is c-non-wasteful and fix any k =
2,3, ...,n. There exists ¢ € CCS(k) such that CCP(¢) < 1 if and only if there
is a positive cyclic trade of length k that produces a partition Pareto smaller
than P.

The statement of our characterization theorem is the same as Theorem 8.14,
where we assumed that the measures were absolutely continuous with respect
to each other.

Theorem 8.31 A partition P is Pareto minimal if and only if, for every ¢ €
CCS, CCP(¢p) > 1.

The proof uses Theorem 8.26 and Lemma 8.30 in the same way that the proof
of Theorem 8.24 used Theorem 8.16 and Lemma 8.23. We omit the details.



9
Geometric Object #2
The Radon—Nikodym Set (RNS)

In this chapter, we introduce the second of the two geometric objects that we
associate with cake division. We call this object the Radon—-Nikodym Set, or
RNS. For our first geometric object, the IPS (or, more generally, the FIPS), we
were interested in a geometric perspective on the set of all partitions of C. Our
present goal is quite different. When we introduced the IPS, we started with
the cake C, we considered the set of all partitions of C, and then we formed
a geometric object, the IPS (or the FIPS), that contains useful information
about this set. Now, we start with the cake C, we form a geometric object, the
RNS, and then we use this new geometric object to construct partitions having
desired properties. In the next chapter, we will use the RNS to obtain a new
characterization of Pareto maximality and Pareto minimality. In Chapter 12, we
will study the relationship between the IPS and the RNS.

In Section 9A, we assume that the measures are absolutely continuous with
respect to each other. In Section 9B, we consider what happens when absolute
continuity fails. Much of the material in this chapter is attributable to D. Weller
([43D).

9A. The RNS

We have made no geometric assumptions about the cake C. C is simply a
set on which a o-algebra and measures have been defined, and we have not
assumed that it exists in some R” or in any other geometric framework. A
useful perspective on the new geometric object we are about to define is that
what we are going to do is to take the cake apart and reassemble it in a natural
geometric structure so that the location of each “bit” of cake in this structure
conveys useful information. In particular, the location of a “bit” of cake will
correspond to the relative worth that the different players assign to it.

220
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To further develop this intuition, we present a perspective attributable to E.
Akin (see [1]). We imagine that all of the players are seated around some “table”
and the cake is taken apart and reassembled on this table in such a way that each
“bit” of cake is placed close to players that value it highly and far from players
that do not value it highly. More specifically, if, for example, a particular “bit”
of cake is valued three times as much by Player i as by Player j, then this “bit”
of cake will be placed on the “table” three times as far from Player j as from
Playeri.

In moving toward making these ideas precise, let us examine more closely
two words that were obviously just used quite informally: “bit” and “table.”
We shall be taking the cake apart bit by bit and reassembling it. Thus, each
“bit” of cake is a single point of cake. But what does it mean to compare the
value that different players assign to a bit of cake, since (by our assumption that
all measures are non-atomic) all players give measure zero to a single point of
cake? This question will be answered by considering a density function for each
measure, rather than the measure itself. We shall define these density functions
shortly, using the Radon—-Nikodym theorem.

The most convenient “table” to have our players sit at is the simplex (of the
appropriate size). We may imagine each player sitting at a vertex of the simplex,
with the reassembled bits of cake most desirable to each player placed close to
that vertex and the least desirable bits of cake placed far away.

We begin to make these notions precise by defining a new measure yu =
my + my + - - - + m,. Notice that each m; is absolutely continuous with re-
spect to . This is true regardless of whether or not the m; are absolutely
continuous with respect to each other. The measure p is absolutely continuous
with respect to every m; if and only if the m; are all absolutely continuous
with respect to each other. Hence, in our present setting in which we are as-
suming that m;, m,, ..., m, are absolutely continuous with respect to each
other, u, my, my, ..., m, are all absolutely continuous with respect to each
other. Thus, in using the terms “positive measure,
most every a € C,” we need not specify to which measure we are referring.
Notice that (assuming n > 2) u(C) > 1 and, hence, 1 is not a probability
measure.

The Radon—Nikodym theorem (see, for example [38]) tells us that, for each
i=1,2,...,n,thereis a function f; from the cake C to the non-negative real
numbers so that, for any A € C, m;(A) = fA fid . Each such f; is called the
Radon—Nikodym derivative of the m; with respect to n. Such functions are also
often called density functions, and we shall refer to them as such. (The measure
w will always be as defined above, and hence there will be no ambiguity in
using the term “density function” without referring to j.)

LEINT3

measure zero,” and “al-
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Lemma 9.1
a. For almost every a € C, fi(a) + fala)+---+ fu(a) = 1.
b. Foranyi =1,2,...,n and almost everya € C,0 < fi(a) < L.

Proof: For part a suppose, by way of contradiction, that {a € C : fi(a) +
fr(a)+ -+ fu(a) # 1} has positive measure. Let B=~ = {a € C : fi(a) +
frl@a)+ -+ fula) <1} and let B> ={aeC: fila)+ frla)+ - -+
fa(a) > 1}. Then, either B~ or B~ has positive measure.

If B~ has positive measure, then

W(B=) =m(B~) +my(B~)+ -+ m,(B~)

= | fidu+ | fodp+---+ | fadu
B= B= B=

=/ (f1+f2+--'+fn)du<f 1 dp = u(B~).
B= B=<

This is a contradiction. The proof if B~ has positive measure is similar. Hence,
for almost every a € C, fi(a) + fa(a) + -+ fu(a) = 1.

Forpartb, fixanyi = 1, 2, ..., n. We first show that, for almosteverya € C,
0 < fi(a).Let D= = {a € C : f;(a) < 0} and suppose, by way of contradiction,
that D= has positive measure. Then

0<m,~(D5)=/ fidu < 0.
D=

This is a contradiction. Hence, D= has measure zero and so 0 < f;(a) for almost
every a € C. This and part a imply that, for almosteverya € C, fi(a) < 1. O

The lemma justifies the following:

By redefining some or all of the f; on a set of measure zero, if necessary, we shall
assume from now on that foreachi = 1,2,...,nand everya € C,
fila)+ @)+ -+ fula)=1and 0 < fi(a) < L.

This will simplify our analysis.

It follows from Lemma 9.1 and the preceding assumptions that, for every
a € C,(fi(a), fa(a), ..., fu(a))is apointin the interior of the simplex. We are
now ready to define the RNS.

Definition 9.2

a. Foreacha € C, let f(a) = (fi(a), fa(a), ..., f.(a)).
b. The Radon—Nikodym Set, or RNS, is { f(a) : a € C}.

By the preceding discussion, we see that the RNS is a subset of the interior
of the simplex.
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We shall frequently identify points of C with their images under f. So, for
example, if we say that “almost every point of the RNS lies on the line ¢,” we
mean that, for almost every a € C, f(a) € £. Also, we shall apply the function
f both to elements of C and to subsets of C.

To connect the definition of the RNS with our previous informal discussion,
we may think of the simplex as the table. Player i’s vertex is the vertex of the
simplex with ith coordinate one and zeros in all other positions. A point of the
RNS corresponds to one or more bits of cake and the distance from a point of
the RNS to a given player’s vertex tells us how much that player values (the
bit of cake corresponding to) that point, relative to the other players (where
“closer” means “more valued”).

Next, we consider examples to illustrate some of the possibilities for the
RNS. In Example 9.3, we examine an RNS for two, three, and four players. In
each of Examples 9.4, 9.5, 9.6, and 9.7, we consider an RNS for three players.
When there are three players, we think of the points (1,0, 0), (0, 1, 0), and
(0, 0, 1) as being the vertices of Player 1, Player 2, and Player 3, respectively. A
similar correspondence holds when there are other numbers of players. In these
examples, we give just the RNSs and not the corresponding cake and measures.
In the next section, we shall give examples in which we start by defining a cake
and measures and then give the corresponding RNS.

Example 9.3 A cake with all measures identical. This situation is illustrated in
Figure 9.1. If all of the measures are identical, then all of the density functions
are identical, except possibly on a set of measure zero. We assume that these
functions have been redefined on a set of measure zero, if necessary, so that
they are identical on all of C. This, together with part a of Lemma 9.1, tells us
that each density function is a constant function with value % (where n is the
number of players). This implies that the RNS consists of a single point. For
two players, this is the point (%, %); for three players, this is the point (%, %, %);
and for four players, this is the point (i, i, %, %). These three situations are
illustrated in Figures 9.1a, 9.1b, and 9.1c.

@21 (0,0,0,1)
(173,173, 173) (1/4, 1/4, 1/4, 1/4)
(1,0)  (1/2,12)  (0,1) (1,0,0,0) (0,0, 1, 0)
(1,0,0) 0, 1, 0) 0,1,0,0)
@) (b) ©

Figure 9.1
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(0,0,1) 0,0, 1)
°
°
(1,0,0) 0,1,0) (1,0,0) 0,1,0)
(a) (b)
Figure 9.2

Let us connect this with our previous informal discussion. Since the measures
are identical, any bit of cake is equally valued by all players and, hence, any bit
of cake corresponds to a point of the RNS that is equidistant from the vertex
of each player. For two players this point is (%, %), for three players this point
is (%, %, %), and for four players this point is (%, i, }1, %). We also note that
for two players the RNS is a one-dimensional object in R, for three players
the RNS is a two-dimensional object in R?, and for four players the RNS is a

three-dimensional object in R*.

Example 9.4 There are three players and m; = m,. This assumption implies
that, for almostevery a € C, fi(a) = f»(a). We assume that this holds for every
a € C. Then every point of the RNS lies on the line x = y. Of course, one
possibility is that m; = m, = ms3, as in the previous example (and as illustrated
in Figure 9.1b). Two other possibilities are illustrated in Figure 9.2.

In Figure 9.2a, the RNS consists of two points, (%, %, %) and (%, %, %). This
corresponds to a cake C that can be partitioned into two pieces, A and B, such
that

* Player 1 and Player 2 value each bit of cake equally,

¢ Player 1 and Player 2 each value each bit in A three times as much as does
Player 3, and

e Player 3 values each bit in B three times and much as do Player 1 and
Player 2.

In Figure 9.2b, the RNS is smoothly spread out along the part of the line
x = y that lies inside the simplex. This corresponds to a continuous distribution
in the ratio of values that Player 1 and Player 2 assign to bits of C, as compared
to the values assigned to bits of C by Player 3.
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0,0,1) 0,0,1)
[ [ [ -— -—
(1,0,0) 0,1,0) (1,0,0) 0, 1,0)
(a) (b)
Figure 9.3

Example 9.5 There are three players and m; = %ml + %mz. This assumption
implies that, for almost every a € C, f3(a) = % Sfi(a) + % f2(a). We assume
that this holds for every a € C. We know that, for every a, fi(a) + f2(a) +
f3(a) = 1. These two equations imply that, for every a € C, f3(a) =1 —
(fita) + f2(a)) =1 —2f3(a). Thus, for every such a,3f35(a) =1 and so
fala) = % This tells us that every point of the RNS lies on the line z = %
Of course, one possibility is that m| = m, = m3, as given in Example 9.3. Two
other possibilities are illustrated in Figure 9.3.

The situation pictured in Figures 9.3a and 9.3b is similar to the situation
described in the previous example and pictured in Figures 9.2a and 9.2b, re-
spectively. Of course, in our present example, the RNS lies on the line z = %
instead of on the line x = y, as in the previous example. In Figure 9.3a, we have
chosen to have the RNS consist of three points instead of two. In Figure 9.3b, the
continuous distribution involves the ratio of values that Player 1 assigns to bits
of cake compared to the values assigned to bits of cake by Player 2. (Player 3
assigns the same value to every bit of cake.) Also, in this case, we have chosen
to have the range of this ratio extend only over the two line segments in the
figure.

Example 9.6 There are three players and m3 = %ml + %mz. This assumption
implies that, for almostevery a € C, f3(a) = % fi(a) + % f>(a). We assume that
this holds for every a € C. Since, forevery a € C, fi(a) + fa(a) + fi(a) =1,
it follows that, for every such a, 1 = fi(a) + f2(a) + f3(a) = fi(a) + fo(a) +
Lfil@) + 3 fr(a) = % fi(@) + 3 fo(a). This tells us that all of the points of
the RNS lie on the line %x + % y = 1. Two possibilities are illustrated in
Figure 9.4.
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0,0, 1) 0,0, 1)

(1,0,0) 0,1,0) (1,0,0) 0,1,0)
(a) (b)
Figure 9.4

Example 9.7 There are three players and there is a partition (A;, A, A3) of
C such that, for distinct i, j = 1,2,3 and any B C A;, Z,((f}i > 17. (We do
not assume that any particular player receives any particular piece of cake.
We simply assert that such a partition exists, and we consider what this says
about the RNS.) This situation can be described as the near failure of ab-
solute continuity, since A; and every subset of A; has far greater value to
Player 1 than to Player 2 or Player 3. An analogous statement holds for A,
and A; and subsets of these sets. In other words, the measures “almost” con-
centrate on disjoint sets. In this case, it is not hard to see that, for distinct
i,j=1,2,3, ;;((Z)) > 17 for almost every a € A;. We assume that this holds for
everya € C.

Fix a € A} and set f(a) = (a;,as,as). Then Z—; > 17, Z—; > 17, and
a; +a, +a3 = 1. This implies that 2a; > 17a; + 17a3 = 17(a; + a3) =
17(1 — ay) = 17 — 17a,, and thus a; > %. Also, we have 17a, < a; < a; +
a3 =1 —ay, and thus a, < %. Similarly, a3 < %. Analogous arguments ap-
ply to points chosen from A, and Aj. This situation is illustrated in Figure 9.5.
Foreachi =1,2,3,{f(a): a € A;}1is very close to the vertex associated with

Player i.

In the last example, in contrast with the earlier examples, the measures are
linearly independent. To see this, suppose, by way of contradiction, that this is
not the case. The given condition certainly implies that no two of the measures
are equal. Then one of the measures must be a positive weighted average of
the other two. Assume, by renumbering if necessary, that m3 = oym| + axmo,
where o and «, are both positive. Then

ap + oy =am(C) + amy(C) =m3(C) =1
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0,0,1)

()
(X ) [ )
(1,0,0) (0, 1, 0)

Figure 9.5

and, hence,

m3(P3) m3(P3)
m3(P3) = aym(P3) + ayma(P3) < o 317 ST %17 ’

P P
_ m31(7 3) (e + o) = m31(7 3) .

This is a contradiction and, thus, the measures are linearly independent.

Also, in the last example, the RNS does not lie on a line, as in the ear-
lier examples. These observations illustrate the following fact: there is a line
containing almost all of the points of the RNS if and only if the measures are
linearly dependent. This fact about the three-player context is a special case of
the Theorem 9.8. The theorem uses the notion of dimension of a subset of R”.
Although the intuitive notion of dimension is quite familiar, a precise definition
is non-trivial, and we shall not give one. For our purposes, we shall only require
three facts. For any G € R”, let dim(G) denote the dimension of G. Then, for
any G C R”,

a. dim(G) < n — lifand only if G € H for some hyperplane H in R";

b. dim(G) <n — 2 if and only if G € H; N H, for some two distinct hyper-
planes H; and H, R"; and

c. if dim(G) <n —2and p € R*, then dim(G U {p}) <n — 1.

Theorem 9.8 There is a lower-dimensional subset of the simplex that contains
almost all of the RNS if and only if the measures are linearly dependent.

To clarify any confusion about the terminology “lower-dimensional subset
of the simplex,” we recall that the simplex in R” has dimension n — 1. Then,
a “lower-dimensional subset of the simplex” is a subset of the simplex that
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has dimension less than n — 1. In Examples 9.4, 9.5, 9.6, and 9.7, there are
three players and hence the simplex is the two-simplex in R?, which is a two-
dimensional subset of R3. In each of Examples 9.4,9.5, and 9.6, the measures are
linearly dependent, and in each of these we saw that there is a one-dimensional
subset of the simplex (i.e., a line segment in the standard two-simplex in R?) that
contains almost all of the points of the RNS. On the other hand, in Example 9.7,
the measures are linearly independent and there is no one-dimensional subset
of the simplex that contains almost all of the points of the RNS.

Proof of Theorem 9.8: For the forward direction, we assume that there is a
lower-dimensional subset G of the simplex that contains almost all of the
RNS. Then dim(G) < n — 2. By the preceding condition ¢, dim(G U {(0, 0,
..., 0)}) <n — 1.Then, by conditiona, G U {(0, 0, ..., 0)}) € H for some hy-
perplane H in R”". Suppose that H is given by a1 x1 + aoxo + - - + X, = k
for some constants o, oy, . .., ®,, k, where not all of the ¢; are equal to zero.
Since (0,0, ...,0) € H, it follows that k = 0, and so H is given by «ojx; +
Xy + - - + a,x, = 0. We claim that oym; + aomy + - - - + aym,, = 0.

Since almost every element of the RNS lies on G, and G C H, we know
that almost every element of the RNS lies on H. Hence, for almost every a €
C, o fi(a) + or frla) + - - - + a, fu(a) = 0. We must show that, for every A C
C,aymi(A) + aymyr(A) + - - - + a,m,(A) = 0. We establish this as follows.
For any such A,

aym(A) + oamy(A) + - - - + a,m, (A)

=a1/fldu+az/fzdu+~-~+an/fndu
A A A

Z/(011f1+a2f2+"'+a2f2)duz/Odu:O.
A A

This tells us that aym | + opmy + - - - + a,m, = 0. Therefore, the measures are
linearly dependent.

For the reverse direction, we assume that the measures are linearly depen-
dent. In particular, suppose that constants o, ay, . . ., &, not all zero, are such
that aymy + apmy + -+ - + a,m, = 0. We claim that, for almost every a €
C, aifil@)+arfala)+ - +a,fula) =0. Let B=={aeC:afila)+
ar fr(@) + -+, fula) < 0}, let BZ ={a € C: o fi(a) +az fol@) + -+
o, fu(a) > 0}, and assume, by way of contradiction, that either B~ or B~ has
positive measure.
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If B~ has positive measure, then

aym(BY) +aoymy(B~) + - - + aymy(B”)

=0 fidp 4o Hdu+---+a, fodp
B< B< B~

=/ (i fitarfo+--+a,fuddn <0
B<
and if B~ has positive measure, then

aim(B”) +axmy(B™)+ - - - + aymy(B”)

=] f]d//L+062 de/'L+"'+an ﬁ1dﬂ
B> B> B>

=/ (i fitarfo+ - +a,fi)du>0.
B>

In either case, we have a contradiction, since we assumed that a;m; + armo +
-+« 4+ a,m, = 0. Hence, for almost every a € C, «; fi(a) + o fr(a)+--- +
o, fn(a) = 0. This tells us that the hyperplane o1 x| + aoxo + - + @, x, =0
contains almost all of the RNS. Let G be the intersection of the RNS with this
hyperplane. Then almost all of the RNS lies on G, and G is a subset of this
hyperplane.

We know that G is a subset of the RNS, the RNS is a subset of the simplex,
and the simplex is a subset of the hyperplane x; + x, + --- + x, = 1. Hence, G
is a subset of the hyperplane x; + x, + - - - + x,, = 1. Clearly the hyperplanes
o1xy +orxy + -+ +a,x, =0and x; + x, + - - - + x,, = 1 are distinct (since,
for example, the first of these hyperplanes contains the origin, but the second
does not). Then, by the preceding condition b, dim(G) < n — 2. This establishes
that there is a lower-dimensional subset of the simplex that contains almost all
of the RNS, as desired. This completes the proof of the theorem. O

We recall from Chapter 5 (see Corollary 5.7) that a super envy-free partition
exists if and only if the measures are linearly independent. This, together with
Theorem 9.8, yields the following result.

Corollary 9.9 There exists a super envy-free partition if and only if no lower-
dimensional subset of the simplex contains almost all of the RNS.
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9B. The Situation Without Absolute Continuity

In this section we make no general assumptions about absolute continuity. We
begin by returning to our informal view of the players sitting at a table, with
each bit of cake positioned closer to players who value that bit more. If absolute
continuity fails, then there are bits of cake that have no value to at least one
player and positive value to at least one player. Suppose a is such a bit of cake,
assume that Player i places no value on a, and that some other player places
positive value on a. Then a will be located at a point on the table as far away
from Player i as possible.

To make this idea more precise, let us suppose that for some i, j =
1,2,...,n, there exists A C C such that m;(A) =0, and m;(A) > 0. Then,
{a € A: fi(a) =0and f;(a) > 0} has positive measure with respect to . For
any a in this set, f(a) = (fi(a), f2(a), ..., fu(a)) is on the boundary of the
simplex. In particular, it lies on the face of the simplex that is farthest from
Player i’s vertex.

For an additional example, we suppose that some A C C, has positive value
to Player j, and no value to any other player. Then, {a € A : f;(a) > 0 and, for
eachi =1,2,...,n withi # j, fi(a) = 0} has positive measure with respect
to p. For any a in this set, f(a) =(0,0,...,0,1,0,...,0), where the “1”
occurs in the jth position. This is Player j’s vertex. It is as far as possible from
all other players.

For the remainder of this section, we adopt the convention that expressions
such as “almost every” or “positive measure” refer to the measure u. The
appropriate revision of Lemma 9.1 is Lemma 9.10.

Lemma 9.10

a. For almost every a € C, fi(a) + fr(a)+ - -+ fu(a) = 1.

b. Foranyi = 1,2,...,n and almost everya € C,0 < fi(a) < 1.

c. If the measures are not all absolutely continuous with respect to each other,
then, for somei = 1,2,...,n, {a € C: f;(a) = 0} has positive measure.

Proof: The proof for part a is precisely as in the proof of part a of Lemma 9.1,
since that proof did not use absolute continuity.

Forpartb, fixanyi = 1, 2, ..., n. We first show that, for almosteverya € C,
0 < fi(a).Let B= ={a € C : fi(a) < 0}. We must show that u(B~) > 0, then

0<m;(B~) = fidu <0.
B<
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This is a contradiction and, hence, u(B~) = 0. It follows that, for almost every
a € C,0 < fi(a). This and part a imply that for almostevery a € C, fi(a) < 1.

For part ¢, we note that if absolute continuity fails, then for some i, j =
1,2,...,n and some A € C, m;(A) =0 and m;(A) > 0. This implies that
w(A) > 0and, since fA fidu =m;(A) = 0,itfollowsthat{a € A : fi(a) = 0}
has positive measure. Hence, {a € C : f;(a) = 0} has positive measure. O

As we did in the previous section (using Lemma 9.1), this lemma allows us
to make a simplifying assumption:

By redefining some or all of the f; on a set of measure zero, if necessary, we shall
assume from now on that, foreachi = 1,2, ..., n and every a € C,
@+ frla)+---+ fula) =1and 0 < fi(a) < 1.

Corollary 9.11 The boundary of the simplex is associated with a piece of cake
of positive measure if and only if the measures are not all absolutely continuous
with respect to each other.

Proof: This follows immediately from Lemmas 9.1 and 9.10. O

In particular for any i = 1,2, ...,n and any A C C of positive measure,
the following holds: f(a) lies on the face of the simplex farthest from Player
i’s vertex for almost every a € A if and only if m;(A) = 0.

We close this section by considering two possibilities for the RNS if absolute
continuity fails. In Examples 9.12 and 9.13, we return to Examples 5.43 and
5.44, respectively. In each of these examples in Chapter 5, we specified a cake
and measures on the cake, and pictured the corresponding IPS. Here, we repeat
the descriptions of this cake and these measures, and picture the corresponding
RNS.

Example 9.12 Let C be the interval [0, 3) on the real number line and let
my be Lebesgue measure on this set. Suppose that there are three players,
Player 1, Player 2, and Player 3, with corresponding measures m, m»,, and ms3,
respectively, defined as follows: forany A € C,

1
mi(A) = Sm.(AN[0.2))
1
ma(A) = smi (AN 3))
m3(A) =mp(AN[L,2))

We wish to determine the corresponding RNS. It is not hard to see that all
points of C in the interval [0, 1) correspond to the same point in the RNS,
as will all points in the interval [1,2) and all points in the interval [2, 3).
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(0,0, 1)
(1/4, 1/4, 1/2)
[ ]
(1,0,0) 0,1,0)
Figure 9.6

We first consider the points in the interval [0, 1). Since m ([0, 1)) > 0 and
my([0, 1)) = m3([0, 1)) = 0, it follows that every point in the interval [0, 1)
corresponds, via f, to the point (1, 0, 0). Similarly, every point in the interval
[2, 3) corresponds, via f, to the point (0, 1, 0).

Finally, we consider points in the interval [1, 2). Forany A C [1, 2),m(A) =
mo(A) and m3(A) = 2m(A) = 2m,(A). This implies that, for almost every
a €[1,2), fila) = fr(a)and f3(a) = 2 fi(a) = 2 f>(a). Let us assume that this
is so for every such a. Then, for every a € A, since fi(a) + f>(a) + f3(a) =1,
it follows that f(a) = (fi(a), f2(a), f3(a)) = (1, 1, 1). Hence, every point in
the interval [1, 2) corresponds, via f, to the point (i, % , %). ‘We have established
that the RNS consists of the three points (1, 0, 0), (0, 1, 0), and (%, %, %). It is
pictured in Figure 9.6.

We make the following observations concerning absolute continuity and the
RNS for this situation:

* The existence of the point (1, 0, 0) in the RNS corresponds to the fact that
m is not absolutely continuous with respect to m, or ms.

* The existence of the point (0, 1, 0) in the RNS corresponds to the fact that
m> is not absolutely continuous with respect to m or ms.

* The fact that, except for the point (1, 0, 0), there are no points on the line
segment connecting Player 1’s vertex and Player 3’s vertex that are in the
RNS corresponds to the fact that m3 is absolutely continuous with respect
to mo.

¢ The fact that, except for the point (0, 1, 0), there are no points on the line
segment connecting Player 2’s vertex and Player 3’s vertex that are in the
RNS corresponds to the fact that m3 is absolutely continuous with respect
tomg.
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* Since the point (%, }1, %) of the RNS is an interior point of the simplex, this
point corresponds to a piece of cake (namely the interval [1, 2)) on which all
of the measures are absolutely continuous with respect to each other.

Example 9.13 Let C be the interval [0, 3) on the real number line and let
m be Lebesgue measure on this set. Suppose that there are three players,
Player 1, Player 2, and Player 3, with corresponding measures m, m,, and m3,
respectively, defined as follows: for any A C C,

mi(A) = %mL(A N[o, 1)) + %mL(A N[L,2))
1 2
ma(A) = Zmi(AN[0, D)+ Zm(ANTL,2))

1
m3(A) = gmL(A N[0, 3))

We wish to determine the corresponding RNS. As in the previous example,
it is easy to see that the RNS consists of three points, one corresponding to
each of the intervals [0, 1), [1,2), and [2, 3). We begin by considering the
interval [0, 1). For any A C [0, 1) that has positive measure, m,(A) = m3(A)
and m(A) = 2my(A) = 2m3(A). Thus, for almost every a € [0, 1), fo(a) =
f3(a) and fi(a) = 2 f>(a) = 2 f3(a). We may assume that this is so for every
such a. Then, for every a € A, since fi(a)+ f2(a) + fi(a) =1, it follows
that f(a) = (fi(a), f2(a), f3(@)) = (5. 1. 7)- Hence, every point in the interval
[0, 1) corresponds, via f, to the point (%, }1, %). Similarly, we see that every point
in the interval [1, 2) corresponds, via f, to the point (i, %, %).

Finally, we consider the interval [2, 3). Since m([2, 3)) = m»([2,3)) =0
and m3([2, 3)) > 0, it follows that almost every point in the interval [2, 3)
corresponds, via f, to the point (0, 0, 1). We may assume that this is so for
every such a. Hence, we see that the RNS consists of the three points (%, i, %),
(i, % %), and (0, 0, 1). It is pictured in Figure 9.7.

We make the following observations concerning absolute continuity and the
RNS for this situation:

* The existence of the point (0, 0, 1) in the RNS corresponds to the fact that
m3 is not absolutely continuous with respect to m; or m;.

¢ The fact that, except for the point (0, O, 1), there are no points on the line
segment connecting Player 1’s vertex and Player 3’s vertex that are in the
RNS corresponds to the fact that m; is absolutely continuous with respect
to mo.
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0,0, 1)

(172, 1/4, 1/4) (1/4,1/2, 1/4)

(1,0,0) (0, 1, 0)

Figure 9.7

* The fact that, except for the point (0, 0, 1), there are no points on the line
segment connecting Player 2’s vertex and Player 3’s vertex that are in the
RNS corresponds to the fact that m, is absolutely continuous with respect
tom;.

* Since the points (%, %, %) and (i, % %) of the RNS are interior points of the
simplex, these points correspond to a piece of cake (namely the interval [0, 2))
on which all of the measures are absolutely continuous with respect to each
other.

The reader may wish to consider the relationship between the IPSs corre-
sponding to the two previous examples, given in Figures 5.2 and 5.3, and their
RNSs, given in Figures 9.6 and 9.7. We shall not pursue this topic here, since
we shall discuss the general issue of the relationship between IPSs and RNSs
in Chapter 12.

We close this chapter by describing two possible problems with the defini-
tion, and with our intuitive understanding, of the RNS. We have defined the RNS
tobe {f(a) : a € C} where, foreacha € C, f(a) = (fi(a), f2(a), ..., fu(a)).
For any cake and corresponding measures, we can simply change the values of
the density functions on a set of measure zero and make any desired point of
the simplex become part of the RNS. For instance, in Example 9.13, we could
take a single point a € C, set fi(a) = % fala) = % fala) = ;, and leave all
other values of these functions unchanged. Then f}, f, and f; are still density
functions for m, m,, and ms, respectively, the RNS still contains the points
(%, i, i), (i, % %), and (0, 0, 1), but it now also contains the point (%, % ‘7‘).
Clearly, we want to avoid this situation. It is tempting to try to do so by simply
declaring that no point of the RNS can be associated with a piece of cake of
measure zero. That this approach does not work can be seen by considering the
RNS of Figure 9.2b. In this situation, the RNS is smoothly spread out along a
line segment. It may well be that no point of this RNS corresponds to a piece of
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cake of positive measure, and we certainly cannot eliminate all of these points
from the RNS. This example suggests a second problem. By redefining the
density functions on a set of measure zero, we can remove one point from this
RNS, place it at another point on the line segment, and thus have the RNS
consist of all points on this line segment except for one. We certainly want to
avoid this situation too. Although it is possible to state precise rules involving
the redefining of the density functions on sets of measure zero so as to avoid
these problems, we shall not do so. Instead, we shall be content with a slightly
informal perspective. We shall always assume that the density functions have
been redefined on a set of measure zero, if necessary, so that the following two
conditions hold:

¢ If pis apoint in the simplex satisfying that, for some ¢ > 0, the set of all bits
of cake associated with points of the simplex that are within ¢ of p (including
p itself) has measure zero, then p is not in the RNS.

e If p is an interior point of a curve t that lies in the simplex, and every point
of \{p} is in the RNS, then p is in the RNS.
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Characterizing Pareto Optimality III

The RNS, Weller’s Construction, and w-Association

In this chapter, we use the structure introduced in the previous chapter (i.e.,
the RNS) to develop our third approach to characterizing Pareto maximality
and Pareto minimality. We begin in Section 10A by examining the two-player
context. In Section 10B, we show how to use the RNS to associate one or more
partitions with each point in the interior of the simplex, and then we use this
idea to characterize Pareto maximality and Pareto minimality. In Sections 10A
and 10B, we assume that the measures are absolutely continuous with respect to
each other. In Section 10C, we consider what happens when absolute continuity
fails.

10A. Introduction: The Two-Player Context

We begin this section with a brief discussion and three examples in the two-
player context. This will provide motivation for the general situation.

We assume that there are two players, Player 1 and Player 2, whom we shall
refer to as “she” and “he” respectively, and we consider the RNS associated
with these players’ measures. Since there are two players, the setting for the
RNS is the one-simplex, which is the line segment between (1, 0) and (0, 1).
The closer a point of the RNS is to (1, 0), the more it is valued by Player 1
(in comparison with Player 2) and the closer a point of the RNS is to (0, 1),
the more it is valued by Player 2 (in comparison with Player 1). We consider
three examples to illustrate how the RNS is a useful structure in the study of
Pareto maximal partitions and then we will see how these examples illustrate
the characterization of Pareto maximality that is the main focus of this chapter.

Example 10.1 If we wish to obtain a Pareto maximal partition of C among the
two players, it makes sense to give Player 1 bits of cake that are more valued
by her and to give Player 2 bits of cake that are more valued by him. Thus,

236
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let us consider a partition P = (P;, P,) of the cake in which Player 1 receives
all bits of cake that are associated with points of the RNS between (1, 0) and
(%, %), and Player 2 receives all bits of cake that are associated with points of
the RNS between (%, %) and (0, 1). Thus, f(P;) is a subset of the interval from
(1,0) to (%, %), and f(P,) is a subset of the interval from (%, %) to (0, 1). For
the present, we assume that the RNS does not contain the point (%, %).

We claim that P is Pareto maximal. To see this, we first note that if A; and
A, are both sets of positive measure with A} € P; and A, C P, then, since
every bit of cake in P; is more valued by Player 1 than by Player 2 and every
bit of cake in P, is more valued by Player 2 than by Player 1, it follows that
mi(Ay) > my(Ay) and my(A;) > m(A,). Each of the following two slightly
different approaches establishes the Pareto maximality of P.

P is Pareto maximal if and only if any trade that leaves one player better
off must leave the other player worse off. Fix pieces of cake A} € P; and
A, C Py, both of positive measure, and suppose first that a trade of A; and A,
between Player 1 and Player 2 makes Player 1 better off. We must show that this
trade makes Player 2 worse off. Since Player 1 is made better off by this trade,
m1(Az) > m(Ay). But then m,(Ay) > m1(Ay) > mi(Ay) > my(Ay), and so
Player 2 is made worse off by this trade. The argument that if Player 2 is made
better off by a trade, then Player 1 must be made worse off, is similar. Hence,
P is Pareto maximal.

A second approach to showing that P is Pareto maximal involves the
use of partition ratios and Theorem 8.9. Since m;(A;) > my(A;) for ev-
ery A; € P of positive measure, it follows that prj, = sup{zfgﬁi A C P
and A has positive measure} < 1. Similarly, since m,(A,) > m(A,) for ev-
ery A, C P, of positive measure, it follows that pr,; = sup{’"‘(A) TAC P

ma(A)
and A has positive measure} < 1. Thus pr;,pr,; < I, and it follows from The-

orem 8.9 that P is Pareto maximal.

Is the aforementioned partition the only Pareto maximal partition? The an-
swer is: definitely not. We can easily name two additional partitions. The parti-
tion obtained by giving all of the cake to Player 1 and the partition obtained by
giving all of the cake to Player 2 are both Pareto maximal. Are there others? It
turns out that, in general, there are many. In Example 10.1, there was nothing
special about the point (%, %).

Example 10.2 Fix « with 0 < k¥ < 1 and let us consider the partition P =
(P, P,) of the cake in which Player 1 receives all bits of cake that are associated
with points of the RNS between (1, 0) and (k, 1 — «), and Player 2 receives all
bits of cake that are associated with points of the RNS between («, 1 — k) and
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(0, 1). As in the previous example for (4, 1), we assume, for the present, that
the RNS does not contain the point (k, 1 — k).

For any a € P;, f(a) is between (1,0) and («, | — «). This tells us that
k < fi(a) <1 and 0 < f>(a) < 1 — k. Hence, for any such a, QEZ; > ﬁ,
and hence fi(a) > (1=;)f2(a). This implies that, for any A; C P; of positive
measure, m(Ay) > (ﬁ)mz(A 1). Similarly, it can be shown that, for any A, C
P, of positive measure, m,(A;) > (‘%)m,(Az). We claim that these facts imply
that P is Pareto maximal. We consider both of the approaches used in the
previous example.

Suppose that A; and A, are sets of positive measure with A} C P;
and A, € P, and assume that a trade of A; and A, makes Player 1 bet-
ter off. Then, m;(Ay) > m(A;). This, and the inequalities developed in
the previous paragraph, imply that m,(A,) > (l%")ml(Az) > (1;—")m1(A1) >
(i—“)(ﬁ:)mz(Al) = my(A). This tells us that Player 2 is made worse off by
this trade. Similarly, it can be shown that any trade that makes Player 2 better
off must make Player 1 worse off. This establishes that P is Pareto maximal.

Or, using partition ratios, we see that, since m(A;) > (75;)m2(A;) for
every A; € P, of positive measure, it follows that pr;, < (1;—’(). Similarly,
since my(Ay) > (IK;")ml(Az) for every A, € P, of positive measure, it fol-
lows that pry; < (7%). Hence, prypry; < (1’7")(]"7’() =1 and therefore, by
Theorem 8.9, it follows that P is Pareto maximal.

The ideas discussed in the previous example are illustrated in Figure 10.1.
In the figure, we have darkened the RNS. (The RNS in this illustration consists
of three line segments plus five additional points.) We may choose any point
o that is in the interior of the simplex, give all bits of cake (associated with
points) to the left of w to Player 1, give all bits of cake (associated with points)
to the right of w to Player 2, and the resulting partition is Pareto maximal.

There is one gap in our preceding discussion. We have not said what to do
with pieces of cake that are associated with (%, %) in our first example, or with
(k, 1 — k) in our second example. We address this point now.

Suppose that in Example 10.2 there is a piece of cake of positive measure
that is associated with the point (k, 1 — «). In this case, we divide this piece
arbitrarily between Player 1 and Player 2. It is not hard to verify, using either
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of the two approaches we used in the two examples, that any such partition
(where pieces of cake not associated with @ are distributed as described in
Example 10.2) is Pareto maximal. In contrast with the situation when there is
no piece of cake of positive measure associated with (k, 1 — «), this situation
has the following two properties:

a. There are infinitely many non-p-equivalent Pareto maximal partitions corre-
sponding (as described earlier) to the same point, (k, 1 — k).

b. Given a Pareto maximal partition corresponding to the point (x, 1 — «), there
may be trades between the two players that yield partitions p-equivalent but
not s-equivalent to the original partition.

In particular, there exist trades as in property b whenever the cake associated
with the point (k, 1 — «) has positive measure, except in the case when all of
the cake associated with point (k, 1 — k) is given to one of the two players. We
shall examine these two properties in more detail later. (Property a is related
to the idea of the RNS being “concentrated,” which we study in Section 12C.
Property b is related to the notion of “strong Pareto maximality,” which we
study in Chapter 14.)

Example 10.3 Consider Figure 10.2. This is the same RNS as in Figure 10.1.

Let A be the set of all bits of cake associated with the point H; and let A, be

the set of all bits of cake associated with points on the line segment H,. Let

P = (P, P,) be any partition of C such that A} € P; and A, C P,. Itis clear
ma(Ay)

ma(Az)
that Ay T - Then, we have

ma(A) .
P12 = sup : A C P; and A has positive measure
mi(A)
my(Ay)  ma(Az) 1
> > =
— mi(Ay) my(Ay) <mI(A2))
ma(Az)
1 1
> -

sup {% : A C P, and A has positive measure] P2
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This implies that pj»p»; > 1. Hence, by Theorem 8.9, we conclude that P is
not Pareto maximal.

What is the difference between the RNS in Examples 10.2 and 10.3 that
makes for Pareto maximality in one case but not in the other? Intuitively, the
difference is that in Example 10.2 it is possible to identify a point, namely
(¢, 1 — k), such that all points associated with P; lie to the left of this point and
all points associated with P, lie to the right of this point, whereas in Example
10.3 there is no such point. This suggests that the issue here involves the rela-
tionship between some sort of right limit point of P; and left limit point of P;.
This idea shall be made explicit in Definition 10.4 and Theorem 10.9.

10B. The Characterization

We are now ready to begin the formal treatment of the ideas introduced in
the previous section. We do so in the general n-player context. Recall that S*
denotes the interior of the simplex S. The construction we present is essentially
attributable to D. Weller [43]. We have made some small modifications and
simplifications.

Definition 10.4 Suppose that P = (P, P>, ..., P,) is a partition and v =

(w1, w2, ..., w,) € ST. We shall say that P is w-associated with w if and only
if the following holds for all distincti, j = 1,2,...,n

fi(a) Z — for almost every a € P;

f/ (a)

The “w” in “w-associated” denotes “Weller.” Later in this section, we will
discuss our reasons for insisting that @ not be on the boundary of the simplex.

It follows easily from the definition that, if P = (P, P, ..., P,) is w-
associated with w for some w = (wq, a)z, ...,wp) € ST, then for distinct
i,j=1,2,...,n,andany A C P;, m((f\; > o

There is helpful geometric perspective due to Weller that illustrates the rela-
tionship between the partition P and the point w in Definition 10.4 whenn = 3.
This perspective is given in Figure 10.3 and is the three-player version of the
perspective given in Example 10.2 and Figure 10.1 in the previous section for
two players. Fix any @ € S™, as in Figure 10.3, and consider the regions H;, H>,
and Hs, as in the figure. We intend H;, H,, and Hj to denote closed regions that
intersect on their common boundaries. For any partition P = ( Py, P», P3) of C,
P is w-associated with w if and only if, for each i = 1, 2, 3, points in the sim-
plex corresponding to points in P; are all contained in H; (i.e., f(P;) € H;).
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Figure 10.3

To put it another way, a partition is w-associated with w if and only if, for
each i = 1,2, 3, the points in C corresponding to interior points of an H; go
to Player i and points of C corresponding to boundary points of some H; go
to any of the players associated with this boundary. (We recall that since the
measures are absolutely continuous with respect to each other, the RNS con-
tains no points on the boundary of the simplex.) Thus, we see that there may be
many partitions w-associated with @. This is an issue mentioned in the previous
section that we shall study in detail in Section 12C.

Theorem 10.9 will provide a characterization of Pareto maximality using the
notion of w-associated. Its proof shall use a natural correspondence that exists
between points & € S that provide coefficients for a convex combination of
measures and points @ € ST that are to be used as in Definition 10.4. This
correspondence is given by the following definition and theorem.

Definition 10.5 For any p=(p1,p2,....pn) €ST, let RD(p) =
B S (L 1 L)
ot P )

It is straightforward to verify that RD is a bijection from ST to S*. Also,
for any p € ST, RD(RD(p)) = p. The letters “RD” are meant to denote “take
the reciprocals and then divide to make a sum of one.” This defines RD for
the (n — 1)-simplex. We shall use this same name, RD, for this function for
any n.

Our characterization theorem will follow easily from the following result.

Theorem 10.6 Fix partition P = (P, P5, ..., P,),w € S*,and o € ST, with
o = RD(w) (and thus @ = RD(«)). P is w-associated with w if and only if P
maximizes the convex combination of measures corresponding to o.
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Proof: Fix partition P = (P, P, ..., Py), o = (w1, w2, ..., w,) € ST, and
a=(a,a,...,0, € ST with o = RD(w).

For the forward direction, we assume that P does not maximize the con-
vex combination of measures corresponding to «. Then we can choose some
partition R = (R, Ry, ..., R,) such that

alml(Pl) + Ol2"”2(p2) + -+ anmn(Pn)
< ami(R)) +ayma(Ry) + -+ - + aymy(Ry).

Since « = RD(w), this implies that

or

1 1 1
< )ml(P1)+ < )mz(f’z)-f‘ (—> mu(Py)
w1 w2 Wy
1 1 1
< (-) mi(Ry) + (—) mo(Ry) + -+ -+ <—> m,(R,).
()] (O] Wy

We can view the partition R as arising from the partition P by a finite number
(at most n(n — 1)) of transfers between the players. Each of these transfers
contributes to changing

1 1 1
< )ml(Pl)+ < >m2(P2)+ (_) mn(Pn)

W] w2 Wn

1 1 1
< > ml(Rl) + < > mZ(RZ) +--+ <_> mn(Rn)~

w1 ) Wy

Thus, atleast one of these transfers must result in an increase in the sum. Assume
thati, j = 1,2, ..., n are distinct, A C P;, and transferring A from Player i to
Player j increases the sum. Then,

<1>m(P)+( ! )mj(P)<<1>m(P\A)+< ! )mj(P U A).
Wi w; Wi w;

to
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It follows that

1 1 1 1
( )m (P)+< > m;(P;) < (-) m;(P;) — (—) m;(A)
w; OF ] i
+< ! )m (P)+< : )m (A)
w; wj

and thus

1 1

— ) mi(A) < | — ) m;(A).

w; w;
This implies that 2 (A; ,and thus {a € A : ’;((‘:3 “i} has positive measure.
Then, since ACP it is not the case that }t((“; > z for almost every a € P;.

This tells us that P is not w-associated with o.
For the reverse direction, we suppose that P is not w-associated with w. Then,
for some distincti, j = 1,2,...,n,the set {a € P; : I < 2t} has positive
J

fi(@
measure. Call this set A. Slnce w = RD(w), it follows that

A={1aecP: fi(a) <“l+“2jrm+“1n) = {a cP: fita) aj } .
Y@ S ( o ) U@
o tay Tt

Then ﬁ < Z—’ and hence o;m;(A) < a;m J(A) Define a partition Q =

(01, Qz, ..., Q,) as follows: foreachk =1, 2, .

PA\A  ifk =i
Or={PUA ifk=]
P, ifk£ik#j

Partition Q is the partition obtained from partition P by transferring A from
Player i to Player j.
It follows that
aim[(Pi) + ajmj(Pj)

= o;m;(P\A) + o;m;(A) + a;jm;(P;)

< aimi(P\A) 4+ ajm;(A) +ajm;(P;)

=aim;(P\A) +oajm;(P; UA) = oimi(Qi) +ojm;(Q)).
Hence, since Qy = Py forevery k # i,k # j,

aym(Py) + aamy(Po) + - - - + a,my,(P,)
< aym(Q1) + axmy(Q2) + - - + a,m, (Q).
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Thus, P does not maximize the convex combination of measures corresponding
to . This completes the proof of the theorem. O

Suppose that partitions P and Q are p-equivalent. Then certainly P and Q
maximize the same convex combinations of measures. By the theorem, this
implies that P and Q are w-associated with the same points of S*. In other
words, w-association respects p-equivalence, and so we may say that a certain
p-class of partitions is w-associated with a point in S*. This observation and
the theorem immediately yield Corollary 10.7. We shall use and extend this
idea in Chapter 12.

We shall generally adhere to the notational convention used in the theorem:
w denotes a point to be used as in w-association and « denotes a point to be
used as in the maximization of a convex combination of measures.

Corollary 10.7

a. A p-class of partitions maximizes more than one convex combination of
measures corresponding to points of ST if and only if it is w-associated with
more than one point of S™.

b. Fixa € ST. More than one p-class of partitions maximizes the convex com-
bination of measures corresponding to « if and only if more than one p-class
of partitions is w-associated with RD(«).

We are almost ready to state our characterization of Pareto maximality using
the notion of w-associated. We first discuss an additional assumption. In our
characterization, we shall assume that all partitions to be considered give a
piece of cake of positive measure to each player. Let Part™ denote the set of all
such partitions. Thus, Part" ={P = (P, P>, ..., P,) € Part: for each i, P;
has positive measure}. Or, equivalently, Part™ = {P € Part : m(P) € S*}. We
will discuss the reasons for this assumption later in this section. For now, we
wish to show that this assumption should be viewed as nothing more than a
minor annoyance. This is a consequence of the following.

Lemma10.8 Let P = (Py, P>, ..., P,) beapartitionandsetdp = {i <n: P,
has positive measure}. Then P is Pareto maximal if and only if the partition ( P; :
i € 8p) is a Pareto maximal partition of |
3p.

P; among the players named by

i€8p

Proof: Let P and §p be as in the statement of the lemma.

For the forward direction, we simply note that any partition of | ;. s, Di
among the players named by §p that is Pareto bigger than (P; : i € §p) would
immediately yield a partition of C among all players that is Pareto bigger
than P.
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For the reverse direction, suppose that P is not Pareto maximal. We must
show that (P; : i € §p) is not a Pareto maximal partition of _J P; among the
players named by §p.

For i ¢ §p, P; has measure zero and hence, by redistributing P; among

i€5p

the players named by &p, if necessary, we may assume that P; = ¢. Then,
Uies, Pi = C, and thus P is a partition of all of C among the players named
by (SP.

Since P is not Pareto maximal we may let O = (Qy, O, ..., Q,) be a par-
tition that is Pareto bigger than P. Set 6y = {i < n : Q; has positive measure}.
Then, §p C 6. Arguing as before, we may assume that, forany i ¢ 8o, Q; =¥
and therefore 5o @i = C. We consider two cases.

Case 1: 6p = 8p. Then (Q; : i € §p) is a partition of C among the players
named by 6 p and is Pareto bigger than (P; : i € p). Hence, (P; : i € ép)
is not a Pareto maximal partition of C among the players named by §p.

Case 2: §p # 8p. Fix any j € §p and define a partition (R; : i € §p) of C
among the players named by ép as follows: for each i € dp,

Qi ifi #j
R = L
Q_iU<U Qk) ifi =

k¢sp

We may view partition R as arising from partition Q by having all players
not named by §p give all of their cake to Player j and considering R as a
partition among only the players named by § . We claim that (R; : i € 6p)
is Pareto bigger than (P; : i € §p).

We recall that Q is Pareto bigger than P. Hence, for ev-
ery i =1,2,...,n, and, in particular, for every i € §p, m;(Q;) >
m;(P;). Then, for every i € §p with i 5# j, we have m;(R;) =
mi(Q;) = m;(Py). And, m;(R;) =m;(Q; U (Uygs, Q) =m;(Q;) +
m (U ¢op Qi) > m;(Q;). The last inequality follows from the fact that
80\dp # ¥ and, for any k € 8o \8p, Oy has positive measure.

This establishes that (R; : i € p) is a Pareto bigger partition of C
among the players named by §p thanis (P; : i € §p), and hence (P; : i €
8p) is not a Pareto maximal partition of C among the players named by
81).

This completes the proof of the lemma. O

The lemma tells us that in considering the possible Pareto maximality of
some partition we may simply ignore players that receive no cake and consider
the partition to be a partition of only the players who receive a piece of cake of
positive measure.
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Our characterization of Pareto maximality is the following.

Theorem 10.9 Fix a partition P € Part™. P is Pareto maximal if and only if
P is w-associated with w for some w € S™.

The reverse direction of the theorem (without the assumption of absolute
continuity) was proved by D. Weller [43].

Proof of Theorem 10.9: Suppose P € Partt. For the forward direction, we
assume that P is Pareto maximal. By Theorem 7.4, P maximizes the convex
combination of measures corresponding to some o € S. We claim that o € S™.
Suppose, by way of contradiction, that the ith component of « is zero and fix
some j so that the jth component of « is not zero. (There must be at least
one non-zero component, since the components are all non-negative and sum
to one.) Since P € Partt, we know that Player i has a piece of cake of positive
measure. Let R be the partition obtained from P by transferring Player i’s piece
to Player j. The convex combination of measures corresponding to « produces
a larger sum when applied to R than when applied to P. This contradicts the
fact that P maximizes the convex combination of measures corresponding to
a. Thus, @ € ST. Let @ = RD(«). Then w € ST and, by Theorem 10.6, P is
w-associated with .

For the reverse direction, we assume that P is w-associated with some
w € ST. By Theorem 10.6, P maximizes the convex combination of measures
corresponding to RD(w). Theorem 7.4 implies that P is Pareto maximal. O

Theorem 10.9 can give us additional perspective on two ideas having to
do with the relationship between the Pareto maximality of a partition and the
Pareto maximality of “subparts” of the partition. We examine these ideas in the
following two examples. As we shall see, in Example 10.10, “subparts” means
subcollections of the players, as in the notion of proper subpartition Pareto
maximal (see Definition 6.1). In Example 10.11, “subparts” means subsets of
the pieces of cake that make up the partition. Informally stated, the question
we investigate in these examples is whether or not the union of Pareto maximal
partitions is Pareto maximal, where “union” means something very different in
each case.

Example 10.10 Recall Theorem 6.2, which states that if a partition P is a
Pareto maximal then it is proper subpartition Pareto maximal. Example 6.3
established that the converse of this result is false. In Chapter 8, we were able
to gain some perspective on both the truth of Theorem 6.2 and the failure of
its converse. (See Example 8.10 and the discussion following this example.)
Theorem 10.9 provides us with a geometric perspective on these issues. Suppose
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e SENOcr
= (0], 0y, ®3) W)+, 0+

PH, PH,
(1,0,0) 0,1,00 (1,0,0) (0, 1,0) 1,9 .1
(@) (b) (c)
Figure 10.4

P = (P, P,, P3) is a partition of C among Player 1, Player 2, and Player 3,
and that P € Part™.

Concerning the truth of Theorem 6.2, suppose that P is Pareto maximal.
Then, by Theorem 10.9, P is w-associated with some w € S™. Consider Fig-
ure 10.4. Figure 10.4a is the same as Figure 10.3. As we described previously,
the point w = (w;, w,, w3) determines the three closed regions H;, H,, and Hj
of the simplex. We assume that each point of P is associated with a point in
H,, each point of P, is associated with a point in H,, and each point of Ps is
associated with a point in Hz. Then P is w-associated with w.

To see that P is proper subpartition Pareto maximal, let us see why, for
example, the partition ( Py, P») is a Pareto maximal partition of P; U P, between
Player 1 and Player 2. We wish to consider the associated RNS, which lies on the
one-simplex consisting of the line segment between Player 1’s vertex, (1, 0, 0),
and Player 2’s vertex, (0, 1, 0), but which we shall now think of as the line
segment in R? between Player 1’s vertex, (1, 0), and Player 2’s vertex, (0, 1).
We can view this RNS as arising by taking each point in the original RNS that
is associated with a point in P; U P, (i.e., each point of the RNS that is in
H, U H,), forgetting about the third coordinate, and dividing each of the two
remaining coordinates by their sum. Then the ratio of these coordinates remains
unchanged but their sum becomes one; hence, the resulting ordered pair is in
the one-simplex. Geometrically, this corresponds to simply projecting along a
line segment from the point (0, 0, 1), through the given point, to a point on the
line segment between (1, 0, 0) and (0, 1, 0). This is illustrated in Figure 10.4b.
Each point along any dashed line is projected to the point of intersection of that
dashed line with the line segment between (1, 0, 0) and (0, 1, 0).

The result of this projecting is shown is Figure 10.4c, where PH; denotes the
projection of H; and PH, denotes the projection of H2 Note that the projection
of the point w = (w, Wy, w3) is the point (w o @ +w ) It is clear that every
point in PH; is on the line segment between (1, 0) and ( +w2 o m ), and every
point in PH; is on the line segment between ( ) and (0, 1). Hence,

+(m ’ wy +w
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(Py, P) is w-associated with (w]‘j’r‘w2 , w]‘fw?) and therefore is a Pareto maximal

partition of P; U P, between Player 1 and Player 2.

Concerning the failure of the converse of Theorem 6.2, we return to Ex-
ample 6.3. For convenience, we repeat that example here. The cake C is the
interval [0, 3) on the real number line. There are three players, Player 1, Player 2,
and Player 3, and we define their measures m, m,, and m3, respectively, as
follows, where m, denotes Lebesgue measure on C: for any A C C,

mi(A) = 3mp(AN[0, 1)+ .1m (AN[L,2))+ .6m(AN][2,3))
my(A) = .6mp (AN[0, 1))+ 3m (AN[1,2)+ .1m (A N[2,3))
m3(A) = .1m (AN[0, 1)+ .6m (ANJ[1,2))+ 3m (AN[2,3))

Let P = ([0, 1), [1, 2), [2, 3)). In Example 6.3, we showed that P is not
Pareto maximal but is proper subpartition Pareto maximal. We shall illustrate the
idea here using the notion of w-associated. Let us compute the RNS associated
with the cake and measures of this example. We recall that, by definition,
n=my+my+ ms.

For any B C [0, 1),

w(B) = m(B) + my(B) + m3(B) = 3m(B) + .6m (B) + .1m (B)

Hence, for any such B, m(B) = .3u(B), my(B) = .6u(B), and m3(B) =
.1(B). This implies that, for almost every a € [0, 1), fi(a) = .3, fa(a) = .6,
and f3(a) = .1. We may assume (as discussed in the concluding paragraph
of Chapter 9) that this is true for every a € [0, 1). Thus, for every such a,
f(a) = (.3,.6,.1). Similarly, for every a € [1,2), f(a) = (.1, .3, .6) and, for
every a € [2,3), f(a) = (.6,.1,.3). Hence, the RNS for this example con-
sists of the three-point set {(.3, .6, .1), (.1, .3, .6), (.6, .1, .3)}. It is pictured in
Figure 10.5.

Recall that P = ([0, 1), [1, 2), [2, 3)). Then the cake given to Player 1,
Player 2, and Player 3 corresponds to the points {(.3, .6, .1), (.1, .3, .6), and
(.6, .1, .3)}, respectively, and we have indicated these points in Figures 10.5a
and 10.5b by ', @?, and >, respectively. Using Figure 10.5a and the notion
of w-associated, it is not hard to see that P is proper subpartition Pareto max-
imal. For example, to see that ([1, 2), [2, 3)) is a Pareto maximal partition of
[1, 3) between Player 2 and Player 3, we consider the relevant simplex, which
is the two-simplex consisting of the line segment between Player 2’s vertex,
(0, 1, 0), and Player 3’s vertex, (0, 0, 1). The associated RNS is obtained, as
described earlier, by projecting all points of the original RNS that correspond
to points in [1, 3), to this simplex, along the line segment from (1, 0, 0). The
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0,0,1)

(1,0,0) 0, 1,0) (1,0,0) 0, 1,0)
(@ (b)
Figure 10.5

points w? = (.1,.3,.6) and &® = (.6, .1, .3) are the only such points (i.e., !
does not correspond to a point in this set) The projections of these points are

= (0, 3+6’ %+e) ©, 5 303 2) and »® = (0, 1+%’ 1+s) =0, 1 4) as in-
dicatedin the figure. Since_l > 2 and 2.3 1tfollowsthata) is closerto Player
2’s vertex that is w*, and @® is closer to Player 3’s vertex than is @ . Therefore,
with ' any point between w® and w’, as shown, the partition ([1, 2), [2, 3))
is w-associated with w. Hence, by Theorem 10.9, ([1, 2), [2, 3)) is a Pareto
maximal partition of [1, 3) between Player 2 and Player 3. Similar arguments
show that ([0, 1), [2, 3)) is a Pareto maximal partition of [0, 1) U [2, 3) between
Player 1 and Player 3, and that ([0, 1), [1, 2)) is a Pareto maximal partition of
[0, 2) between Player 1 and Player 2.

Next, we wish to use Figure 10.5b to illustrate the fact that P is not Pareto
maximal. Suppose, by way of contradiction, that P is Pareto maximal. Then,
by Theorem 10.9, P is w-associated with some w in S*. Consider the triangular
regions H,, H,, and H; in the figure. Since the cake associated with ' is to go
to Player 1, it is not hard to see that @ must be in H;. Similarly, since the cake
associated with w? is to go to Player 2 and the cake associated with ? is to go
to Player 3, w must also be in A, and H;. But H; N H, N H3 = (. Hence, there
is no such point @ and it follows that P is not Pareto maximal.

Example 10.11 We wish to consider the relationship between the following
two statements, where P is a partition that gives a piece of cake of positive
measure to each player:

a. P is Pareto maximal.

b. P={(QiUR;,Q2UR,,...,0,UR,) where C=AU B, AN B=W, 0=
(01, 02,...,0,) is a Pareto maximal partition of A, and R =
(R1, Ry, ..., Ry) is a Pareto maximal partition of B.
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0,0,1)

(1,0,0) 0,1,0) (1,0,0) (0,\1,0)
(@ (b)
Figure 10.6

Itis not hard to see (and we shall discuss this in light of Theorem 10.9 shortly)
that statement a implies statement b. Whether statement b implies statement a
is not so clear. We investigate this question in a slightly informal manner.

Suppose that there are three players, Player 1, Player 2, and Player 3, with
measures mi, mp, and ms, respectively. Assume that C = AU B, AN B =0,
0 = (Q1, 0», O3) is a Pareto maximal partition of A in which every player
receives a piece of cake of positive measure, and R = (R, R, R3) is a Pareto
maximal partition of B in which every player receives a piece of cake of positive
measure. Let us suppose that the three players’ measures vary in very different
ways from each other on A and also on B, and so the RNS associated with each
of these sets contains many points throughout the simplex. This is illustrated
in Figure 10.6. The displayed points in Figure 10.6a are the points of the RNS
that correspond to A and the displayed points in Figure 10.6b are the points of
the RNS that correspond to B.

By Theorem 10.9, there are points w?, w® € ST such that Q is w-associated
with € and R is w-associated with w®. These points are shown in the figures.
The regions HIQ, H2Q, and H3Q and the regions H[, Hf, and HY are the re-
gions of the simplex determined by w? and ¥, respectively (as described
previously and illustrated in Figure 10.3). Then, f(Q;) € HIQ, f(Qy) C
HY, f(Q3) € HY, f(R) S HF, f(R)) € HE, and f(Rs) C HY. Let P =
(O1URy, Q2 U Ry, O3 U R3). Then P is a partition of C. We claim that P is
not Pareto maximal.

If P were Pareto maximal, that P would be w-associated with some w € S™.
Also, if P is w-associated with w, then Q and R must each be w-associated
with w. However, given the RNSs for A and B as shown in Figure 10.6, it is
clear that any point that is not close to ¢ will not yield the partition Q of A,
and any point that is not close to ® will not yield the partition R of B. Hence,
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0,0,1)

Figure 10.7

there is no such point @ with which P is w-associated and hence, by Theorem
10.9, P is not Pareto maximal. This establishes that statement b does not imply
statement a.

It is easy to see that statement a implies statement b. If P is Pareto maximal,
then P is w-associated with some w € ST.If A, B, Q, and R are as in statement
b then, as noted in the preceding paragraph, the partition Q of A and the partition
R of B are both w-associated with w. Hence, Q is a Pareto maximal partition
of A, and R is a Pareto maximal partition of B.

Suppose that A € C has positive measure. Can we give A to any player we
wish and still obtain a Pareto maximal partition? In other words, for each i =
1,2, ..., n, does there exist a Pareto maximal partition P = (Py, P,, ..., P,)
such that A € P;? The answer is “obviously, yes!” since we can simply give all
of C to Player i. Can we do better? Somewhat informally stated, the question
isthis: foranyi = 1, 2, ..., n, how can we give A, and as little additional cake
as possible, to Player i, and obtain a Pareto maximal partition? We illustrate
the answer informally in the following example.

Example 10.12 Suppose there are three players, Player 1, Player 2, and Pla-
yer 3. In addition, assume that A € C has positive measure and f(A) = Hy is
as shown in Figure 10.7. Consider the three points o', w?, and w® shown in the
figure. By Theorem 10.9, any partition that is w-associated with any of these
points is Pareto maximal. It is clear from the figure that

* there are partitions w-associated with o' that give all of A to Player 1.
* there are partitions w-associated with »? that give all of A to Player 2.
* there are partitions w-associated with »? that give all of A to Player 3.
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(It may not be true that all partitions that are w-associated with w' give all of A
to Player 1. If one of the points of intersection of H4 with one of the relevant
lines in the figure corresponds to a piece of cake of positive measure, then there
exist partitions that are w-associated with @' and do not give all of A to Player 1.
A similar statement holds for »? and >.)

It is not hard to see that in each case there may be some cake in addition to A
that must be presented to the given player in order to create a Pareto maximal
partition. (This will depend on the location of the part of the RNS that we have
not included in the picture, i.e., f(C\A).) For example, if B C C has positive
measure and f(B) = Hp is as shown in the figure, then any Pareto maximal
partition that gives all of A to Player 1 must also give all of B to Player 1. On
the other hand, it is clear from the figure that any partition that gives all of A
to Player 1, is Pareto maximal, and gives Player 1 a minimal piece subject to
these two conditions, must be w-associated with w!. A similar statement holds
for Player 2 and Player 3, using w® and ?, respectively.

Why did we insist throughout this section that the point @ be chosen from the
interior of the simplex and, in Theorem 10.9, that the partition P give a piece of
cake of positive measure to each player? We now consider these two questions.
Later in this section (see Theorem 10.15), we shall present a characterization
of Pareto maximality that removes this restriction.

One answer to our first question appeals to our use of the function RD,
given in Definition 10.5 and applied in the proof of Theorem 10.6. If w =
(w1, wy, ..., w,) is on the boundary of S, then at least one of its coordinates
is zero. How do we then define RD(w)? If exactly one of w’s coordinates is
zero, then there is a reasonable way to define RD(w). Suppose that, for some
i=1,2,...,n,0;,=0and, forall j =1,2,...,n with j #i,0; > 0. We
can define RD(w) to be the element of S with a 1 in the ith position and Os
elsewhere. However, what if two coordinates of @ are 0? Let us suppose that,
for some distinct i, j =1,2,...,n,0; =wj =0and, forany k =1,2,...,n
with k # i and k # j, w; > 0. Then certainly for any such k, we must define
the kth coordinate of RD(w) to be zero, and the sum of the ith and the jth
coordinates must be one. But precisely what these two coordinates should be
is unclear.

We next give a different perspective on our first question. Suppose w =

(w1, Wy, ..., wy)1s a point in the simplex. If w is on the boundary, then at least
one of the coordinates of w is zero. Let us suppose that w; = 0 and, for all
j=12,...,n with j #i,»; > 0. For any such j, Zj— = 0 and we may set

fila)

@i

L = o00. Part b of Lemma 9.1 implies that 0 < @ < o0 for everya € C. It
follows that if P = (P, P>, ..., P,) is a partitibn w-associated with w then,
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except possibly for a set of measure zero, P; = C and, forevery j # i, P; = .
Thus, we see that if w has coordinate i equal to zero and all other coordinates
not equal to zero, then any partition w-associated with @ gives almost all of
C to Player i. This situation seems to be perfectly acceptable. If, for example,
there are three players, Player 1, Player 2, and Player 3, then choosing w to be
any point on the open line segment between (1, 0, 0) and (0, 1, 0) (i.e., between
Player 1’s and Player 2’s vertices) results in a partition that gives all of the
cake to Player 3. This is also consistent with the geometric perspective given
in Figure 10.3.

However, as in our previous explanation, problems arise if we allow w to have
more than one coordinate equal to zero. If for distincti, j = 1,2,...,n,wis
suchthatw; = 0andw; =0, then & 0, and it is not clear how to evaluate the
truth or falsity of an expression of the form “ Jf‘((“)) > “’; ” in Definition 10.4. Let
us again suppose that there are three players, Player 1, Player 2, and Player 3.
Choosing w to be (0, 0, 1), for example, which is Player 3’s vertex, tells us to
give no cake to Player 3 and to split the cake between Player 1 and Player 2.
But, it does not tell us sow to split the cake between Player 1 and Player 2. Thus
we see, just as in our first explanation, that having one coordinate of w equal to
zero is fine, but having two coordinates equal to zero is problematic.

Next, we discuss our second question: why did we insist that partitions
give each player a piece of cake of positive measure? As before, we give two
answers. The first will again appeal to problems in Definition 10.5 and its use
in Theorem 10.6. Consider first the two-player context and the two IPSs in
Figure 10.8. (Figures 10.8a and 10.8b are repeats of Figures 2.1c and 2.1b,

y y
1 1

IPS
IPS

(a) (b)
Figure 10.8
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respectively.) When there are two players, the point (0, 1) is, of course, in the
IPS, and is a point of first contact of the horizontal family of parallel lines
with the IPS. The IPS in Figure 10.8a has a horizontal tangent at this point.
This implies that the horizontal family of parallel lines is the only family of
parallel non-negative lines that makes first contact with this IPS at (0, 1). (For the
definition of non-negative line, see Definition 7.1.) On the other hand, the IPS in
Figure 10.8b does not have a unique tangent line at (0, 1) and, hence, there are
many families of parallel non-negative lines in addition to the horizontal family
of parallel lines that make first contact with this IPS at (0, 1). Since the partition
that gives all of the cake to Player 2 (i.e., the partition (¢, C)) corresponds to
the point (0, 1), these observations tell us that this partition maximizes only
the convex combination of measures corresponding to o = (0, 1) for the IPS in
Figure 10.8a, but maximizes many convex combinations of measures besides
the one corresponding to « = (0, 1) for the IPS in Figure 10.8b. In applying
Definition 10.5 to « (as we did in the proof of Theorem 10.6), we have the same
issue discussed earlier. One of the coordinates of « is equal to zero. As we have
seen, there is a perfectly reasonable way to define RD(«) in this case.

However, consider the case of three players. The partition (C, ¢, ¢) maxi-
mizes the convex combination of measures corresponding to o = (1, 0, 0) and,
as in the case of two players, it is not hard to see on geometric grounds that
this may be the only convex combination of measures maximized by (C, ¢, ¢).
(As in the two-player context, this will depend on the exact shape of the IPS.
We shall have much more to say about this in Chapter 12.) Then, in applying
Definition 10.5 to v, we have an apparently irresolvable problem (as previously
discussed), since two of «’s coordinates are equal to zero.

We next give a different reason to only consider partitions that give a piece of
cake of positive measure to each player. This reason involves looking carefully
at the RNS. We will illustrate by considering the contrast between the following
two examples.

Example 10.13 Let C be the interval [0, 2) on the real number line, let m; be
Lebesgue measure on this interval, and define m; and m, on C as follows: for
any A C C,

1 2
mi(A) = 3L (AN[o, 1)+ 3L (ANT[1,2)
and
2 1
ma(A) = 3me (AN[0, 1))+ 3me (ANT[1,2))

Then, for any A C [0, 1), my(A) = 2m(A) and, for any A C [1, 2), m;(A) =
2m5(A). This implies that, foralmostevery a € [0, 1), fi(a) = %and fala) = %,
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©Q3,13)  (1/3,2/3)

B ‘w000 0 0 0o o
(1,0) 0, 1) (1,0) 0, 1)
(a) (b)

Figure 10.9

and, for almost every a € [1, 2), fi(a) = % and fr(a) = % Hence, for almost

everya € [0, 1), f(a) = (%, %), and, foralmosteverya € [1, 2), f(a) = (%, %).
We may assume (as discussed in the concluding paragraph of Chapter 9) that
for every a € [0, 1), f(a) = (%, %) and for every a € [1,2), f(a) = (%, %). It
follows that the RNS consists of two points, (%, %) and (%, %), as shown in
Figure 10.9a.

Example 10.14 Let C be the non-negative real numbers, let m; denote
Lebesgue measure on this set, and define m; and m, on C as follows: for
any A € C,

1 1
mi(A) = (§> m (AN[O, 1)) + (Z) mp (AN, 2))

+(%>mL(Am[2,3))+~-~+(%)mL(Aﬂ[k—l’k)H'”

and
2 2
ma(A) = <§> mp (AN[O0, 1))+ <§) mp (AN[1,2))

2 2
+<E>mL(Aﬂ[2,3))+...+<§>mL(Aﬂ[k—1,k))+...

It is straightforward to show that m| and m, are countably additive and non-
atomic, since m . has these properties. We must show that m(C) = m,(C) = 1.
We do this as follows:

1 1 1
m(C) = (5) my ([0, 1)) + (Z) mp ([1,2)) + <§> mp([2,3) + -

+(i)mL([k—1,k))+---

2k
—1+1+1+ +l+
T2 48 2k
1
=2
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and

2 2 2
my(C) = <§> m ([0, 1))+< )mL ([1,2) + <ﬁ> mp([2,3) +---
+
2
§

1- (5)
The third equality in each string of equalities uses the standard formula for
summing a geometric series. Thus, m| and m, are measures. We wish to examine
the RNS in this situation.
For any positive integer k,m([k —1,k)) = (%)mL([k —1,k)) and
mo(lk — 1,k)) = (7)m([k — 1, k)). Hence,

mi(k —1,k)  (F)mlkk=1)  (5) 3%
mylk —1,k) — (Z)mp(lk, k—1) (%) 2817

3k

and thus m([k, k — 1)) = (2k+, )mz([k k — 1)). This implies that, for almost
everya € [k — 1, k), fi(a) = (2k+1)f2(a) Then, since fi(a) + f>(a) = 1,itfol-
lows that

3k 3k 3k 3k
fila) = (W) fala) = (zk-H) (I = fite)) = <W> - (ﬁ) fi@).

Therefore, fi(a)(1 + 2%) = 22—; and, hence,

i 3
fita) = lj‘z% = okl 4 3k
Also,
k k+1
fla) =1~ fila)=1- 2k+13+ 3k 2k+21 FEY:
and so

3k 2k+1
fla)= <2k+1 T3k ok +3k) :

As usual, we may assume that, for every a € [k — 1, k),

3k 2k+1
flay= (2k+1 T3k ket +3k> :
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This tells us that for each positive integer k the interval [k — 1, k) corresponds
to the point (2k o +3A , 2,3,13A ) in the RNS. Hence, the RNS consists of all points
of the form (ww , zﬁw yfork = 1,2, .... Notice that

. 3 . 1 , 1
b\ ooy ) =Hn | oy = En S ) =
k—o0 \ 2 +3 k—o0 (23 ) +1 k—o00 ) (5) +1

2k+1 3k
,&m<zx«+l—+3fc> %i%(“m) ==

Hence, the sequence of points (2k+l T3 +3A)f0rk =1,2,...haslimit (1, 0).
This is illustrated in Figure 10.9b. (In the figure, we have shown only nine of
the infinitely many points of the RNS.)

and

Let us consider the contrast between the previous two examples. Suppose
that we wish to give all of the cake to Player 2. The RNSs for each of these
situations, as shown in Figures 10.9a and 10.9b, are very different. For the
cake and measures described in Example 10.13 and pictured in Figure 10.9a, if
we pick any point w in the open interval between (1, 0) and (3 , 3) then the only
partition that is w-associated with w is the partition (¢, C), i.e., the partition
that gives all of C to Player 2. (Notice that if v = (%, %) then there are many
partitions that are w-associated with w, one of which is (¢, C).) The key point
here is that there is a gap in the simplex between (1, 0) and the first point of the
RNS associated with a piece of cake of positive measure.

In contrast with this situation, we now consider the cake and measures de-
scribed in Example 10.14 and pictured in Figure 10.9b. If @ were a point of the
simplex with which the partition (¢, C) is w-associated then, as in the preceding
paragraph, @ would have to be to the left of any point of the RNS associated
with a piece of cake of positive measure. But in this example, the point (1, 0)
is a limit of such points and therefore, in contrast with the previous example,
there is no gap in which to place w. Hence, (¢, C) is a partition that is not
w-associated with any w in S*. This example illustrates that our insistence on
considering only points  in the interior of the simplex in Theorem 10.9 neces-
sitates that we consider only partitions that give each player a piece of cake of
positive measure.

Lemma 10.8 told us that our restriction to partitions that give a piece of cake
of positive measure to each player is not a major restriction. As we discussed
following the proof, this lemma tells us that we can simply ignore players that
receive no cake. We can now be more specific by combining this idea with
Theorem 10.9. As in Lemma 10.8, for any partition P = (P, Py, ..., P,), let
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dp = {i < n: P; has positive measure}. In addition, let Sa[, be the (|6p| — 1)-
simplex. We shall identify players named by 8, with the |p| vertices of the
(|6p] — 1)-simplex in the natural order-preserving way. For w € S(;: (i.e. for w
in the interior of S,gF ), we shall say that the partition (P; : i € §p) of Ul€ sp

is w-associated with o if and only if Definition 10.4 holds for the part1t1on
(P; : i € 6p) and the point w, with this identification.

Theorem 10.15 Fix a partition P = (P, P, ..., P,). P is Pareto maximal if
and only if the partition (P; :i € dp) of Uie(;P P; is w-associated with o for
some w € S;;.

Proof: Fix P = (P, P, ..., P,). Then (P; : i € 8p) is a partition 0fU1€8
among the players named by 6p and each of these players receives a piece of
cake of positive measure.

By Lemma 10.8, P is Pareto maximal if and only if (P; : i € §p) is a Pareto
maximal partition of | J;. 5, Pi among the players named by §p. By Theorem
10.9, (P; : i € 8p) is a Pareto maximal partition of ;. 5, i among the players
named by §p if and only if it is w-associated with @ for some w € S;;. This
establishes the theorem. O

We conclude this section by considering the chores versions of the results
of this section. All of the results adjust in a natural way, once we make the
appropriate adjustment in the notion of w-associated, as given in Definition 10.4.
This adjustment involves simply reversing the relevant inequality.

Definition 10.16 Suppose that P = (P, P,, ..., P,) is a partition and v =

(w1, w2, ..., w,) € ST. We shall say that P is chores w-associated with w if
and only if the following holds for all distincti, j = 1,2,...,n

fi(a) 5 % for almost everya € P;

fila) ~ w;

We used Figure 10.3 to give a geometric perspective on what it means for a
partition P to be w-associated with a point @ € S*. The analogous perspective
for chores w-associated is given in Figure 10.10. In the standard context, as
illustrated in Figure 10.3, we think of the point w as determining regions H;, H,
and Hj, that are close to Player 1, Player 2, and Player 3, respectively (since
bits of cake associated with closer points in the RNS are more desirable). Now,
in the chores context, as illustrated in Figure 10.10, we think of the point
o as determining regions H;, H,, and Hj that are far from Player 1, Player
2, and Player 3, respectively (since bits of cake associated with farther away
points in the RNS are more desirable). For w as in the figure, a partition is
chores w-associated with o if and only if, for each i = 1, 2, 3, the points in
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0,0,1)

Hy

(1,0,0) 0,1,0)
Figure 10.10

C corresponding to interior points of an H; go to Player i, and points of C
corresponding to boundary points of some H; go to any of the players associated
with this boundary.

The adjustments to Theorem 10.6, Corollary 10.7, Lemma 10.8, and Theo-
rems 10.9 and 10.15 are straightforward and are presented as Theorem 10.17,
Corollary 10.18, Lemma 10.19, and Theorems 10.20 and 10.21, respectively.
The proofs of Theorem 10.17, Corollary 10.18, and Theorems 10.20 and 10.21
are trivial adjustments of the proofs of Theorem 10.6, Corollary 10.7, and Theo-
rems 10.9 and 10.15, respectively, and we omit them. The proof of Lemma 10.19
is easier than was the proof of Lemma 10.8, and we include it in the following.

Theorem 10.17 Fix partition P = (P, P>, ..., P,),w € ST, and o € ST,
with « = RD(w). P is chores w-associated with w if and only if P minimizes
the convex combination of measures corresponding to «.

Corollary 10.18

a. A p-class of partitions minimizes more than one convex combination of
measures corresponding to points of ST ifand only ifitis chores w-associated
with more than one point of S*.

b. Fixa € ST. More than one p-class of partitions minimizes the convex com-
bination of measures corresponding to o if and only if more than one p-class
of partitions is chores w-associated with RD(«).

Lemma 10.19 Let P = (P, P, ..., P,) be a partition and set §p = {i <n:
P; has positive measure}. Then P is Pareto minimal if and only if the partition
(P; : i € 8p)isaPareto minimal partition of | J P; among the players named
byép.

i€8p

The difference between the proofs of Lemmas 10.8 and 10.19 is in the reverse
direction. For the proof of the reverse direction of Lemma 10.8, we assumed,
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by way of contradiction, that partition Q was Pareto bigger than P. We then
considered two cases, depending on whether or not Q gave a piece of cake of
positive measure to some player that received a piece of cake of measure zero in
partition P. For the present result, this distinction does not arise. If Q is Pareto
smaller than P, then it is certainly not possible that some player who receives a
piece of cake of measure zero in partition P receives a piece of cake of positive
measure in partition Q.

Proof of Lemma 10.19: Let P and §p be as in the statement of the lemma.

As was the case for Lemma 10.8, the forward direction is trivial, since any
partition |, cs, Pi among the players named by dp that is Pareto smaller than
(P; : i € 6p) would immediately yield a partition of C among all players that
is Pareto smaller than P.

For the reverse direction, suppose that P is not Pareto minimal and that
Q is Pareto smaller than P. Then, {i <n : Q; has positive measure} C &p.
By redefining Q on a set of measure zero, if necessary, we may assume that
(Q; @i € dp) is a partition of | J,.5, P among the players named by §p. This
implies that the partition (Q; : i € 8p) is a Pareto smaller partition of _J;. s, bi
among the players named by §p thanis (P; : i € §p). Hence, (P; : i € 8p) is

not a Pareto minimal partition of ;. 5, Pi among the players named by §p. O

Theorem 10.20 Fix a partition P € Part™. P is Pareto minimal if and only if
P is chores w-associated with w for some w € S™.

Theorem 10.21 Fix a partition P = (P, P,, ..., P,). P is Pareto minimal if
and only if the partition (P; : i € §p) is chores w-associated with w for some
w € S,s[,.

10C. The Situation Without Absolute Continuity

In this section we make no general assumptions about absolute continuity.
Our goal is to characterize Pareto maximality in this context. We present two
approaches (Theorems 10.23 and 10.28.) We shall not need to assume (as we
did for most of the previous section) that each player receives a piece of cake
that he or she believes to be of positive measure.

As we did in the previous chapter, we adopt the convention that expressions
such as “almost every” or “positive measure” refer to the measure © = m; +
my + - - - + m,, unless otherwise stated.

By Corollary 9.11, the failure of absolute continuity implies that the bound-
ary of the RNS is associated with a piece of cake of positive measure. In other
words, u({a € C : f(a) is on the boundary of the simplex}) > 0.
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Fix some A C C. In the presence of absolute continuity, there exist Pareto
maximal partitions that give all of A to any player we wish. (See Example
10.12 and the paragraph preceding this example.) This is not the case if absolute
continuity fails. If m;(A) = Oand m ;(A) > 0, then no Pareto maximal partition
can given A to Player i, since if P is a partition that gives A to Player i, and Q
is the partition that results from P by transferring A from Player i to Player j,
then Q is Pareto bigger than P and, hence, P is not Pareto maximal. Thus,
Pareto maximality demands that any piece of cake that has positive measure to
at least one player cannot be given to a player for whom that piece has measure
zero. We wish to consider this idea in terms of the RNS. This requires that we
refer to “faces of the simplex.”

Although the notion of “a face of the simplex” is fairly intuitive (and we
have already used this notion in Chapter 9), it will be useful to give a precise
definition. For any non-empty § C {1, 2, ..., n}, we define the face of the sim-
plex corresponding to § to be {(p1, p2, ..., pu) € S: p; =0 for everyi ¢ §}.
Equivalently, the face of the simplex corresponding to § is the convex hull of
the set of vertices of players named by 6. Notice that we do not insist that § be
proper. Hence, we consider the whole simplex to be a face of itself. If we wish
to exclude this possibility by requiring that § be a proper subsetof {1, 2, ..., n},
we shall use the term proper face.

Forany p = (p1, pa. ..., py) in the simplex, let §) = {i <n : p; = 0} and
let 8;’ ={i<n:p;>0}={1,2,..., n}\8g. Note that any point p of the sim-
plex is on the face corresponding to 8;'. Suppose that a € C and that f(a)
is on the boundary of the simplex. Then 8(}@ is non-empty and f(a) is on
the face of the simplex corresponding to 8;(@- For each i € 8?{(“), Player i
gives value zero to point a. Hence, in any Pareto maximal partition, point
a cannot go to any player named by 8?({1) but must be given to a player
named by 8;@. Thus, cake corresponding to a point p of the RNS that is
on the boundary of the simplex must be distributed among the players named
by 8;. (Of course, there can be a measure-zero set of exceptions.) In other
words, for any p € RNS, if p is on a face of the simplex, then, in any Pareto
maximal partition, all cake corresponding to p must be distributed among
those players whose vertices determine this face. This is precisely the same
as our previous conclusion that, for any A € C and i, j =1,2,...,n, if
m;(A) =0 and m;(A) > 0 then no Pareto maximal partition can give A to
Playeri.

Let us consider the definition of “the partition P is w-associated with
® € ST given by Definition 10.4. “The partition P is w-associated with
@ € ST makes sense in the absence of absolute continuity as long as we adopt

some arithmetic conventions. Consider the term “% > %” in Definition 10.4.
JI J
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Since w = (w1, w2, ..., w,) € ST, 2 is a positive number divided by a posi-
. . .. J .

tive number and, hence, is a positive number. On the other hand, as discussed
in the preceding paragraph, f(a) may be on the boundary of the IPS, and
thus one or both of f;(a) and f;(a) could be zero. Of course, an expres-
sion of the form “——2 > positive number” is always false. We also

positive number . ositive number
adopt the natural convention that an expression of the form “% >
positive number” is always true.
0

How about expressions of the form “j > positive number?” Suppose that

P = (P, P, ..., P,) is a partition, v = (w1, @y, ..., w,) € ST, and we wish
to consider what it means for P to be w-associated with w. Fix some a € C
and assume that, for some i = 1,2,...,n, fi(a) =0. Then we should not

have a € P;. We ensure that this is the case by declaring any expression of

the form “g > positive number” to be false. (The alert reader may notice that,

in our present context, it really does not matter whether we consider such an
expression to be true or false. In applying Definition 10.4, it may be that, for

some j =1,2,...,n with j # i, f;g; = 8 and, hence, an expression of the
JIJ
form “% > positive number” does arise. However, since fi(a) + fa(a) + -+ +

fa(a) = 1, we know that, for at least one k =1,2,...,n, fi(a) > 0. Then
certainly the expression “% > positive number” is false, and this guarantees
that a ¢ P;, regardless of whether we consider “g > positive number” to be
true or false. However, it will be convenient for our work later in this section to
adopt the convention that any such expression is false.)

In searching for the correct adjustment of Theorem 10.9 when absolute
continuity fails, we note that the proof of Theorem 10.9 used Theorem 10.6.
We claim that Theorem 10.6 holds in our present context, where we no longer
assume that absolute continuity holds. While the proof of this result did not
rely on absolute continuity, it did involve terms of the form }/((‘:li, and such
terms may now have a zero in the numerator and/or the denominator. However,
with our new arithmetic rules and our convention that “positive measure” refers
to the measure yu = m + my + - - - + m,, the given proof is still correct for
our present setting. We also note that the proof of the reverse direction of the
Theorem 10.9 did not require absolute continuity and, therefore, holds in our
present setting. However, the forward direction of Theorem 10.9 might not hold
if the measures are not absolutely continuous with respect to each other. This

is established by the following.

Example 10.22 This example is similar to Example 10.14, but has a small
addition. Let C’ = [—1/2,0) and let C” be the non-negative real numbers.
We define the cake C to be C’ U C”. We wish to define measures m; and
my on C. It suffices to define m; and m, on C’ and on C” since, for
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any A CC,mi(A)=m(ANC)+mi(ANC")and my(A) = my(ANC)+
my(A N C”). Let m denote Lebesgue measure on the real number line.

We first define m and m, on C”. We do this as in Example 10.14, with a
change in the constants for m;. Fix A C C”. We define

1 1
mi(A) = <Z) mp (AN[O, 1)+ <§> mp (ANl 2)

! 1
+<1—6)mL(Aﬂ[2,3))++<ﬁ>mL(Aﬂ[k—l,k))+

and
2 2
ma(A) = (5) mp (AN[O0, 1))+ (5) mp (AN[1,2))

2 2
+(ﬁ)mL(Aﬂ[2,3))+--~+(ﬁ)mL(Aﬂ[k—l,k))—i-“m

To define m, and m, on C’, we let m;(A) = m(A) and m,(A) = 0 for any
ACC.
We must show that m(C) = m,(C) = 1. We do this as follows:

mi(C) = m(C") 4+ m(C")
1 1 1

2 4

1 1
+<E>mmmﬁ»+~~+(iﬁ)maw—lw»+~-
1 1 1 1

=§+Z+§+...+W+...

1

2
o

and
my(C) = my(C") + my(C")
2 2 2
=0+ (§> my ([0, 1)) + <§> myp ([1,2)) + (E) mp([2,3)+---

+<3)mam—1w»+~-

3k
I
37927 3k
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ese0 e © 0 o o o
(1,0) (0, 1)

Figure 10.11

Thus, m; and m, are (countably additive, non-atomic, probability) measures.
What is the corresponding RNS?

We first consider f(a) fora € C'. We have m(C’) = % and my(C") = 0. It
follows that, for almost every a € C’, fi(a) = 1 and f,(a) = 0. Hence, f(a) =
(1, 0). We may assume that, for every a € C’, f(a) = (1, 0).

Next, we consider f(a) fora € C”. Arguing precisely as in Example 10.14,
we find that, for any positive integer k and almostevery a € [k — 1, k), fi(a) =
s and f3(a) = 525 and therefore f(a) = <2k+§+3k, zki‘;y) We may
assume that, for every a € [k — 1, k), f(a) = (535, yorr50)-

It follows that the RNS consists of the point (1, 0) and all points of the form
(2k+2+3k , 2A+2+3k Yfork =1,2,....Thisis illustrated in Figure 10.11. (We have
lightened the point (1, 0) to dlstlnguish it from the other points in the RNS.)

The important fact in what follows is that no point of the form (2k+§:3k , zkzk;jy )

is equal to (1, 0), but le;Hoo(zk+2 +3k) =1 and lekﬁoo(zkfzik) =0 and,

therefore, the sequence of points (zk+2 =g zkik:y) for k = 1,2, ... has limit
(1, 0). (These limits can be computed as in Example 10.14. The reader may
notice a slight peculiarity in the figure. The points in the sequence go right to
left, but get slightly farther apart early in the sequence before they start getting
closer together.)

Since m(C’) > 0 and m,(C’) = 0, we know that any Pareto maximal parti-
tion must give all of C’ to Player 1. (To use the perspective developed earlier in
this section, all of C’ must go to Player 1 since it corresponds to the point (1, 0)
in the RNS and this point is on the face of the RNS determined by (1, 0), which
is Player 1’s vertex.) Consider the partition P = (C’, C”). We claim that P is
Pareto maximal but is not w-associated with any w € S™. It is not hard to see
that this partition is Pareto maximal, since no transfer of cake from Player 1 to
Player 2 will help Player 2 (since m,(C’) = 0), but any transfer from Player 2
to Player 1 that helps Player 1 will hurt Player 2 (since, for any A € C”, if
mi(A) > 0, then my(A) > 0). However, as we saw in Example 10.14, any w €
St (i.e., any w strictly between the points (1, 0) and (0, 1)) with which the parti-
tion (C’, C") is w-associated would have to be to the left of all of the points of the

RNS associated with C”. These are the points (2k+2 e 2&2;) for k =
1,2, ..., and these points have limit (1, 0). Hence, there is no such point .

This example tells us that Theorem 10.9 does not hold if absolute continuity
fails, and it also strongly suggests that the difficulty in finding an appropriate
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adjustment of Theorem 10.9 to our present setting lies in our restriction that @
lie in ST, the interior of the simplex. We now wish to remove this restriction
and make sense of “partition P is w-associated with point @ € S” when w is on

the boundary of S. To do this, we need to decide on the truth of the inequality

fila) o

f;(a) = .
The four terms making up the two fractions in the expression

%L when w; or w; (or both) are equal to zero.

whl@ o o
fi (a) — w;

can each be positive or zero. Thus, each fraction is either positive zero, is of the

i ber »»
“w which we shall refer to as “co,” or else is § 9 The truth of

form
any such inequality that involves only zero and/or a positive number or numbers
is trivial to evaluate, as usual. The inequalities involving co but not % are also

easy to evaluate:

* “oo > 07 is always true.

* “0 > 00” is always false.

* “oo > positive number” is always true.
* “positive number > 00’ is always false.
* “00 > 00” is always true.

What about inequalities involving %? We previously adopted and justified

the convention that inequalities of the form “% > positive number” are always
false. We now extend this to say that the inequalities 3 >0, 2 > 0o, 2 > 2,

and 0 > g are all always false. Our reason is precisely as 1t was before, namely,
to rule out any player receiving a point of cake to which he or she assigns
value zero.

We now declare that the inequality oo > % and inequalities of the form
“positive number > %” are always true. We justify this as follows. Suppose
that P = (P, Pp, ..., P,) is apartition, w=(w,w,...,w,) €S, and w; =
w; =0, where i # j. Then 0 . In Definition 10.4, the result of declaring
that the inequality oo > & and 1nequaht1es of the form “positive number > g”
are always true is to not exclude a point from being in P; based only on the fact
that w; = wj = 0.

Our definition of “partition P is w-associated with point w € S is precisely
as in Definition 10.4, with our convention that “almost every a € P;” refers to
the measure u = m + my + - - - + m,, and the addition of the arithmetic rules
given previously.

Our first approach to characterizing Pareto maximality using w-association is
Theorem 10.23. It is an attempt to import Theorem 10.9 as directly as possible.
As we have seen, Theorem 10.9 is not true in our present setting, and the
adjustment we make results in a theorem that is not an “if and only if”’ statement
and, hence, is not a characterization of Pareto maximality. Our second approach
(Theorem 10.28) provides a complete characterization.
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Theorem 10.23 Let P be a partition of C.

a. If P is Pareto maximal then P is w-associated with w for some o € S.
b. If P is w-associated with w for some w € S™, then P is Pareto maximal.

Proof: Fix partition P = (P, P>, ..., P,) of C.

For part a, we assume that P is Pareto maximal. Then, for every i, j =
1,2,...,n,if AC P; and m;(A) =0, we must have m;(A) = 0. (In other
words, P is non-wasteful. See Definition 6.5.) This implies that, for each i =
1,2,...,n, fi(a) > 0 for almost every a € P;.

As we have previously discussed, given any face of the simplex, Pareto
maximality implies that P gives almost all of the cake associated with that
face to the players whose vertices determine that face. Now we consider the
following related question: is there a face of the simplex such that all of the
cake given out to the players whose vertices determine that face is associated
with that face? If we do not insist that the face be proper, then there certainly is
such a face, since we consider the simplex to be a face of itself. We allow this
possibility here, and we consider the smallest such face.

Choose 6 C {1, 2,...,n} to be of minimal (non-zero) size such that, for
every j ¢ 6 and k € §, m;(P;) = 0. (The face of the simplex corresponding
to § is as described in the previous paragraph.) By Theorem 6.2, P is proper
subpartition Pareto maximal and, hence, the partition (P; : i € §) is a Pareto
maximal partition of (J;.; P; among the players named by 8. Therefore, by
part a of Theorem 7.10, (P; : i € §) maximizes the convex combination of
the measures (m; : i € §) corresponding to some (¢; : i € §) in the (|6] — 1)-
simplex. We assume here, as we did earlier in this section (see the paragraph
preceding the statement of Theorem 10.15), that we have made the natural
(order-preserving) identification between the players named by § and the |§|
vertices of the (|§| — 1)-simplex.

We claim that, for each i € §, o; > 0. Suppose that this is not the case and
let 8 ={i € § : ¢; = 0}. Then 8’ # ¥ and, since ), ;o; = 1, it follows that
8’ is a proper subset of §. For any j € 6\’ and k € &', m j(Py) = O since, if
not, then a transfer of P; from Player k to Player j would result in a larger
sum in the convex combination of the measures (m; : i € §) corresponding to
(o 2 i € 6).Sinced” C 8§, wealsoknow that, forany j ¢ andk € §',m;(Py) =
0. Thus, forany j ¢ §' and k € §', m j(P) = 0. Since 8’ # ¥ and 8’ is a proper
subset of §, this contradicts our minimality assumption on é. Hence, «; > 0 for
eachi €.

Recall that Theorem 10.6 holds in the present context, in which absolute
continuity is not assumed. Since o; > Oforeachi € §, thisresultimplies that the
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partition (P; : i € §) is w-associated with RD(¢; : i € §). Set RD(e; : i € §) =

/
(a)i

i €8) = . Then,foreachi € §, w; > 0.Definew = (w1, ws, ..., w,) €

S as follows: foreachi =1,2,...,n,

el ifies
"Tlo ifig¢s

Then, w € S. Notice that, foreachi = 1,2,...,n,w; = 0ifand only ifi ¢ 8.

We claim that P is w-associated with w. Fix distinct i, j = 1,2,...,n.

We must show that £© > o for almost every a € P;. We con51der four
cases.

fita) —

Case 1: i €6, j € 8. Then J;((Z)) > “” for almost every a € P; since (P; :
o,

i € 8)is w-associated with o’ and "” = —i.

Case 2: i €6, j ¢ 8. Then w; = w! >0anda)j = 0. As noted at the be-
ginning of this proof, for almost every a € P;, fi(a) > 0. Since j ¢ 6,

m ;j(P;) = 0. Hence, f;(a) = 0 for almostevery a € P;. Therefore, for al-
fila) __ positive number a), __ positive number __
@ = 0= = 0. And =

00. Hence, for almost everya € P;, ;E‘;))

Case 3: i ¢4, j €. Thena),_Oanda)j_a) > 0. Since fi(a) > 0 for

almostevery a € P;, we know that, for almost every such a, either j’:((“)) =

positive number
posmveonumber

most every such a

= positive number or f’(a) = positivenumber — o6, Since & =
J
——— =), it follows in elther case that, for almost every a €
positive number
P; 24 > O
T fil@) = o, )
Case 4: i ¢4, j ¢ 6. Then w; = w; =0. As in Case 3, we know that,

for almost every a € P;, either ch((Z; = positive number or % = 00.
JJj JI
And, since g/ = 8, our arithmetic rules imply that, for almost every
aep, L9 >
b fila) — wj

This establishes part a.
For part b, we assume that € ST and P is w-associated with w. By Theo-

rem 10.6, P maximizes the convex combination of measures corresponding to
RD(w). Then, since RD(w) € ST, it follows from part b of Theorem 7.10 that
P is Pareto maximal. This completes the proof of the theorem. O

We note that the relationship between Theorems 10.9 and 10.23 is analo-

gous to the relationship between Theorems 7.4 and 7.10. We saw in Chap-
ter 7 that the converses to parts a and b of Theorem 7.10 are each false.
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Example 10.22 tells us that the converse to part b of Theorem 10.23 is false.
We next give an example to show that the converse to part a of this result is
also false.

Example 10.24 Let C’ be any cake and let m} and m/ be distinct measures on
C’ that are absolutely continuous with respect to each other. Let (P, P;) be a
partition of C’ that is not Pareto maximal. Let C” be any cake disjoint from C’,
let m’; be any measure on C”, and set P3 = C”. Define anew cake C = C' U C”
and deﬁne measures mp, my, and m3 on C as follows: for any A C C,

mi(A) = m/(ANC)
my(A) = my(ANC)
m3(A) = mi(ANC")

Let P = (P;, P>, P5). Then P is a partition of C. Since the partition (P, P,)
of C’ is not Pareto maximal, P is not proper subpartition Pareto maximal and
hence, by Theorem 6.2, it follows that P is not a Pareto maximal partition of
C. However, we claim that P is w-associated with (0, 0, 1). We must show that,
for distinct i, j = 1, 2, 3, and almost every a € P, f’(")

b fia) —
set (w1, wy, w3) = (0, 0, 1). We verify this as follows.

"} , where we have
/

For almost every a€ Py, ;;EZ; = 7522232 bl — positive number > = o
(«/[i@) _ positve namber»» \\ooc the fact that m) and m) are absolutely continu-
fa(a) positive number 1 2

ous with respect to each other.) Similarly, for almost every a € P, fthZ; > zf

For almosteverya € P, 28 posiive mumber _ o, > 0 1 Gimilarly, for al-
mostevery a € Ps, L@ wz .For almostevery a € Ps, £2@) __ positive number _

a a
00 > % = Z—: Simllgél})/, for almost every a € P, % f_( éz We ha(\)/e estab-
lished that P is not Pareto maximal but is w-associated with (0, O, 1). This
establishes that the converse to part a of Theorem 10.23 is false.

Simply put, the point (0, 0, 1) can make no distinctions between the points
of C that go to Player 1 and those that go to Player 2. Thus, in general, there
is no reason to expect that a partition w-associated with (0, 0, 1) is Pareto

maximal.

By way of motivation for our characterization of Pareto maximality (Theo-
rem 10.28), consider the following example.

Example 10.25 Suppose that there are three players, Player 1, Player 2, and
Player 3, with measures m |, m,, and m3, respectively, such that the correspond-
ing RNS is as in Figure 10.12. First, we clarify what is happening in the figure,
and then we informally describe how one could construct a cake and measures
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0,0,1)

z'= (@, 23,23)

2
w?=(wh w3, 0) 22=(}.23.0)

(1,0,0) 0, 1, 0)
y= (yl’y2= 0)

Figure 10.12

that yield this RNS. We can describe the RNS in the figure as consisting of five
parts. It contains

a. an infinite collection of points between (1, 0, 0) and (0, 1, 0), with (1, 0, 0)
and (0, 1, 0) both being limit points of this collection;

b. an infinite sequence of points beginning at (%, %, %) and continuing toward
the point (1, 0, 0), with (1, 0, 0) being the limit of these points;

c. an infinite sequence of points beginning at (%, %, %) and continuing toward
the point (0, 1, 0), with (0, 1, 0) being the limit of these points;

d. an infinite sequence of points beginning at (%, %, %) and continuing toward
the point (0, 0, 1), with (0, 0, 1) being the limit of these points; and

e. the point (0, 0, 1).

In the figure, we have shown six of the points in each of the sequences de-
scribed in conditions b, ¢, and d (the first point in each of these sequences is
the same) and have shown eleven of the points in the sequence described in
condition a.

It would be cumbersome, but not difficult, to explicitly define a cake C and
corresponding measures m, m,, and m3, having the RNS described in the pre-
ceding paragraph and pictured in Figure 10.12. We will informally describe a
part of this construction. Consider, for example, conditions d and e. Let the cake
be as in Example 10.22, and let measures m; and m, from that example be
the present measures m3 and m;, respectively, and let m| = m,. This pro-
vides us with the point of condition e and the sequence of condition d, except
that the starting point of this sequence, and the spacing between the points of
the sequence, is not quite right. These can easily be made right by slightly
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altering the definitions of the measures. Cakes and measures that yield the se-
quences in the RNS described by conditions a, b, and ¢ can be defined in a
similar manner. These various cakes and measures can be combined in a nat-
ural way to make one cake and three measures whose RNS satisfies the five
preceding conditions.

Define A;, A,, and Az as follows:

Aj = all cake associated with points on the line segment between
(1,0,0) and (0, 1, 0)

A, = all cake associated with points in the interior of the simplex

Az = all cake associated with the point (0, 0, 1)

In other words, for any a € C:

a € A ifand only if f(a) = (p1, p2, 0) for some p; and p,
a € Ay if and only if f(a) € (pi1, p2, p3), for some py, p2, p3 >0
a € Az ifandonly if f(a) = (0,0, 1)

Thus, A consists of all cake associated with points in the RNS given by con-
dition a, A, consists of all cake associated with points in the RNS given by
conditions b, ¢, and d, and A3 consists of all cake associated with the point in
the RNS given by condition e. Then C = A; U A, U A3 and A, A,, and Aj
are pairwise disjoint.

Our previous discussion tells us that, for any p in the RNS, if p is on a face
of the simplex, then in any Pareto maximal partition, all cake corresponding
to p must be distributed among those players whose vertices determine that
face. Thus, any such partition must give none of A; to Player 3, since f(A;)
is a subset of the line segment between (1, 0, 0) and (0, 1, 0), and must give
all of Aj to Player 3, since f(A3) = {(0, 0, 1)}. A, can be distributed in many
different ways among the three players, using the notion of w-associated, as in
partb of Theorem 10.23. Similarly, A; can be distributed in many different ways
between Player 1 and Player 2, using the notion of w-associated, as applied to
the RNS that corresponds to just Player 1 and Player 2 and piece A;. We wish to
consider partitions that are not describable by choosing some point @ in S+ and
applying part b of Theorem 10.23. (These are partitions of the sort considered
in Example 10.22 for the case of two players.) In particular, we shall study
the two extreme cases: giving all of A, to Player 3 and giving none of A, to
Player 3.

First, we need to consider the points w'!, w?, z!, z2, and y, and the dashed
line segment, in the figure:

 w! is the point in the sequence of points given by condition b that is to the
left of the dashed line and is closest to this line.
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w2 is the point in the sequence of points given by condition a that is to the
left of the dashed line and is closest to this line.

* z! is the point in the sequence of points given by condition b that is to the
right of the dashed line and is closest to this line.

e 72 is the point in the sequence of points given by condition a that is to the
right of the dashed line and is closest to this line.

* y is the point of intersection of the dashed line with the line connecting the
points (1, 0, 0) and (0, 1, 0).

Notice that neither the point y, nor any point on the dashed line except for
the point (0, 0, 1), is in the RNS and, hence, there is no cake of positive measure
associated with either of these objects. (We have drawn the point y lighter to
distinguish it from the points of the RNS.)

We shall need the following inequalities, each of which follows easily from

the figure:

)1
W2 22

wi Vi
2
oW _»
wi Y1
1
2 |
o F4%
T <3
2 Y2
2
g n

2
Consider the following two partitions:

P! = (P!, P}, P}), where
Pll = all cake in A; associated with points in the RNS to the left of y,
P) = all cake in A; associated with points in the RNS to the right of
v, and
P = Ay U A;.
P% = (P}, P}, P}), where
Pl2 =all cake in A; U A, associated with points in the RNS to the left
of the dashed line,
P22 = all cake in A} U A, associated with points in the RNS to the
right of the dashed line, and
P} = As.

We claim that both P! and P? are Pareto maximal partitions. We first note
that both partitions give all of A; to Player 3 and split A between Player 1 and
Player 2, as our previous discussion shows must be so for every Pareto maximal
partition. We shall show that each of these partitions is Pareto maximal by using
partition ratios. We recall that, for distincti, j = 1, 2, 3, pr; = sup{ :117((//:)) A C
P; and either m;(A) # 0 or m;(A) # O}.
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First, we consider P!. We claim that the partition ratios pry, and pr;, each
equal oo*. (For the meaning of co*, see Notation 8.21. For the relevant multi-
plication rules involving 0o*, see Definition 8.22.) To see that pry; = 00*, we
first note that no point in Pj is associated with a point of the RNS that has
positive first coordinate and third coordinate zero. Hence, pry; 7# 0o**. Clearly
the ratio of the first to the third coordinate of points in the sequence given by
condition b goes to infinity. Since each point in this sequence corresponds to a
positive-measure piece of cake in P31, this implies that pry; = oo*. Similarly,
pr3; = 00*.

2
Sl

2
It is easy to see that pr; = pr,; = 0 and that pr,, = —5 and pry; =
Then, computing all cyclic products, we have: "

(w3 (4 »\ () _
Prizpr =\ — )<\ —=)=1
Wl Zz Vi »

pri3pry; = (0)(00") =0
pry;pry; = (0)(00*) =0

w3
Pri,Prysprs; = (W) (0)(c0™) =
i

2
Pry,pry;pri3 = (00%) ( ) 0) =

2
Since all cyclic products are less than or equal to one, Theorem 8.24 implies
that P! is Pareto maximal.
Next, we consider P2. It is easy to see that pry; = pry, = 0.

We note that pr;; = X—% and pr,; = co*. (The argument that pr,; = oo* is
1
similar to the argument given for P! that pry; = co*. Choosing to have the
dashed line pass to the left of the point (% , % , %) was arbitrary. If we had chosen
the dashed line so that it passed to the right of (%, %, %), then the roles of pr;
and pr,; would have been reversed.)

Finally, we see that prj, = sup{w—%, W—%} and pr,; = sup{i—i, z—i}. Then, com-
Wit owy 2 2
puting all cyclic products, we have:

1,2 1 .2
Pri,pry = <sup{w2 W; }) <sup{z—i, < }) < <¥) <ﬂ) =1
w1 wi 2 2 N1 y2
wl
pri3pry; = <—31> 0) =
Wi

Prysprs, = (00*)(0) =0
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Since all cyclic products are less than or equal to one, Theorem 8.24 implies
that P, is Pareto maximal.

It is not hard to see that neither partition P! nor partition P? is w-associated
with any point in S*. However, each of these partitions is w-associated with
a point on the boundary of . Partition P! is w-associated with the point y,
and partition P? is w-associated with the point (0, 0, 1). There is an impor-
tant difference between these two situations. Whereas P! is the only partition
that is w-associated with y, there are many partitions that are w-associated
with (0, 0, 1), and many of these partitions are not Pareto maximal. We dis-
cussed the reasons for each of these situations earlier in this chapter. If we are
only interested in Pareto maximal partitions, using “w-associated with y”” does
work, because the point y has only one coordinate that is equal to zero. Using
“w-associated with (0, 0, 1)”” does not work, because both the first and second
coordinates of this point are equal to zero, and thus this point can make no
distinctions between which points of C go to Player 1 and which go to Player 2.
In particular, as long as Az goes to Player 3, the cake associated with points
in Ay and A, can be given out arbitrarily between Player 1 and Player 2 and
the resulting partition will be w-associated with the point (0, 0, 1). Some such
partitions will be Pareto maximal and some will not. Thus, this approach does
not provide a characterization.

We will show how to describe each of these partitions by an iterative pro-
cedure. This procedure, when properly generalized, will give us our desired
characterization, which is Theorem 10.28. For P! and P2, the procedure will
have two stages. In stage 1, we identify one face of the simplex and we partition
the cake associated with this face among the players whose vertices determine
this face, using part b of Theorem 10.23. Next, in stage 2, we partition the
remainder of the cake among the remaining player(s), again using part b of
Theorem 10.23.

For P!, we focus first on the face consisting of the line segment between
(1,0, 0)and (0, 1, 0). Notice that this line segment is a face of the simplex, since
itis the set of all points (p;, p», p3) of the simplex for which p; = 0. For stage 1,
we apply part b of Theorem 10.23, thinking of A; as the cake and Player 1 and
Player 2 as the players, using the point y in place of w. Note that y is an inte-
rior point of the relevant simplex, which is the one-simplex. Next, we focus on
the remaining cake, which is A, U A3z, and the remaining player, Player 3.
The relevant simplex is the trivial zero-simplex associated with Player 3.
For stage 2, we apply part b of Theorem 10.23, thinking of A, U A3 as the
cake and using the single point of the zero-simplex, (0, 0, 1), in place of . (We
shall consider the single point that makes up the zero-simplex to be an interior
point of the simplex, since its coordinate in R!, i.e., on the real number line, is
one, a positive number.) This gives all of A, U A3 to Player 3. This two-stage
approach yields P!, as desired.
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For P2, we focus first on the face consisting of just the point (0, 0, 1). We
note that this point is a face of the simplex, since it is the set of all points
(p1, p2, p3) of S for which p; =0 and p, = 0. We also note that there is a
piece of cake, namely A3, associated with this point. For stage 1, we apply partb
of Theorem 10.23, thinking of A3 as the cake and Player 3 as the only player,
using the single point of the associated zero-simplex, (0, 0, 1), in place of w.
This gives all of A3 to Player 3. Next, we focus on the remaining cake, which is
A1 U A,, and the remaining players, Player 1 and Player 2. The relevant simplex
is the one-simplex associated with Player 1 and Player 2. We may identify this
one-simplex with the line segment between (1, 0, 0) and (0, 1, 0). To make this
identification, we proceed as we did earlier in this chapter (see Example 10.10
and Figure 10.4). We ignore the third coordinate of each point along this line
segment and identify points of the RNS other than (0, 0, 1) with their projections
to this line segment. We make this identification simply by changing the third
coordinates of all points to zero, and changing the first and second coordinates
so that their sum is one but so that their ratio remains unchanged. In other
words, each point (p;, p2, p3) # (0,0, 1) of the RNS is identified with the
point plilpz, plfpz , 0). Geometrically, this means simply projecting along the
line segment from the point (0, 0, 1), through the given point, to a point on the
line segment between (1, 0, 0) and (0, 1, 0). This is illustrated in Figure 10.13.
In the figure, any point along one of the dashed lines is projected to the point
of intersection of that dashed line with the line between (1, 0, 0) and (0, 1, 0).
Clearly, this procedure projects points that are to the left of the dashed line in
Figure 10.12 to points that are to the left of y and projects points that are to
the right of this dashed line to points that are to the right of y. For stage 2, we
apply part b of Theorem 10.23, thinking of A; U A, as the cake, and using the

Figure 10.13
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point y in place of w, once we have made the identification just described. This
two-stage approach yields P2, as desired.

In moving toward making this procedure general and precise, we note the
following two facts that held in the previous example, and will hold in the
general case:

* A given player is eligible to receive cake at only one stage.
* Any piece of cake given out at any stage before a given player is eligible to
receive cake has measure zero to that player.

We shall use the notion of “partition sequence pair,” which was given
by Definition 7.11. In what follows, we shall refer to the sequence w =
(w1, w2, ..., wy), rather than to the sequence o = (a1, @2, ..., &), as in the
statement of Definition 7.11. This is in keeping with our convention of using
o in the context of w-association and using @ when referring to coefficients in
convex combinations of measures.

Suppose that y = (y1, ¥», ..., V) 1s a partition of {1, 2, ..., n} (as in Defi-
nition 7.11). Foreachk = 1,2, ..., ¢, set u%* =y

i€y mi.

Definition 10.26 Let (w,y) be a partition sequence pair with w =
(w1, w2, ...,0,) and Yy = (Y1, V2, ..., Vt), and let P = (P, P>, ..., P,) be
a partition. P is w-associated with (w, y) if and only if the following two
conditions hold:

a. Forevery k = 1,2, ..., ¢t and distinct i, j € y4, 2((‘;)) > z)’—j for almost every
(with respect to u”*)a € P;.

b. Either
i. forevery k =1,2,...,¢, and almost every a € C, a € Uiem P; if and

only if a ¢ Uy Ui, P fi(@) > 0 for some j € yi, and fj(a) =0
forall j' € yp withk' =k +1,k+2,...,¢,0r

ii. for every k =1,2,...,¢ and almost every a € C, a € Uieyk P; if and
only ifa ¢ Uy, Uiew P;, fi(a) > 0 for some j € yi, and fj(a) =0
forall j € yp withk' =1,2,...,k— 1.

Notice that if (w, y) is a partition sequence pair with w = (wy, wa, .. ., @)
and y = ({1,2,...,n}) (i.e., y is the trivial partition of {1, 2, ..., n} into one
piece), then w € ST and condition a says that, for distinct i, j = 1,2, ...,n,
fil@) <

@ 2 :‘)’— for almost every a € P;, and condition b is trivially true. In this case,
Definition 10.26 reduces to Definition 10.4. Thus, we may view Definition 10.4
as a special case of Definition 10.26.

In condition a of Definition 10.26, once we restrict our attention to y4, the

relevant measures are the measures m; for i € y; and, hence, the sum of these
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measures, 1, plays the role usually played by u = m + m + - - - + m,,. Thus
we see that condition a is equivalent to the following:

forevery k = 1,2, ...,1t, the partition (P; : i € y;) of Uieyk P; is w-associated with
(w; 11 € V).

Concerning condition a, we also note what may appear to be a subtle error.
Once we have restricted our attention to only the players named by y; and we
use the measure p'* in place of the measure u, we are really working with
a new RNS, and this new RNS will have density functions that need not be
the same as the original density functions. (To see this, recall that, for any
a €C, fila)+ fr(a)+ -+ fu(a) = 1. Thus, forany a € C, if f;(a) > 0 for
some i ¢ i, then ), ey, Jila) < 0. Hence, these original density functions are
not legitimate density functions for the new restricted RNS.) However, we are
justified in ignoring this issue since we are only concerned with ratios of the
form jf; ((Z;, and it is not hard to see that such ratios are the same for the original
density functions as for the new density functions.

Condition b of Definition 10.26 gives us our iterated perspective. Consider
condition bi. The idea here (as was the case for a-maximization in Chapter 7
and for Example 10.25) is that we may imagine ¢ stages, one for each of the
pieces of y. At each such stage k, cake is given out to the players named by yx.
Point a € C is given to some player at this stage if and only if

* it has not previously been given out (ie., a & Uy 4 Uie,, P

* it has value to some player named by y; (i.e., f;(a) > O for some j € y),
and

* ithas no value to any player considered later in the procedure (i.e., f;(a) = 0
forall j' € yp withk' =k + 1,k +2,...,1).

The discussion would be analogous if condition bii is satisfied instead of con-
dition bi.

Before stating our characterization of Pareto maximality, we need to define
a new function that generalizes the function RD : ST — S*. We defined this
function in the previous section (Definition 10.5) and used it in the proof of
Theorem 10.6. Recall that this function associates a point € S that provides
coefficients for a convex combination of measures, with a point w € St that
is to be used in the context of w-association. We now use this same idea to
associate each partition sequence pair that is to be thought of in the context of
a-maximization (as in Definition 7.12) with a partition sequence pair that is to
be thought of in the context of w-association (as in Definition 10.26). We do
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this by applying the function RD to each of the lower-dimensional simplices
corresponding to the pieces that make up the partition y of {1,2,...,n}. Let
W denote the set of all partition sequence pairs.

Definition 10.27 We define RDy : ¥ — W as follows. Fix («, y) € ¥ with
o= (oj,00,...,0y) and ¥y = (y1,¥2,..., ). Foreach k =1,2,...,¢t, de-
fine (w; i € ) = RD(¢; : i € i), and set RDy((e, ¥)) = (w, y), where w =
(w1, wy, ..., wy).

Since y = (y1, ¥2, ..., ¥;) 18 a partition of {1, 2, ..., n}, each w; for i =
1,2, ..., n has been defined and, hence, the definition of RDy makes sense.

As we discussed when we defined the RD function, simplices of differ-
ent sizes have different RD functions, but we use this notation for all of the
RD functions. Thus, in general, the RD functions used in the definition of
RDy will be different functions, depending on the size of the relevant simplex.
We also note that RDy : W — W is a bijection and that, for any (¢, y) € ¥,
RDy(RDy (e, ¥)) = (a, y).

Our characterization of Pareto maximality using the notion of w-association
is the following.

Theorem 10.28 A partition P is Pareto maximal if and only if it is w-associated
with some partition sequence pair.

The proof of Theorem 10.28 uses Theorem 7.13, which characterized Pareto
maximality using the notion of a-maximization of a partition sequence pair.
The best informal perspective on the theorem is an iterative one, as was the
case for our characterizations of Pareto maximality using a-maximization and
b-maximization in Chapter 7. Our proof does not clearly convey this. After
presenting this proof, we shall give an alternate proof of the forward direction
that will give us this perspective, and then we will discuss how the reverse
direction of the theorem provides us with an iterative approach to constructing
Pareto maximal partitions.

Theorem 10.28 follows easily from the next lemma.

Lemma 10.29 Fix a partition sequence pair («, v). P a-maximizes («, y) and
is non-wasteful if and only if P is w-associated with RDy((«, y)). (For the
definition of a-maximization, see Definition 7.12. For the definition of non-
wasteful, see Definition 6.5.)

Proof: Fix a partition sequence pair (o, y), where o = (o1, &2, ..., ;) and
y = (Y1, V2, ---> Vi), and let RDy((«, ¥)) = (w, y), where v = (v, ws, . . .,
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,). We must show that P a-maximizes (¢, y) and is non-wasteful if and only
if P is w-associated with (@, y). We begin by establishing a claim.

Claim Condition a of Definition 7.12 holds if and only if condition a of Defi-
nition 10.26 holds.

Proofof Claim: We must show that the following two statements are equivalent:

a’. For every k = 1,2, ..., ¢, partition (P; : i € y;) of Uieyk P; maximizes
the convex combination of the measures (m; : i € y,) corresponding to
(o i € ). |

a’. Foreveryk = 1,2, ..., tand distincti, j € y;, 222)) > Z)’—] for almost every
(with respect to ) a € P;.

As we discussed previously, Theorem 10.6 holds without the assumption
of absolute continuity and hence, since each «; is positive, we may apply this
result to statement a’, with (P; : i € y;) playing the role of the partition P in
the theorem. Hence, statement a’ holds if and only if,

c. foreveryk =1,2,...,¢, partition (P; : i € y;) of Uieyk P; is w-associated
with
1
RD(apiey@:(%:ieyk).
Zi’eyk E
By the definition of w-associated, statement c holds if and only if,

d. forevery k = 1,2, ..., ¢t and distinct i, j € 4,

1
fi(a) - (Zﬂm .4,) oy

fj(a) - ﬂlj (&%
Zi/eyk #

for almost every (with respect to u”*) a € P;.

For each such 7, j, and k, we know that

and
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Hence, 2 = 2. Thus, statement d holds if and only if statement ¢” holds. This
estabhshes that statements a’ and a” are equivalent and, hence, completes the
proof of the claim.

We return now to the proof of the lemma. We wish to show that P a-
maximizes the partition sequence pair (o, y) and is non-wasteful if and only if
P is w-associated with the partition sequence pair (w, ).

For the forward direction, we assume that P a-maximizes the partition se-
quence pair («, ) and is non-wasteful. By the claim, condition a of Defini-
tion 10.26 is satisfied. We shall assume that P and («, y) satisfy condition bi
of Definition 7.12. The proof is similar if instead they satisfy condition bii of
this definition.

We claim that P and (w, y) satisfy condition bi of Definition 10.26. Suppose,
by way of contradiction, that this is not so. Then, for some k =1,2,...,1,
it is not true that, for almost every a € C, a € Uieyk P; if and only if a ¢
Uk =« Uiew P;, fi(a) > Oforsome j € y,and fj(a) = Oforall j* € yp with
kK =k+1,k+2,...,t. Fix such a k and let

A={aeC:ael,, P andeither a € Uy, U, Pi.or fi(a)=0
forall j € y, or fy(a)> 0 forsome j € yp with k' =k +1,k+
.,t}and
B={aeC:a¢ Uy, P.a¢ Uy Uec, P fila)>0 forsome j €
Yk, and fj(a) =0forall j' € yp withk' =k +1,k+2,...,¢t}.

Then either u(A) > 0 or u(B) > 0. We consider each of these two cases.

Case 1: u(A) > 0. Since P is a partition of C, it follows that, foranya € A,
since a € (J,,, P;, we musthavea ¢ |y, U, Pi- Hence, if we let

Aij={aeC:aecl/ P; and f;(a) = 0forall j € y,} and

Ay={aeC:ac Uieyk P; and fj(a) > 0 for some j' e ypwith

K=k+1,k+2,...,1},
then either (A;) > 0 or u(A;) > 0.

If w(Ay) > 0, then foreach j € yx, m;(A;) = 0. This implies that, for
some j' & yx, mj(A;) > 0. But, since A; € | P;, this contradicts
our assumption that P is non-wasteful.

If w(Ay) >0, then for some A3 C Ay, jew, K=k+1,k+
2,...,t, and j' € yx, we have A3 C P; and m;(A3) > 0. But then
m j(P;) > 0. This contradicts condition bi of Definition 7.12.

Case 2: w(B) > 0. Notice that, forevery a € B,a € Uy, U,e,,, Pi- It fol-
lows that, for some By C B, k' =k+1,k+2,...,t,and j' € yp, we
have B; € P; and u(B;) > 0. But, for every a € B, f;(a) =0, and

[E€Yk

S22
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hence m ;(B;) = 0. This implies that, for some j =1,2,...,n with
Jj # j'.m;j(By) > 0, which contradicts our assumption that P is non-
wasteful. This establishes the forward direction of the lemma.

For the reverse direction, we assume that P is w-associated with the partition
sequence pair (w, y). We must show that P a-maximizes («, y) and is non-
wasteful. We first show that P a-maximizes («, y). By the claim, condition a
of Definition 7.12 is satisfied.

Assume that P and (w, y) satisfy condition bi of Definition 10.26. The proof
is similar if instead they satisfy condition bii of this definition.

Fixany k, k' =1,2,...,t withk < k/, j € y,and j’ € . Condition bi of
Definition 10.26 implies that f;(a) = 0 for almost every a € P; and, therefore,
m i (P;) = 0. This establishes that condition bi of Definition 7.12 holds; hence,
P a-maximizes the partition sequence pair (¢, y).

It remains for us to show that P is non-wasteful. Fix any k = 1,2, ...,1¢,
J € ¥, and A C P; with m;(A) = 0. We must show that, for every j' =
1,2,...,n,my(A) = 0. Suppose, by way of contradiction, that this is not

so, and let k' be maximal so that m ;(A) > 0 for some j' € y. We consider
three cases.

Casel k' <k.LetA; ={a € A: fy(a) > 0}. Since m j(A) > 0, it follows
that m j;(A;) > 0. We claim that the following three conditions are satis-
fied for almost every a € A;:

iLa ¢ Upaw Uiy P

ii. fj(a) > 0 for some j” € yp.
ili. fj«(a)=0forall j” € ypr withk”" =k +1,k' +2,...,t.
Conditioniis obvious,since Ay € A € Pj, j € ¥, andk’ < k. Condition
ii follows from our definition of Ay, since j' € y;. Condition iii follows
from our maximality assumption on k’. Then, since P and (w, y) satisfy
condition bi of Definition 10.26, it follows from this definition (with k’
in place of k) that, for almost every a € A, a € Uieyk, P;.But A; C P;
and, since j € y, j ¢ v . This is a contradiction.

Case 2: k' =k. Let Ay={aecA: fij(a)=0 and fj(a) > 0}. Since
mj(A) =0and mj(A) > 0, it follows that ;t(A;) > 0. Since A} C A C
P;, condition a of Definition 10.26 implies that Jf]f(('z)) > j—/’ for almost

every (with respect to u"*) a € A;. But for each such a, fj(a) =0, and

thus the inequality L@~ @0 g false, since % is a positive number.
.. . . J
This is a contradiction.

fj/(a) - Wy
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Case 3: k' > k. By condition bi of Definition 10.26, for almost every
a € A, fy(a) = 0. This implies that m j(A) = 0, which contradicts our
assumption that m j(A) > 0.

This completes the proof of the lemma. O

Proof of Theorem 10.28: The theorem follows immediately from the
Lemma 10.29 and Theorem 7.13. O

We may view Theorem 10.28 as a general result that holds whether or not
the measures are absolutely continuous with respect to each other, and Theo-
rem 10.9 as a special case that holds if P € Part™ and absolute continuity holds.
This involves viewing Definition 10.4 as a special case of Definition 10.26, as
discussed previously (see the discussion following Definition 10.26).

As discussed earlier, it is best to view the theorem in iterative terms. To
provide this perspective, we shall consider the forward and reverse directions
separately. For the forward direction, we give an alternate proof. This second
approach is analogous to the approach used in proving the forward direction of
Theorem 7.13. (“If a partition P is Pareto maximal, then it a-maximizes some
partition sequence pair and is non-wasteful.”) That proof involved repeated use
of part a of Theorem 7.10. In a similar manner, we will repeatedly use part a of
Theorem 10.23 to establish the forward direction of Theorem 10.28.

Alternative Proof of the Forward Direction of Theorem 10.28: Suppose that
partition P = (Py, P>, ..., P,) is Pareto maximal. We must show that P is
w-associated with some partition sequence pair.

By part a of Theorem 10.23, P is w-associated with some o' =
(0l wl,...,0))ye S.Letyy ={i <n:w! >0}and,foreachi € y,letw; =
a)}. Ify, ={1,2,...,n},setw = (w1, wy, ..., ,) and we are done, since then
P is w-associated with the partition sequence pair (w, y), where y is the trivial
partition of {1, 2, ..., n} into one piece.

If y1 #{1,2,...,n}, then the partition (P;:i € y;) of Uieyl P is
w-associated with (w; : i € y;), which is a point in the interior of the (|y;| — 1)-
simplex. (As we have done previously in this section, we identify the players
named by y; with the |y, | vertices of the (]y;| — 1)-simplex in the natural order-
preserving way.)

Fix any j and k with j € y; and k ¢ y;. We claim that m;(P;) = 0. Since
P is w-associated with w, it follows that, for almost every a € P;, 2 EZ)) > %
But, since j € y; and k ¢ y;, we know that w; > 0 and w; = 0. Hence, for
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almost every a € P;, % > % = o0. This implies that for almost every a €
P;, fi(a) = 0. Hence, mi(P;) = 0.
Next, consider the set C, = C\(Uieyl P;). By the above, for any k ¢ y,

mk(UiEyl P;) = 0. Then,

mi(Ca) = my (C\ <U P,-)) = m(C) — my (U P,») =1-0=1.
iy i€y

We now take the view that the cake is C,, with measures m; for i ¢ y,.
We apply part a of Theorem 10.23, as we did earlier, except that now we ap-
ply it to C,. Doing so, we obtain y, C {1,2,...,n}\y; and (w; : i € y») so
that the partition (P; : i € y,) of Ui o P; is w-associated with (w; : i € y»),
which is a point in the interior of the (]y»| — 1)-simplex. We continue in
this manner. Since each y; # (J, we must arrive at some y; C {1,2,...,n}\
(yiUyU---Uy,_1) and (w; : i € y,) so that the partition (P; : i € y;) of
Ui - P; is w-associated with (w; : i € y;), which is a point in the interior of
the (]y,| — 1)-simplex, and y, Uy, U--- Uy, ={1,2,...,n}. At this point,
our construction is complete. It is straightforward to show that conditions

a and bi of Definition 10.26 are satisfied with o = (w1, w3, ..., w,) and
y =1, Y2, ..., V). Hence, P is w-associated with (w, y). This establishes
the forward direction of the theorem. |

We now consider an iterative perspective on the reverse direction of Theo-
rem 10.28. The reverse direction of the theorem provides us with a method of
constructing Pareto maximal partitions. Pick any face of S. This face is deter-
mined by the vertices of some collection of players. Let y; € {1,2,...,n} be
the set of names of these players. Pick any o' = (w; : i € y;) with all positive
coefficients (i.e., choose any o' that is an interior point of the (|y;| — 1)-simplex
associated with the players named by y,). Consider the piece of cake associated
with this face, and let (P; : i € y;) be any partition of this piece among the
players named by y; that is w-associated with '.

Next, consider the new cake C, = C\ |, ey, P and its corresponding sim-
plex, whose vertices now correspond to the players named by {1, 2, ..., n}\y,,
and continue precisely as before. Choose any face of this simplex, let y, C
{1,2,...,n}\y be the set of names of the players whose vertices determine
this face, pick any > = (w; : i € y,) with all positive coefficients, and choose
any partition (P; : i € y») of the piece of cake corresponding to this face, among
the players named by y», that is w-associated with w?.
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We continue in this manner where, for each i=23,...,
vi €{L2,...,n\(y1 Uy, U---Uy;_y). Since each y; #¥, we even-
tually arrive at some y, where Yy, Uy U---Uy, ={1,2,...,n}. Set
w=(w,wy,...,0n), Y =W,V2---» Vi), and P = (P, P, ..., P,). Then
P is w-associated with the partition sequence pair (w, ).

The important point here, in terms of satisfying condition bi of Defin-
ition 10.26, is that if A C C corresponds to points of the RNS that lie on
some face of a simplex, then A has value zero to any player whose vertex is not
one of the vertices that determine this face. This tells us that any cake given out
at any stage of this procedure has value zero to any player not yet considered.
It follows from Theorem 10.28 that any partition produced by this iterative
procedure is Pareto maximal.

On the other hand, if P is Pareto maximal, then the forward direction of
Theorem 10.28 provides us with a partition sequence pair with which P is
w-associated. This partition sequence pair provides exact instructions for con-
structing P, using the iterative procedure just described. Hence, we see that a
partition is Pareto maximal if and only if it can be produced by this iterative
procedure.

In Example 10.25, we showed that the partitions P! and P? are both Pareto
maximal. After we established this, we showed that we can view each of these
partitions as arising from a certain iterative construction. We now see that
this construction is exactly the construction described in the preceding few
paragraphs, which comes from the reverse direction of Theorem 10.28.

In Chapter 7, we discussed a social hierarchy among the players. (See the
paragraph following the proof of Theorem 7.13.) In Example 10.25, we would
say that in the process of creating partition P!, Player 3 has higher social status
than Player 1 or Player 2 since, in Player 3’s view, the cake given to Player 1
and to Player 2 in the first stage has no value and the entire cake is given to
him or her in the second stage. On the other hand, in the process of creating
partition P2, Player 1 and Player 2 have higher social status since, in their view,
the cake given to Player 3 in the first stage has no value and the entire cake is
given out to them in the second stage.

Notice that, in our iterated perspective on the partitions of Example 10.25,
players considered later in the procedure have higher social status. We could
have altered the iterated procedure of this example to focus on condition bii
rather than condition bi of Definition 10.26. If we had done so, then players
considered earlier in the procedure would have higher social status.

We close this section by considering the chores versions of our characteri-
zation theorem of this section. We saw in Chapter 7 that, in contrast with the
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fairness context, and the efficiency context when absolute continuity holds,
the chores versions of efficiency theorems when absolute continuity fails can
be very different from the standard versions. We will see the same situation

here.

Recall Definition 7.21: a partition P = (P, P,, ..., P,) is c-non-wasteful
if and only if, forany i = 1,2,...,n and A C P; with m;(A) > 0, we have
mj(A) > 0 forevery j =1,2,...,n. Clearly every Pareto minimal partition

is c-non-wasteful. This says something very simple about the RNS picture. It
says that any piece of cake associated with the interior of any proper face of
the simplex must be given to players who are not among those whose vertices
determine that face (with, as usual, a measure-zero set of possible exceptions).
Precisely which of these players receives how much of this piece of cake is
irrelevant to everyone. Thus, we can think of the cake as being partitioned at
the start into two pieces. The first piece consists of all bits of cake associated
with points on any proper face of the simplex (i.e., with points on the boundary
of the simplex) and the other piece consists of all bits of cake associated with
points that are not on a proper face of the simplex (i.e., with interior points
of the simplex). The first collection of points should be given out among the
players as we have just described. The measures are absolutely continuous
with respect to each other on the second piece, and thus we simply use Theo-
rem 10.21 to partition this set in a Pareto minimal way using the notion of
chores w-associated.

For partition P = (Py, P>, ..., P,), we let §p = {i <n : P; has positive
measure}, and we let S;, be the (|6p| — 1)-simplex where, as usual, we identify
players named by ép with the |§p| vertices of the (|§p| — 1)-simplex in the
natural order-preserving way. By redefining P on a set of measure zero, if

necessary, we may assume that Ui sp P, =C.

Theorem 10.30 Let A = {a € C : f(a) is on the boundary of the simplex}, let
B =C\A, andlet P = (P, Py, ..., P,) be a partition. P is Pareto minimal if
and only if the following two conditions are satisfied:

a. Foranyi =1,2,...,n and almost everya € P; N A, fi(a) = 0 (or, equiv-
alently, for almost every a € A, a is not given to any of the players whose
vertices determine the face of the simplex of which f(a) is an interior point).

b. Forsomew € St, the partition (P; N\ B : i € 8p) of B is chores w-associated
with w.

By Theorem 10.20, condition b is equivalent to the assertion that
(PPN B,P,NB,..., P,N B) is aPareto minimal partition of B.



10C. The Situation Without Absolute Continuity 285

The proof of Theorem 10.30 follows easily from our preceding discus-
sion and we omit it. Clearly, this result is simpler than Theorem 10.28 (which
involved the notion of partition sequence pair and was best perceived in iterative
terms). This is similar to what we saw in Chapter 7 when we studied maximiza-
tion and minimization of convex combinations of measures (compare Theo-
rems 7.13 and 7.18 with Theorems 7.23 and 7.24, respectively).



11
The Shape of the IPS

In this chapter, we investigate the possible shapes of the IPS. In Section 11A,
we consider the two-player context, where we shall provide a complete answer.
In Section 1 1B, we consider the n-player context for n > 2, where we are able
to provide only a partial answer. For any cake C and corresponding measures
my, my, ..., my,, let IPS(C;m;, ms, ..., m,) denote the IPS corresponding to
cake C and measures m, mo, ..., m, on C. We make no general assumptions
about absolute continuity in this chapter.

11A. The Two-Player Context

In Chapter 2, we considered various properties of the IPS for the case of two
players. In particular, we established Theorem 2.4, which told us that the IPS

. is a subset of [0, 117,

. contains the points (1, 0) and (0, 1),
. 1s closed,

. 1s convex, and

o o0 o e

. is symmetric about the point (%, %).

In this section, we show that these five properties completely characterize
the possible shapes of the IPS. In other words, for any G C R? that satisfies
these five conditions, there is a cake C and measures m and m, on C so that
G =1IPS(C;m, m»). Thus, once we have established this, we shall know, for
example, that each of the objects in Figure 2.1 are IPSs for some cake C and
measures m and m,. In the next section, we shall see that the situation is quite
different when there are more than two players. Our main result in this section
is the following.

286
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Theorem 11.1 Let G be a subset of R?. There exists a cake C and measures
my and my on C such that G = IPS(C;m, m,) if and only if G

a. is a subset of [0, 173,

. contains the points (1, 0) and (0, 1),
. is closed,

. is convex, and

. is symmetric about the point (%, %).

SRS N

We wish to prove two simple lemmas that will be useful in the proof of
the theorem. For convenience, let IPS®" denote the outer boundary of the
IPS. (For the definition of “outer boundary” in the two-player context, see
Definition 3.7.)

Suppose that G is any set that satisfies the five conditions of the theorem.
Conditions a and d tell us that the boundary of G is a connected and closed
curve. Conditions a and b imply that this curve contains the points (1, 0) and
(0, 1). We can define the outer boundary of G, denoted by G°", in precisely the
same way that we defined the outer boundary of the IPS in Chapter 3. Thus,
G°™ consists of all points (x, y) on the boundary of G for which x + y > 1.
Equivalently, G°"" is the subset of the boundary of G that includes the points
(1,0) and (0, 1) and all other points of the boundary that are not on the same
side of the segment connecting (1, 0) and (0, 1) as is the origin.

Lemma 11.2 Suppose that G and H each satisfy the five conditions of the
theorem. If G C H™, then G = H°".

Proof: Assume that G and H each satisfy the five conditions of the lemma.
By condition d, G°* and H°" are each connected curves. By conditions a
and b, each has endpoints (1, 0) and (0, 1). Then, the only way we could have
G C H"and G #£ H°"is if H°" is self-intersecting, and this is certainly
not possible, given that H°" is a subset of the boundary of a convex set. O

A more explicit proof of Lemma 11.2 could be constructed by using the fact
that G°"" and H°" can each be viewed as the range of a one-to-one function
of the angle between the positive x axis and the line segments connecting the
origin to points on the curve. Both functions have the same domain ([0, 90°]).
It is then straightforward to show that G C H®" implies G = H°".

Lemma 11.3 Any set satisfying the five conditions of the theorem is uniquely
determined by its outer boundary. In other words, if G and H each satisfy the
five conditions of the theorem and G°** = H°", then G = H.
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Proof: Let G be any set satisfying the five conditions of the theorem. By con-
dition e, the outer boundary of G uniquely determines the inner boundary of G.
Conditions a and b imply that the outer boundary has endpoints (1, 0), (0, 1).
Hence, the inner boundary has endpoints (1, 0) and (0, 1). It follows that the
outer and inner boundaries together make a closed curve and, by conditions ¢
and d, G consists of this curve together with the region enclosed by this curve.
This determination of G from its outer boundary is clearly unique. O

Proof of Theorem 11.1: The forward direction is Theorem 2.4.

For the reverse direction, suppose that G is a subset of R? that satisfies the
five given conditions. We must find a cake C and measures m; and m, on C
such that G = IPS(C;my, my).

We define the cake C to be G°". For any A C C, let A; be the projection
of A onto the x axis and let A, be the projection of A onto the y axis. Let m,
be Lebesgue measure on the real number line and define m; and m, on C as
follows: for any such A € C, m(A) = mp(A;) and m,(A) = mp(A,).

It is easy to see that m and m, are (countably additive, non-atomic, proba-
bility) measures on C. We shall say that a piece of cake has positive measure if
and only if it has positive measure with respect to the measure = m; + ms.

We claim that G =1IPS(C;m,, m;). For simplicity, let IPS denote
IPS(C;m, m;) for the remainder of the proof.

Since we already know that the forward direction of the theorem is true, we
know that IPS satisfies the five conditions of the theorem. Thus, since G and
IPS each satisfy these conditions, it follows from Lemmas 11.2 and 11.3 that
in order to show G = IPS it suffices to show G°* C IPS°"".

We need to develop some notation. For any (p, q) € C, let UL(p, g) be that
portion of the curve C that is between (0, 1) and (p, ¢), including (0, 1) but not
(p, q),andlet LR(p, q) be that portion of the curve C that is between (p, ¢) and
(1, 0), including both (p, ¢) and (1, 0). (Our specification of which set includes
the point (p, ¢) is arbitrary.) The terms “UL” and “LR” are meant to denote
“upper left” and “lower right,” respectively.

Suppose that (p, g) € G°" and, hence, (p, ¢g) € C. We must show that
(p, q) € IPS°™. Consider the partition of C given by (UL(p, q), LR(p, q)).
We have

m1(UL(p, q)) = my(projection of UL(p, g) onto the x axis)
=mp([0, p)) = p
and
my(LR(p, q)) = m(projection of LR(p, g) onto the y axis)
=m([0,9]) =gq.
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This tells us that (p, ¢) € IPS. To show that (p, g) € IPS°™, we consider three
cases.

Case 1: p = 1. In this case, (p, g) is at or above the point (1, 0). Since
IPS C [0, 1]?, it follows that (p, ¢) € IPS°™.

Case 2: ¢ = 1. In this case, (p, g) is at or to the right of the point (0, 1). As
in case 1, since IPS C [0, 1]?, it follows that (p, g) € IPS°™.

Case 3: p # 1 and ¢ # 1. Since (p, ¢) € G°, we know that p # 0 and
q # 0, since any point on G°" with one coordinate equal to zero must
have the other coordinate equal to one. We establish two claims from
which the desired result will easily follow.

Claim1 If A € UL(p, g)and B € LR(p, ¢g) each have positive measure,

ma(A) _ ma(B)
then J°55 < @)

Proof of Claim: For any line £, let s(£) be the slope of £. We begin
by noting that, given two secant lines ¢; and ¢, to C, if £; connects
two points of UL(p, ¢), and ¢, connects two points of LR(p, ¢), then
[s(€1)] < |s(€2)]. (It is possible that £, is a horizontal line, in which case
s(£y) = 0, or that ¢, is a vertical line, in which case s(¢,) = co. In either
of these cases, the given inequality is certainly true. Note that if £; is not
horizontal then s(¢;) is negative, and if £, is not vertical then s({;) is
negative.)

Let D be any non-empty connected subset of C. In particular, let us
assume that D runs between the two points (a, b) and (c, d) of C. Then,
mi(D) = |¢ — a| and m»(D) = |d — b|, and so % = |£=L|, which is
the absolute value of the slope of the secant line to C between (a, b) and
(c,d).

Suppose that A € UL(p, g) and B € LR(p, g) are each connected
and non-empty. The previous two paragraphs imply that ;’ZEQ; < Z?Eg;
This establishes the claim for the special case where A and B are each
connected subsets of C. Using this, it is straightforward to verify that the
claim holds if A and B are each (finite or infinite) unions of connected
subsets of C.

We wish to define open subsets and open intervals of C. As we did
before, for any A C C, let A} be the projection of A onto the x axis
and let A, be the projection of A onto the y axis. We shall say that A
is open if and only if A\{(1, 0), (0, 0)} and A,\{(0, 1), (0, 0)} are each
open, and that it is an open interval if and only if A;\{(1, 0), (0, 0)} and
A>\{(0, 1), (0, 0)} are each open intervals. (We consider the empty set to
be an open interval of the real number line.) Because every open set on
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the real number line is the union of open intervals, it is not hard to see that
every open subset of C is the union of open intervals of C. Then, since
every open interval of C is a connected subset of C, our preceding work
tells us that the claim holds if A € UL(p, ¢) and B € LR(p, q) are each
non-empty open subsets of C.

To establish the claim, we suppose, by way of contradiction, that there
exist positive-measure sets A € UL(p, ¢) and B € LR(p, ¢q) such that
% > %. We can approximate each of these fractions as closely
as we wish using open subsets of UL(p,q) and LR(p, ¢). Hence,
there are non-empty open sets A € UL(p, g) and B € LR(p, g¢) with
% %. This contradicts our conclusion in the previous paragraph
and, hence, establishes the claim.

Claim 2 (UL(p, g), LR(p, g)) is a Pareto maximal partition of C.

Proof of Claim: We use partition ratios. By Theorem 8.9, we must show
that, for any cyclic sequence ¢, CP(¢) < 1. We consider the product of
the two partition ratios that exist in this n = 2 case. We have

my(A) | .
prip = sup : A C UL(p, q) and either m(A) > Qormy(A) > 0
m1(A)
my(A) | L
=supy{——— : A € UL(p, q) and A has positive measure
m1(A)
and
my(B) .
pry; = sup : B C LR(p, q) and either m(B) > 0 orm,(B) > 0
m(B)
m(B) .
=sup { ——— : B € LR(p, ¢q) and B has positive measure .
ma(B)

Note that since we are in Case 3, m(UL(p, ¢)) > 0 and m»(LR(p, q)) >
0. We wish to show that pr,pr,; <1

Suppose, by way of contradiction, that prj,pr,; > 1. Then there exist
A C UL(p, q) and B C LR(p, g), both of positive measure, such that
(2?22;)(%) > 1. It follows that Z;Ef‘; > szzg This contradicts Claim
1 and, hence, establishes Claim 2.

Returning to the proof of Case 3 of the theorem, it follows from Claim 2
that, since m(UL(p, ¢)) = p and my(LR(p, ¢)) = ¢, the point (p, q)
is on the outer Pareto boundary of the IPS. Depending on whether the
measures are, or are not, absolutely continuous with respect to each other,
it follows from Theorem 3.9, or Theorem 3.24, respectively, that (p, g) €
IPS°™. This establishes Case 3 and, hence, completes the proof of the
theorem. O
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11B. The Case of Three or More Players

The statement of Theorem 11.1 generalizes in a natural way to three players.
Unfortunately, this generalization is false. In this section, we examine why this
is so. This will involve continuing our study of notions of symmetry appropriate
for the n > 2 context that we began in Section 4A. We will close this section
with open questions regarding the possibility of generalizing Theorem 11.1.

Suppose that C is a cake and m |, m,, and m5 are measures on C. Theorem
4.3 tells us that the first four conditions of Theorem 2.4 generalize in a natural
way to the three-player context. In other words, IPS(C;m, m,, m3)

. is a subset of [0, 17°,

. contains the two-simplex,
. 1s closed, and

. 1S convex.

e o0 o

We also showed (see Theorem 4.2) that IPS(C; m;, m,, m3) consists precisely
of the two-simplex if and only if the three measures are identical.

In Section 4A, we considered generalizations of condition e of Theorem 2.4,
which told us that, in the two-player context, the IPS is symmetric about the
point (%, %). These generalizations are given by Theorem 4.8 and Corollary 4.9.
These results suggest, but do not establish, that the most obvious generalization
to the three-player context of symmetry about (%, %) (i.e., symmetry about
(%, % %)), is false. We now show that this is so and then connect this with
our study of the possible shapes of the IPS. (We did not establish that this
generalization is false in Chapter 4, since it will be convenient for us to use
partition ratios to do so, and we did not introduce partition ratios until Chapter
8.) For convenience, we first state what Corollary 4.9 says about the three-player
context.

Corollary 11.4 Suppose that p = (p1, pa2, p3) € IPS. If q is the point such
that p, (%, %, %), and q are collinear, with (%, %, %) between p and q, and the
distance from (%, %, %) to q is one-half the distance from (%, %, %) to p, then

g =5, 5 Ty gna g e 1PS.

Theorem 11.5 Corollary 11.4 is the best possible result of this sort. In other
words, if the “one-half” in the corollary is replaced by any larger number, the
statement would not be true.

Proof: Tt suffices to present an example of a cake C, measures m |, m,, and m3
on C, and a point p on the outer boundary of IPS(C;m |, m,, m3), such that
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if g is related to p as in Corollary 11.4 then g is on the inner boundary of
IPS(C;my, my, m3).

Let the cake C be the interval [0, 3) and let m; be Lebesgue measure on this
interval. Define measures m, m,, and m3 on C as follows: for any A C C,

mi(A) = .6m(AN[0, 1)+ 2m(ANTL,2)+ 2m(AN[2,3))
ma(A) = 2m(AN[0, 1))+ .6m(AN[L,2)+ 2m(AN[2,3))
m3(A) = 2m(AN[0, 1) + 2m(ANTL,2) + .6mi(AN[2,3))

It is easy to verify that m, m,, and m3 are (countably additive, non-atomic,
probability) measures on C and that they are absolutely continuous with respect
to each other.

Consider the partition P = ([0, 1), [1, 2), [2, 3)) of C. We claim that this
partition is Pareto maximal. We establish this by computing the partition ratios
and applying Theorem 8.9.

To compute pr;,, we note that, for any positive-measure B C [0, 1), 2?% =
é:Z,LEg; = % Hence, prj, = % The other partition ratios are computed similarly

and we find that all partition ratios equal % It is then easy to check all cyclic
products:

1\2
Prippry; = Pri3pr3; = Pryzprs; = (g) =3

1 1
PT2PIo3Pr3 = PI3pPrh pryz = (5) =55
Since all cyclic products are less than one, it follows from Theorem 8.9 that
P is Pareto maximal. This tells us that m(P) is on the outer Pareto boundary of
IPS(C;my, mp, m3) and, thus, is on the outer boundary of IPS(C; m, m,, m3).
We compute the coordinates of m(P) as follows:

m(P) = (mi ([0, 1)), my([1, 2)), m3([2, 3)))
= (.6m.([0, 1)), .6m([1,2)), .6mL([2,3))) = (.6, .6, .6)

We know that % 1_76 1;2'6) =(.2,.2,.2) is related to (.6, .6, .6) as g
is related to p in Corollary 11.4, and this result tells us that (.2, .2, .2) €
IPS(C;my, m,, m3). To prove the theorem, it suffices to show that (.2, .2, .2) is
on the inner boundary of the IPS.

We first show that (.2, .2, .2) is a Pareto minimal point. We wish to find
a partition that corresponds to the point (.2, .2, .2) and to show that this par-
tition is Pareto minimal. The key to finding such a partition lies in our al-

ternate proof of Corollary 4.9. Each player’s piece (according to partition
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P ={([0,1),[1,2),][2,3)) of C, as before) can be divided into what each of
the three players believes are two equal pieces. (In general, this sort of step re-
quires Lyapounov’s theorem, Theorem 1.3. However, in this case, Lyapounov’s
theorem is not needed, since all players always agree about what is a division
of [0, 1) or [1, 2) or [2, 3) into two equal pieces.) Each player then gives one of
these two pieces to each of the other two players.

Proceeding with this idea, we consider the partition Q = ([1.5, 2.5),
[0,.5)U[2.5,3),[.5, 1.5)). We compute the coordinates of the corresponding
point in the IPS, m(Q), as follows:

m(Q) = (m([1.5, 2.5)), m>([0, .5) U [2.5, 3)), m3([.5, 1.5)))
= (2m([1.5,2) + 2m;([2, 2.5)), 2m ([0, .5))
+2m.([2.5,3)), 2m (L5, 1) + 2m([1, 1.5) = (.2, 2, .2)

We must show that Q is Pareto minimal and, hence, that (.2, .2,.2) is a
Pareto minimal point of IPS(C; m, m,, m3). To do so, we compute the chores
partition ratios (see Definition 8.12).

To compute gri,, suppose that B C [1.5,2.5) and B has positive measure.
Then,

my(B)  my(BN[1.5,2))+my(BN[2,2.5)

mi(B)  mi(BN[L.5,2)+m(BNI[2,2.5))
_om (BN[1.5,2)+ 2m (BN[2,2.5))
© 2mp(BN[L15,2)+ 2m (BN[2,2.5))

This tells us that

. my(B) __ .6my (BN[1.5,2) __
e if B C[1.5,2), then mf(B) = .ZmZ(Bﬂ[l.S,Z)) =3.

. ma(B) __ 2m (BN[2,2.5) __
e if B C[2,2.5), then mf(B) = ,ZmZ(Bﬂ[Z,Z.S)) =1.

e if BZ[1.52) and B ¢ [2,2.5), then | < 228 <3

my(B) — 7°

Thus, qr;, = inf{mg; : B € [1.5,2.5) and B has positive measure} = 1.
The other chores partition ratios are computed similarly, and we find that all
chores partition ratios equal one. This implies that all chores cyclic products
are equal to one and so, by Theorem 8.14, Q is a Pareto minimal partition of
C. Thus, (.2, .2, .2) is a Pareto minimal point.

It follows that (.2,.2,.2) is on the inner Pareto boundary of
IPS(C;my, my, m3). This implies that (.2, .2, .2) is on the inner boundary of

IPS(C;my, m,, m3) and, hence, establishes the theorem. O

In the preceding proof, the measures are all absolutely continuous with re-
spect to each other. We presented such an example to show that Corollary 1 1.4 is
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the best possible result of this sort, even if the measures are absolutely continu-
ous with respect to each other. There is an easier example that involves the most
extreme failure of absolute continuity. Suppose that m |, m,, and m5 concentrate
on disjoint sets. (See Definition 5.39 and the discussion following the defini-
tion.) Then (0, 0, 0) € IPS(C;m, m,, m3) and (1, 1, 1) € IPS(C;m, mo, m3).
Since IPS(C;m |, m», m3) is a subset of [0, 173, it follows that (0, 0, 0) is on the
inner boundary and that (1, 1, 1) is on the outer boundary of IPS(C; m, my, m3).
Note that (1, 1, 1), (%, % %), and (0, 0, 0) are collinear, with (%, % %) between
(1,1, 1) and (0, 0, 0), and the distance from (%, % %) to (0, 0, 0) is one-half the
distance from (1, 1, 1) to (1, 1, 1). Then, with (1, 1, 1) and (0, 0, 0) playing the
roles of p and g, respectively, in Corollary 11.4, it is clear that this corollary is
the best possible. A point g corresponding to a number greater than the “one-
half” in the corollary would have all negative coordinates, and this is certainly
not possible for a point in the IPS.

It is not hard to construct examples as in the proof of Theorem 11.5, or as in
the preceding paragraph, when there are more than three players.

Theorem 11.5 tells us that the natural generalization of Theorem 11.1 to
the three-player context is false since, in general, we do not have the symmetry
about (% , %, %) that we may have expected, given the symmetry about ( %, %) that
holds in the two-player context. However, Corollary 11.4 (or, more generally,
Corollary 4.9) does tell us that the outer boundary of the IPS and the inner
boundary of the IPS have some connection. We cannot, for example, have the
outer boundary be far away from the simplex and have the inner boundary
be very close to the simplex. Can we say more when there are three or more
players? In other words:

Open Question 11.6 Is there anything specific we can say about any connection
between the shape of the outer boundary and the inner boundary of the IPS for
n =23,orforn > 3?

It appears that a generalization of Theorem 1.1 to the context of three or
more players would necessitate a clear affirmative answer to this question. In
the absence of such an answer, a natural move is to disconnect the issues of
the shape of the outer boundary and the shape of the inner boundary. In other
words, we can ask the following.

Open Question 11.7 What are the possible shapes of the “outer IPS,” i.e., the
subset of the IPS consisting of all points of the IPS that are not on the same side
of the simplex as is the origin?

Clearly, this is the same as asking:

What are the possible shapes of the outer boundary of the IPS?
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0,0, 1)

(0,1,0)
y

(1,0,0)

Figure 11.1

The same can be asked about the “inner IPS” or the inner boundary of
the IPS. Then, one might ask whether the answer to each of these questions
is provided by something like Theorem 11.1, with the obvious variation of
conditions a and b (“G is a subset of {(pi, p2,...,pn) €[0,11": p1 +
p2+---+ p, =1} and “G contains the points (1,0,0,...,0,0), (0,1,
0,...,0,0),...,(,0,0,...,0,1)”) and with conditions ¢ and d. Such a
theorem is certainly true for the separate “outer” and “inner” questions for
the two-player context. The following observation establishes that this is not so
in the three-player context.

Observation 11.8 Pick any point p = (py, p2, p3) with 0 < p; < 1,0 <
p2<1,0< p3 <1, and p; + p> + p3 > 1. If the “outer boundary” version
of Theorem 11.1 for the three-player context were true, then there would
exist a cake and corresponding measures such that the associated outer IPS
is CH({(1, 0, 0), (0, 1, 0), (0, 0, 1), (p1, p2, p3)}). (Recall that “CH” denotes
“convex hull.”) Equivalently, there would exist such a cake and correspond-
ing measures so that the outer boundary of the associated IPS consists of the
three triangles determined by the point (p;, p2, p3) and each of the three pairs
of points from {(1, 0, 0), (0, 1, 0), (0, 0, 1)}. We claim that this is not possible.
Let G = CH({(1, 0, 0), (0, 1, 0), (0, 0, 1), (p1, p2, p3)}) and let G°"* denote its
outer boundary. This situation is illustrated in Figure 11.1. The three triangles
making up G are shaded.

Suppose, by way of contradiction, that cake C and measures m m,, and m3
on C are such that the outer boundary of IPS(C;m | m,, m3) is G°™. The fact
that IPS(C; m m,, m3) consists of more that just the simplex tells us that the
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measures m mo, and m3 are not identical. Suppose, without loss of generality,
that m; # m,, and consider the collection of Pareto maximal partitions of C in
which Player 3 gets no cake. The corresponding subset of the outer boundary of
the IPS is a curve in the z = 0 plane. Since m| 7 m,, this curve is not the line
segment from (1, 0, 0) to (0, 1, 0). One possibility for this curve is shown in the
figure. It is clearly not a subset of G, since G°""’s intersection with the z = 0
plane consists of the line segment from (1, 0, 0) to (0, 1, 0). Hence, there is no
such cake C and measures m, m,, and m3 on C such that the outer boundary
of IPS(C; m . my, m3) is G™. (Of course, there are many different possibilities
for this curve. Our conclusion does not depend on the particular curve that we
have drawn.)

Observation 11.8 connects with ideas discussed in Chapters 3 and 5. Theo-
rem 3.9 told us that in the two-player context if absolute continuity holds then
the outer Pareto boundary and the inner Pareto boundary of the IPS are equal to
the outer boundary and the inner boundary, respectively, of the IPS. Theorem
3.22 told us that this correspondence fails in the absence of absolute continuity.
We saw in Theorem 5. 13 that this correspondence also fails, even if the measures
are all absolutely continuous with respect to each other, if there are more than
two players and the measures are not all equal. Observation 1 1.8 provides some
additional perspective. In this observation, the region between the curve in the
z = 0 plane discussed in the previous paragraph and the line segment from
(1,0,0) to (0, 1, 0), lies on the outer boundary of the IPS but not on the outer
Pareto boundary.

We note that Observation 1 1.8 is valid with or without any absolute continuity
assumptions.

We close this section by asking whether Theorem 11.1 can be generalized
to the three-player context if we focus separately on the outer and inner IPS,
drop condition e, and add a new condition to require that the appropriate curve
in the z = 0 plane, and the analogous curves in the x = 0 and the y = O planes,
be included whenever a point (p;, p2, p3), as in Observation 11.8, is included.
More specifically, we ask the following.

Open Question 11.9 Is there a function # with domain the unit cube, whose
range consists of subsets of R3, so that the following result is true:

Let G be a subset of R3. There exists a cake C and measures m, ma, and ms
on C such that G is the “outer IPS(C;m, my, m3)” (i.e., G = {(p1, p2, p3)
€ IPS(C;my, my, m3) : p1 + p2 + p3 > 1}) if and only if G

a. is a subset of {(p1, p2, p3) € [0, 11 : p1 + po+ p3 > 1};
b. contains the points (1, 0, 0), (0, 1, 0), and (0, 0, 1);
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c. is closed;
d. is convex; and
e. is closed under % (i.e., if (p1, p2, p3) € G, then f(p1, p2, p3) C G).

The intuition here is that the function % is producing the necessary three
curves in the three coordinate planes, as discussed before.

Of course, given an affirmative answer to Open Question 11.9, a natural next
step is to pursue an analogous result for more than three players.
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The Relationship Between the IPS and the RNS

In Chapter 7, we studied the relationship between the IPS and maximization
of convex combinations of measures. In Chapter 10 (see Theorem 10.6) we
used the notion of w-association to study the relationship between the RNS and
maximization of convex combinations of measures. In this chapter, we put these
ideas together to enable us to understand the relationship between the IPS and
the RNS. In Section 12A, we introduce a relation that will be useful in Sections
12B, 12C, and 12D. In Section 12B, we examine this relation in the two-player
context. In Section 12C, we consider the general n-player context. We assume
in Sections 12A, 12B, and 12B that the measures are absolutely continuous
with respect to each other. In Section 12D, we consider the situation without
this assumption. In Section 12E, we also do not assume that the measures are
absolutely continuous with respect to each other and we use the IPS and the
RNS together to show that there exists a partition that is Pareto maximal and
envy-free.

12A. Introduction

We recall that ST denotes the interior of the simplex S. For w € S*, we let
o* denote the set of partitions that are w-associated with w. Then, for every
w € ST, w* # @ and, by Theorem 10.9, each partition in w* is Pareto maximal.
If P and Q are p-equivalent partitions, then P € »* if and only if Q € w*. (See
the paragraph following the proof of Theorem 10.6.) It follows that if P € o*
then every partition in [P], is Pareto maximal and is in o*. In this case, we
shall say that the p-class [P], is in w*, or that [P], is w-associated with w.
Theorem 10.9 also tells us that any Pareto maximal partition P that gives a
positive-measure piece of cake to each player is in @* for some w € S™.

The following three ideas and related questions will be central to our ap-
proach in this chapter. The first involves the RNS, the second involves the IPS,

298
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and the third involves the relationship between the RNS and the IPS.

a. The first concerns the RNS. For any @ € S, there is at least one p-class of
Pareto maximal partitions that is w-associated with w. Is there more than one?
On the other hand, for any Pareto maximal partition P that gives a positive-
measure piece of cake to each player, there is at least one point @ € S+ with
which [P], is w-associated. Is there more than one? More generally, when
(if ever) is the relation between Pareto maximal p-classes and points in S+,
given by “w-association,” one-one, one-many, many-one, or many-many?
b. The second concerns the IPS. For any point p on the outer boundary of the
IPS, there is at least one « € S such that the family of parallel hyperplanes
with coefficients given by o« makes first contact with the IPS at p. Is there
more than one? On the other hand, for any o € S, there is at least one p
on the outer boundary of the IPS that is the point of first contact with the
IPS of the family of parallel hyperplanes with coefficients given by «. Is
there more than one? More generally, when (if ever) is the relation between
points on the outer boundary of the IPS and points in S, given by “point(s)
of first contact with the IPS of families of parallel hyperplanes,” one-one,
one-many, many-one, or many-many?
c. Recall that
* Theorem 10.6 establishes that the function RD (see Definition 10.5) pro-
vides a one-to-one correspondence between points in ST to be thought of
as in w-association and points in S to be thought of as in the maximization
of convex combinations of measures.

¢ in Chapter 7 (see the discussion following the proof of Theorem 7.4) we
saw that for any @ € § a partition P maximizes the convex combination
of measures associated with « if and only if m(P) is a point of first contact
with the IPS of the family of parallel hyperplanes with coefficients given
by «.

This yields a correspondence between points in ST to be thought of as

in w-association and points on the outer Pareto boundary of the IPS. This

correspondence will be central to our examination of the relationship between

the IPS and the RNS.

Notice that there is a slight awkwardness in that some of these ideas involve
points from S* and others involve points from S. This will not cause any
difficulties.

Studying these ideas and answering the related questions will enable us to
connect various geometric properties of the IPS and the RNS. We begin by
introducing a relation.
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Definition 12.1 We define the relation M between S and the set of p-classes
of Pareto maximal partitions as follows: for w € S* and P, a Pareto maximal
partition, M(w, [ P],) holds if and only if P is w-associated with w.

As discussed earlier, if partitions P and Q are p-equivalent partitions and
w € ST, then P is w-associated with w if and only if Q is w-associated with w.
Hence, M is well defined.

By the one-to-one correspondence given to us by the function RD, we will
allow the first coordinate of M to denote either a point in S™ to be thought of as
in w-association or else a point in S to be thought of as in the maximization of
a convex combination of measures. (It will be clear by context which is meant.)

Recall that the function m provides a one-to-one correspondence between
p-classes of partitions and points in the IPS (see Definition 4.1 and the discus-
sion following the definition), and notice that if m([P],) = ¢ then P is Pareto
maximal if and only if ¢ is on the outer Pareto boundary of the IPS. Hence,
m provides a one-to-one correspondence between Pareto maximal p-classes of
partitions and points on the outer Pareto boundary of the IPS. Using this corre-
spondence, we now allow the second coordinate of M to denote either a p-class
of Pareto maximal partitions or else a point on the outer Pareto boundary of the
IPS. (As before, it will be clear by context which is meant.)

Fix w, @ € ST with RD(w) = «. (Recall the notational convention that we
introduced in Chapter 10: @ denotes a point to be thought of as in w-association,
and « denotes a point to be thought of as in the maximization of a convex
combination of measures.) Also, fix a Pareto maximal partition P and a point
q on the outer Pareto boundary of the IPS with m(P) = ¢. By Definition 12.1
and the preceding discussion, the following are equivalent:

M(w, [P]p): Every partition in [ P], is w-associated with w.

* M(w,q): Every partition in m~'(g) is w-associated with w.

M(a, [P],): Every partition in [ P], maximizes the convex combination of
measures corresponding to .

* M(c, q): Every partition in m~!(¢) maximizes the convex combination

of measures corresponding to .

Notice that by the correspondence between maximization of convex combina-
tions of measures and points of first contact with the IPS of families of parallel
hyperplanes we know that M («, ¢) holds if and only if the family of parallel
hyperplanes with coefficients given by o makes first contact with the IPS at the
point ¢ (and possibly at other points too).

We shall freely use M in any of these four ways in this chapter. The questions
asked in ideas a and b can now be seen to be the same question: when, if ever, is
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M one-one, many-one, one-many, or many-many? Answering these questions
will be an important part of our exploration of the relationship between the IPS
and the RNS.

We shall not examine the chores versions of the ideas in this section until
we consider the general n-player context in Section 12C.

12B. Relating the IPS and the RNS in the
Two-Player Context

In this section, we restrict our attention to the case of two players. Hence, the
setting for the RNS is the one-simplex, i.e., the line segment from (1, 0) to (0, 1).
As usual, we shall denote this set by S and its interior by S*. We recall that
in the two-player context, when the measures are absolutely continuous with
respect to each other, the outer boundary of the IPS is the same as the outer
Pareto boundary of the IPS. (See Theorem 3.9. This is not the case if either
there are more than two players or if absolute continuity fails. See Theorems
3.22,5.13,and 5.35.)

By our work in Chapter 10, we know that for any w € S™ if we give to Player
1 all bits of cake that correspond to points of the RNS between (1, 0) and w,
give to Player 2 all bits of cake that correspond to points of the RNS between
w and (0, 1), and distribute all bits of cake that correspond to w arbitrarily, the
resulting partition is Pareto maximal and is w-associated with w. Every Pareto
maximal partition that gives a positive-measure piece of cake to each player is
obtained in this way, for some w € S*.

We wish to revisit four of the IPSs from Figure 2.1. We have copied Fig-
ures 2.1a,2.1b, 2.1c, and 2.1d (which are the four figures in Figure 2.1 that give
IPSs for situations where the measures are absolutely continuous with respect
to each other) as Figures 12.1ai, 12.1bi, 12.1ci, and 12.1di, respectively. In each
of these figures, we have darkened the outer boundary. By Theorem 11.1, we
know that for each of the four regions pictured there is a cake C and measures
m and m; on C so that the given figure is the corresponding IPS.

Our goal is to understand the corresponding RNSs. We claim that Fig-
ures 12.1aii, 12.1bii, 12.1cii, and 12.1dii are the RNSs corresponding to the
IPSs in Figures 12.1ai, 12.1bi, 12.1ci, and 12.1di, respectively, in the sense
that whatever cake and measures produce the given IPS also produce the corre-
sponding RNS. We discuss these four correspondences in Examples 12.2, 12.3,
12.6, and 12.8.

Example 12.2 The correspondence between the IPS of Figure 12.1ai and the
RNS of Figure 12.1aii.
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IPS

RNS
. (1,0) (1/2=, 112) (1,0)
1
(aii)
RNS
e e e

(1,0) u v w (1,0)

(bi) (bii)

Figure 12.1

This is the easiest of the four correspondences. The IPS consists of just the
one-simplex. This implies that m; = m,. Then it is easy to see that, for almost
every a € C, f(a) = (%, %) and, hence, the RNS consists of the single point
(%, %). We also note that

¢ for any w between (1, 0) and (%, %), a partition is in @* if and only if it is
p-equivalent to (@, C);

¢ for any w between (%, %) and (0, 1), a partition is in o™* if and only if it is
p-equivalent to (C, ¥); and

* since the entire cake is associated with the point (%, %), every partition is in
(553"
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y
IPS RNS
(1,0) 0, 1)
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1
y (c) (cii)
1
IPS RNS
°
(1, 0) 0, 1)
X
1
(di) (dii)
Figure 12.1 (cont.)
Hence,

¢ for any w between (1, 0) and (%, %), and any p on the outer boundary of the
IPS, M(w, p) holds if and only if p = (0, 1);

* for any w between (%, %) and (0, 1), and any p on the outer boundary of the
IPS, M(w, p) holds if and only if p = (1, 0); and

o M(( % %), p) holds for all p on the outer boundary of the IPS.

Notice that the first two of these situations illustrate that M can be many-one

and the third illustrates that M can be one-many.

Example 12.3 The correspondence between the IPS of Figure 12.1bi and the
RNS of Figure 12.1bii.
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In the RNS picture, u = (2, 1),v = (4, 2), and w = (4, 3). Each point of
the cake C corresponds to one of these three points and each of these three points
corresponds to a piece of cake of positive measure. Hence, the RNS consists
precisely of these three points.

To see the correspondence between these two figures, we imagine a point @
in the RNS picture, beginning at (1, 0) and moving to the right. For o between
(1, 0) and u, w* consists of the single partition (4, C) and, hence, for any such
w, M(w, p) holds if and only if p = (0, 1).

For w = u, " = u™ consists of the set of all partitions of the form ( Py, P»),
where P) contains only (but not necessarily all) points of C that correspond to
the point « in the RNS. We wish to understand the shape of the corresponding
part of the outer boundary of the IPS, i.e., the part that consists of all points p
such that M (u, p) holds.

Suppose thatP = (P, P;) and Q = (Q}, Q») are distinct partitions in u*.
Set A= P;\Q; and let B = Q;\P;. Then Q,\P, = A and P,\Q, = B. We
may view A as the piece of cake that Player 1 gives to Player 2, and B as
the piece of cake that Player 2 gives to Player 1, in going from partition P to
partition Q. Every point in A and every point in B is associated (via f) with the
point u = (£, 1) in the RNS.

Consider the quantity %:

ma(Q2) — ma(Ps) _ my((P2N Q) UA)—my((P2N Q) U B)
mi(Q1) —mi(P)) m(PPNQO)YUB)—mi((P1NQ1)UA)
ma(Py N Q2) + ma(A) — ma(Pr N Qr) — ma(B)
mi(PrN Q) +mi(B)—mi(PN Q1) —m(A)
ma(A) — ma(B) _ _my(B) —my(A)

my(B) —m(A) mi(B) —mi(A)

Since every point in A and every point in B is associated with u = (‘5—‘, %), it

myA) _ mB) _ 5 _ 1
follows that mA) = mB) = 45 = - Hence, we have

my(Qn) —ma(Py)  ma(B)—my(A)  my(B)—my(A) 1

mi(Q) —mi(P))  mi(B)—mi(A)  4my(B) —4my(A) 4

my(@o)=my(Pa) 4o ;
But O Py 18 simply the slope of the line segment between

(m1(Py), my(P>)) and (m(Q1), my(Q>)) in the IPS picture and, since both P
and Q are in u* and hence are Pareto maximal, we know that (m(P), m,(P,))
and (m(Q), m2(Q>)) are both on the outer boundary of the IPS. Since P and O
are arbitrarily chosen partitions in u*, this tells us that the portion of the outer
boundary of the IPS that is associated with u (via M) is a line segment with
slope —i. It is the line segment labeled “M (u, p)” in Figure 12.1bi.
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We continue to imagine the point @ moving from left to right in Figure
12.1bii. From @ = u until w = v, »* remains the same, since there are no
points of the RNS in this open line segment. For such an w, ™ consists of the
single partition (P, P,), where P; is the piece of cake associated with u and
P; is the piece of cake consisting of points associated with v or with w. This
partition corresponds to the point g, in Figure 12.1bi. In other words, for such
an w, M(w, p) holds if and only p = g, .

For w = v, an analysis similar to that used for @ = u tells us that the portion
of the outer boundary of the IPS shown in Figure 12.1bi that is associated with v
(via M) is aline segment with slope — %. Itislabeled “M (v, p)” in Figure 12.1bi.
The point g, is what we shall call a corner point on the outer boundary of the
IPS. The slope of the outer boundary makes a discontinuous jump at such a
point.

Continuing with this analysis, we find that, for any » between v and
w, M(w, p) holds if and only if p = ¢,,,, and the portion of the outer bound-
ary of the IPS that is associated with w (via M) is a line segment with slope
-3, labeled “M(w, p)” in Figure 12.1bi. Finally, for @ between w and (0, 1),
M (w, p) holds if and only if p = (1, 0).

Before continuing with our analysis of the other IPSs and RNSs in Fig-
ure 12.1, we make some observations. Observations 12.4 and 12.5 follow from
the preceding analysis together with our work in Chapter 7 on relating the IPS
and the maximization of convex combinations of measures. These observations
are only meant (for the moment) to apply to the case of two players. They will
help motivate our general results in the next section. We recall that if a partition
P maximizes some convex combination of measures then every partition that is
p-equivalent to P maximizes this same convex combination of measures, and so
we may refer to the p-class of partitions that maximizes a convex combination
of measures.

Observation 12.4 The following three items correspond to each other:

a. an individual point in the RNS that is associated with a positive-measure
piece of cake,

b. aline segment on the outer boundary of the IPS, and

c. a situation where M is a one-many relation.

Observation 12.5 The following three items correspond to each other:

a. a gap in the RNS,
b. a corner point on the outer boundary of the IPS, and
c. a situation where M is a many-one relation.
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IPS

(a)
Figure 12.2

Given the various correspondences discussed in the previous section, we
can provide another perspective on these observations using the notion of points
of first contact of families of parallel non-negative lines with the IPS. The three
items of Observation 12.4 correspond to there being a family of parallel non-
negative lines that makes first contact with the IPS at many points. This is
illustrated in Figure 12.2a. The three items of Observation 12.5 correspond to
there being many families of parallel non-negative lines that make first contact
with the IPS at a single point. This is illustrated in Figure 12.2b, where we have
shown two such families. (Figures 12.2a and 12.2b are slightly revised copies
Figures 7.1b and 7.1c, respectively.)

Notice that parts ¢ of the two observations hint at two other possibilities: a
situation where M is one-one and a situation where M is many-many. Our next
example takes care of one of these. We shall discuss the other shortly.

Example 12.6 The correspondence between the IPS of Figure 12.1ci and the
RNS of Figure 12.1cii.

As we saw in our two preceding observations, a point in the RNS that is
associated with a positive-measure piece of cake corresponds to a line segment
on the outer boundary of the IPS, and a gap in the RNS corresponds to corner
point on the outer boundary of the IPS. In Figure 12.1ci, the outer boundary
of the IPS contains no line segments and no corner points and, hence, neither
of the situations described in these observations occurs. This implies that the
RNS is as indicated in Figure 12.1cii. No point is associated with a positive-
measure piece of cake and there are no gaps (i.e., every interval of positive
width corresponds to a positive-measure piece of cake). We shall refer to such
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an RNS (or a portion of the RNS, as will be the case in our next example), as
being spread out.

This example leads us to the following observation.

Observation 12.7 The following three items correspond to each other:

a. a spread-out region of the RNS,
b. a (non-straight line) smooth curve on the outer boundary of the IPS, and
c. a situation where M is one-one.

To connect this observation with the notion of points of first contact of a
family of parallel non-negative lines with the IPS, as we did for Observations
12.4 and 12.5, we simply note that for the IPS in Figure 12.1ci any family of
parallel non-negative lines makes first contact with the IPS at exactly one point,
and first contact with the IPS is made at a given point on the outer boundary of
the TIPS by exactly one family of parallel non-negative lines.

Example 12.8 The correspondence between the IPS of Figure 12.1di and the
RNS of Figure 12.1dii.

This combines aspects of Examples 12.3 and 12.6. The outer boundary of
the IPS in Figure 12.1di consists of a line segment and a curve that is not a
line segment, and these two pieces meet at a corner point. Each point of the
darkened line segment in the left half of the RNS in Figure 12.1dii corresponds
to a measure-zero piece of cake, but this set of points together corresponds to a
positive-measure piece of cake, with no measure-zero gaps. The isolated point
in the right half of the RNS corresponds to a positive-measure piece of cake. The
correspondence between the IPS and the RNS is as follows: the line segment
on the left of the RNS corresponds to the first portion of the outer boundary
of the IPS, beginning at the upper left of the picture and going until the corner
point. The fact that this line segment of the RNS contains no individual points
associated with a positive-measure piece of cake tells us that the corresponding
curve on the outer boundary of the IPS contains no line segments. The fact that
it has no gaps tells us that the corresponding curve on the outer boundary of the
IPS contains no corner points. Moving to the right in the RNS, the gap between
the line segment just discussed and the isolated point to the right corresponds to
the corner point in the IPS. The isolated point to the right in the RNS corresponds
to the final line segment on the outer boundary of the IPS. The gap to the right
of this point corresponds to the fact that the outer boundary of the IPS meets
the x axis in a non-vertical way. Note that there is no gap at the left of the RNS.
This corresponds to the fact that the outer boundary of the IPS meets the y axis
horizontally.
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We close this section by noting what seems to be an omission in our discus-
sion of the possibilities for the relation M.

¢ Observation 12.4, Example 12.2, and parts of Examples 12.3 and 12.8 illus-
trate a situation in which M is one-many.

* Observation 12.5 and parts of Examples 12.3 and 12.8 illustrate a situation
in which M is many-one.

¢ Observation 12.7, Example 12.6, and part of Example 12.8 illustrate a situ-
ation in which M is one-one.

The obvious question is: can M be many-many? In other words, can there be
a collection of points in the RNS, each of which corresponds, via M, to a
collection of points on the outer boundary of the IPS? Or, equivalently, can
there be a collection of convex combinations of measures, each of which is
maximized by every member of some collection of p-classes of partitions?
Intuitively, our examples and observations suggest that this is possible if and
only if the situations described in Observations 12.4 and 12.5 can occur together.
This requires, simultaneously, an individual point in the RNS that is associated
with a positive-measure piece of cake, and a gap in the RNS. Or, equivalently,
this requires, simultaneously, a line segment and a corner point on the outer
boundary of the IPS. It is not hard to see that in the two-player context this is
impossible. We will see that the situation is very different when there are more
than two players.

The chores versions of the ideas presented in this section are similar. We
shall examine these in the general n-player context in the next section.

12C. Relating the IPS and the RNS in the General
n-Player Context

In this section, we draw on some of the perspective developed in the previous
section to help us understand the relationship between the IPS and the RNS in
the general n-player context. Theorem 12.12 gives a necessary and sufficient
condition on the RNS for the existence of more than one p-class of partitions that
is w-associated with the same point in S*. Theorem 12.16 gives a necessary
and sufficient condition on the RNS for the existence of a single p-class of
partitions that is w-associated with more than one point in S*. These theorems
will reveal a kind of duality. Clearly, the notions being considered have a dual
nature. As we shall see, the corresponding conditions on the RNS also have a
kind of dual relationship. The condition in Theorem 12.12 says that part of the
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RNS is concentrated together. The condition in Theorem 12.16 says that parts
of the RNS are separated from each other.

Corollaries 12.13 and 12.17 use the RD function to connect these notions to
the maximization of convex combinations of measures. Then, Theorems 12.14
and 12.18 use the geometric perspective developed in Chapter 7 (connecting
the maximization of convex combinations of measures, with points of first
contact of families of parallel hyperplanes with the IPS) to establish connections
between the IPS and the RNS.

Observation 12.4 of the previous section involves a point in the RNS being
associated with a positive-measure piece of cake. We generalize this notion as
follows.

Definition 12.9

a. For distinct i, j =1,2,...,n, and o = (w1, w1, ..., w,) € ST, the RNS
is i,j-concentrated with respect to w if and only 1f {a € C ;((Z))
and, forevery k =1,2,...,n withk # i andk # J, J;ifl; > 2 and ?:((a; >
%i} has positive measure.

b. The RNS is concentrated if and only if, for some ij, and w, the RNS is

i,j-concentrated with respect to w.

To illustrate, let us first see that for two players this notion corresponds with
what we have already considered in the previous section. If there are only two
players and the RNS is concentrated, then it must be 1,2-concentrated with
respect to some w = (w1, ;) € S*. (Notice that Definition 12.9 is symmetric
with respect to i and j. Thus, “1,2-concentrated with respect to w” is the same
as “2,1-concentrated with respect to @.”) This implies that {aeC : % = Z—;}
has positive measure. But, since w; + w; = 1 and fi(a) + f2(a) = 1 for every
a € C,itfollowsthat{a € C : % = Z—;} ={aeC: fi(a) = w;and fr(a) =
wy} ={a € C: f(a) = (w1, wy)}. This implies that (w;, w;) € RNS and there
is a positive-measure piece of cake that is associated with this point.

Next, we illustrate Definition 12.9 for three players, using Figure 12.3.
Fix o = (w1, wy, w3) € ST, p = (p1, p2, p3) € ST, and consider the follow-

ing three conditions:

a — @
) @’

b. 24 > @ and
P3 @3
L2
Py — w3

These conditions hold if and only if p is on the solid line segment € in the figure.
This line segment is that portion of the line determined by w and (0, 0, 1) that is
between w and the line segment connecting (1, 0, 0) and (0, 1, 0) (including @
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Figure 12.3

but not including the point on the line segment connecting (1, 0, 0) and (0, 1, 0)).
The RNS is 1,2-concentrated with respect to w if and only if there is a positive-
measure A C C such that, for all a € A, the three preceding conditions hold
with fi(a), f2(a), and f3(a) in place of p;, ps, and ps, respectively. Thus, we
see that the RNS is 1,2-concentrated with respect to w if and only if there is a
positive-measure piece of cake associated with £.

If m; = m, = mj3, then the RNS consists of the single point (%, %, %) and, in
this case, the RNS is certainly concentrated. In particular, it is 1,2-concentrated,
1,3-concentrated, and 2,3-concentrated, with respect to (%, %, %). This is the
most extreme example of the RNS being concentrated.

We present two additional perspectives on the notion of concentrated.

Definition 12.10 Fix v = (w1, @y, ..., ®,) € S*.Fordistincti,j = 1,2, ...,

n,apoint p = (py, p2, ..., pnp)isonthe i,j boundary associated with w if and
only if
a. 2= % and
pPj @j P w;
— 1 ; i Pi @i Pj @)
b. foranyk =1,2,...,nwithk #i and k # j, o > o and o > o

In other words, the i,j boundary associated with w is the boundary between
the region of the simplex associated by w with Player i and the region of the
simplex associated by w with Player j (as in the context of w-association, which
we illustrated for three players in Figure 10.3). Condition a says that p is
on the hyperplane determined by the n — 1 points consisting of the point w
together with the vertices of all players except for Player i and Player j. The
first inequality of condition b says that p is either on the hyperplane determined
by the n — 1 points consisting of the point @ together with the vertices of all
players except for Player i and Player k or else is on Player i’s side of this
hyperplane. The second inequality says the same thing with j in place of i. We
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can also use Figure 12.3 to illustrate this idea. In the figure, the 1,2 boundary
associated with w is the solid line segment £. The connection between this and
the notion of i,j-concentrated is the following: for any w € S* and distinct
i,j=1,2,...,n,

the RNS is i, j-concentrated with respect to w

if and only if
the set of bits of cake corresponding to points on the i,j boundary associated
with w has positive measure.

A point p in S can be on no boundary, one boundary, or more than one
boundary associated with a given point w. When we say that p is on the i,j
boundary associated with w, we do not assume that p is not also on some other
boundary. We note that, for any w € S*, w is on every i, j boundary associated
with .

Definition 12.11 Suppose that A C C has positive measure and fix distinct
i,j=1,2,...,n. We shall say that m; and m; are in relative agreement on

A, or that Player i and Player j are in relative agreement on A, if, for every

mi(B) _ my(B)
BCSA LH = ma

In other words, if Player i and Player j are in relative agreement on A, then
they may differ in their evaluations of the size of A, but they agree in their
evaluations of how big a fraction any B C A is of A. It is not hard to see that
for distincti, j = 1,2,...,n,

Player i and Player j are in relative agreement on some positive-measure
AcCC

if and only if
for some w € ST and some positive-measure A C C, all points of A corre-
spond to points on the i,j boundary associated with @

if and only if
for some w € ST, the RNS is i, j-concentrated with respect to w.

A particular positive-measure A C C satisfies the first of the two preceding
statements if and only if it satisfies the second. We may think of such a set A as
a name for any positive-measure subset of the set in part a of Definition 12.9.
More generally,

some two players are in relative agreement on some positive-measure set
if and only if
the RNS is concentrated.
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Thus, we see that the notion of two players being in relative agreement
on some positive-measure set and the notion of the RNS being concentrated
are two ways of looking at the same phenomenon. In this chapter, where a
central concern is the structure of the RNS, we shall focus on the notion of
concentrated. In Chapter 14, we shall use the notion of relative agreement to
study strong Pareto optimality.

Theorem 12.12

a. There exists a point in ST with which more that one p-class of partitions is
w-associated if and only if the RNS is concentrated.

b. More specifically: for any w € S, more than one p-class of partitions is w-
associated with w if, and only if, for some i and j, the RNS is i, j -concentrated
with respect to w.

Proof: Clearly, part b implies part a. We prove part b. Fix some w =
(w1, w2, ...,w,) € ST.

For the forward direction, suppose that more than one p-class of parti-
tions is w-associated with w. Then there exist partitions P = (P, P, ..., P,)
and Q = (01, Q», ..., Q) that are each w-associated with » and are not p-
equivalent. Since P and Q are not p-equivalent, we know that there is a set A
of positive measure such that A € P; and A C Q; for some distinct 7 and j.
Since P and Q are each w-associated with w, it follows that }{8 2 for almost
every a € P; and every k =1,2,...,n with k # i, and that ?(&; w’ for
almost every a € Q; and every k =1, 2 ,n with k # j. This 1mp11es
that, for almost every a € A, ;((‘;; Smce A has positive measure,

faeC: f‘(((“l)) “ and, forevery k—l 2 ,n with k#1i and k # j,
J

i@ o o fit@) o i
i@ 2 o and @ 2 o 21} has positive measure. Hence, the RNS is i,j
concentrated with respect to .

For the reverse direction, suppose that the RNS is i, j-concentrated with re-

specttow.LetA = {a € C : ;((Z)) "} and, foreveryk = 1,2, ..., nwithk #

iandk # j, J;EZ)) > 2 and };’EZ; w; }. Then A has positive measure. Consider
*, the collection of all partitions that are w-associated with w. In constructing
this set, A can be divided arbitrarily between Player i and Player j. By giving
all of A to Player i or all of A to Player j, we see that there exist at least two
non-p-equivalent partitions in w* and, hence, there is more than one p-class of

partitions that is w-associated with . O

We note that the “more than one” in parts a and b of the theorem can each be
replaced by “infinitely many.” For the forward direction of partb, this is obvious,
since this change makes the premise stronger. For the reverse direction of part
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b, this follows because of the fact that the set A in the proof that is to be divided
between Player i and Player j can be so divided in infinitely many different
ways that result in non-p-equivalent partitions. The correctness of this change
for part a follows from that for part b.

The RNS is concentrated if, and only if, for some w € S*, it is i,j-
concentrated with respect to @ for at least one i,j pair. As we shall discuss
shortly, the RNS being i, j-concentrated with respect to w for more than one
i,j pair corresponds to additional structure on the IPS.

By Theorem 10.6, we know that the function RD provides a one-to-one
correspondence between points in S* that are to be used as in w-association and
points in S that provide coefficients for convex combinations of the measures.
This correspondence yields the following corollary to Theorem 12.12.

Corollary 12.13

a. There exists a convex combination of measures with coefficients from S™ that
is maximized by more than one p-class of partitions if and only if the RNS is
concentrated.

b. More specifically: for any a € ST, more than one p-class of partitions max-
imizes the convex combination of measures corresponding to « if and only
if, for some i and j, the RNS is i, j-concentrated with respect to RD(x).

Proof: Part a follows easily from part b. Part b follows from the theorem and
part b of Corollary 10.7. O

We are now in a position to make our first connection in this section between
the IPS and the RNS. We recall that the function m provides a one-to-one cor-
respondence between Pareto maximal p-classes and points on the outer Pareto
boundary of the IPS. We use this function, together with our geometric per-
spective on the maximization of convex combinations of measures (which we
discussed in Chapter 7 and involves points of first contact of families of parallel
hyperplanes with the IPS), and Corollary 12.13. Fixa = (a, o, ..., @) € ST.
Then,

the family of parallel hyperplanes oj x| + a2x2 + - -+ + o, x,, = ¢ makes first
contact with the IPS at more than one point

if and only if
more than one p-class of partitions maximizes the convex combination of
measures corresponding to o

if and only if (Corollary 12.13)
for some i and j, the RNS is i, j-concentrated with respect to RD(«).

These ideas lead us to the following result.
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Theorem 12.14

a. There is a line segment on the outer Pareto boundary of the IPS if and only
if the RNS is concentrated.

b. More specifically: foranya = (ay, aa, ..., a,) € ST, there is a line segment
£ on the outer Pareto boundary of the IPS and every point of £ is a point of
first contact with the IPS of the family of parallel hyperplanes o1 x| + axx7 +
-« 4 a,x, = c if and only if, for some i and j, the RNS is i, j-concentrated
with respect to RD(x).

Proof: We first prove part b. Fix o = (a;, ag,...,a,) € ST. For the for-
ward direction, assume that ¢ is a line segment on the outer Pareto bound-
ary of the IPS and that every point of ¢ is a point of first contact
with the IPS of the family of parallel hyperplanes ojx; + apx; + -+ +
a,x, = c. This family obviously makes first contact with the IPS at more than
one point, and it therefore follows from the preceding discussion that, for some
i and j, the RNS is i, j-concentrated with respect to RD(«).

For the reverse direction of part b, we assume that for some i and j
the RNS is i,j-concentrated with respect to RD(«). Our preceding discus-
sion tells us that the family of parallel hyperplanes ox; 4+ apxy + -+ +
o, Xx, = c makes first contact with the IPS at more than one point. We know
that any such point of first contact is a Pareto maximal point and hence is on
the outer Pareto boundary. It follows from the convexity of the IPS that this
family of parallel hyperplanes makes first contact with the IPS at all points
along some line segment ¢ that lies on the outer Pareto boundary of the IPS.
(We have already illustrated this idea for two players in Figure 12.2a. When
there are more than two players, the set of points of first contact may be more
than a line. We shall deal with this issue shortly.)

Next, we consider part a. For the forward direction, we assume that there is a
line segment £ on the outer Pareto boundary of the IPS. It is geometrically clear
that, for some 8 = (81, B2, - . ., By) € S, the family of parallel hyperplanes with
coefficients given by 8 makes first contact with the IPS at every point of €.

If BeS*, then the result follows from part b of the theorem.
Assume then that g € S\S* and let 8y ={i <n:pB; >0}. Then 8z #
@ and {1, 2,...,n}\0g # ¥. Let k be such that the member of the family of
parallel hyperplanes with coefficients given by § that makes first contact with
the IPS is the hyperplane Bx; + Boxs + - - - + Buxn = k.

We claim that, for any point (py, p2, ..., p,) on line segment £, if i ¢ dg
then p; = 0. Suppose, by way of contradiction, that this is not the case. Then
there is a point p = (p1, p2, ..., py) on £ such that, for some i ¢ g, p; > 0.
Notice that since p is on the given hyperplane,S;p; + fopa + -+ + Bupn =k
and, since p is in the IPS, m(P) = p for some partition P = (Py, P>, ..., P,).
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Also, since p; > 0, we know that m;(P;) > 0. Fix any j € 6 and let Q =
(01, O3, ..., Q) be the partition obtained by transferring all of P; from Player
i to Player j. Then

Bim(Q1) + Boma(Q2) + -+ - + Bumn(Qy)

= Bimi(P1) + oma(P2) + -+ + Bimimi—1(Pi—y) + im; (1)
+ Bivimip 1 (Pig) + -+ Bj—imj—i1(Pj—1)
+ Bimi(P; U P) + Bjyimj1(Pjy1) + -+ + Bamu(Py)

= [Bim1(P1) + foma(P2) + -+ + Biimi—1(Pi—1) + Bim; (V)
+ Bivimip1(Pig) + -+ Bjoimj1(Pj—1) + B;m;(P;)
+ Bjrim g 1(Pjg) + -+ Bumuy(Py)] + Bjm (P;)

=Bip1+ Bep2+ -+ Bicipi-1 + Bi(0) + Biv1pin
+ ot Bupn) + Bim(P).

Since i ¢ g, and hence B; = 0, we have

Bm(Q0) + Bomx(Q2)+ -+ Bumn( Q) = (X, ., Brpir) + Bim(P).

Since m(P) = p is on the line segment ¢, and the family of parallel hyper-
planes with coefficients given by § makes first contact with the IPS atevery point
of £, it follows that P maximizes the convex combination of measures with co-
efficients given by B. Then, since Bym(P;) + Boma(P2) + - -+ + Bymy(P,) =
Y ires, B we know that 3 5 Birpir = (e, Birpi) + Bjm;(P;) and,
hence, that 8;m ;(P;) = 0. Since j € g, we know that 8; > 0 and, therefore,
m j(P;) = 0.Butm;(P;) > 0and, hence, this contradicts our assumption that the
measures are absolutely continuous with respect to each other. This establishes
that, for any point (py, p2, ..., p,) on line segment £, if i ¢ g, then p; = 0.

Let S5, denote the face of the simplex corresponding to dg, and let
IPS;, be the restriction of the IPS associated with these players. Then Ss;, =
{1, x0, ..., x,) € Sifori=1,2,...,n, ifi ¢ §g, thenx; = 0} and IPS;, =
{1, x2,...,x,) €IPS:for i =1,2,...,n,if i ¢ 8g,then x; = 0}. By our
preceding work, the line segment £ lies in IPSs,.

We now change perspective slightly and view £, Ss,, and IPS;, as subsets
of R making the order-preserving identification of coordinates, as usual.
(This is legitimate, since every point in each of these sets has coordinate zero in
position i forevery i ¢ 8g. This change in perspective involves simply ignoring
all zeros in all such positions.) Then, we see that ¢ is on the outer Pareto
boundary of IPS;, and every point of £ is a point of first contact with IPS;,
of the family of parallel hyperplanes ), _ 55 Bix; = c. Since f; > 0 for every
i € dg, it follows from part b of the theorem that IPSgﬁ is concentrated.
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(1,0) u 0, 1)

0,1,0)
(a) (b)
Figure 12.4

We claim that this implies that the full RNS is concentrated and, hence,
establishes the forward direction of part a of the theorem. We shall not give
a detailed proof of this fact, but shall instead present a simple illustration.
Suppose there are three players and consider Figure 12.4. In Figure 12.4a, we
have shown just the one-simplex where the restricted RNS corresponding to
just Players 1 and 2 is located. We have not shown this entire RNS. We focus
instead on the single point u. The existence of such a point in this restricted
RNS tells us that there is a piece of cake of positive measure associated with u
and hence that this restricted RNS is concentrated. In Figure 12.4b, we show the
two-simplex where the full RNS is located. Again, we have not shown the entire
RNS. What we have shown is the point # and a dashed line from Player 3’s
vertex to u. We have drawn the point u lighter in this figure since (by absolute
continuity), we know that « is not in this RNS. In going from the two-simplex of
Figure 12.4b to the one-simplex of Figure 12.4a, all points on the dashed line in
Figure 12.4b are projected to the point . Hence, the cake associated with this
dashed line has positive measure. This implies that the RNS is 1,2-concentrated
with respect to w for any point w that is sufficiently close to (0, 0, 1) so that
the cake associated with the dashed line below this point has positive measure.
We conclude that the full RNS is concentrated. It is not hard to see that this idea
can be generalized to more than three players and can be made precise. This
completes the proof of the forward direction of part a.

The reverse direction of part a follows immediately from the reverse direction
of part b. O

Combining part b of the theorem with Theorem 10.6 (and again using the
connection between points of first contact with the IPS of families of parallel
hyperplanes, and maximization of convex combinations of measures), we see
that, for any w € ST, the RNS is i, j-concentrated with respect to w if and only
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if there is a line segment on the outer Pareto boundary of the IPS consisting of
points of the form m(P) for partitions P that are w-associated with .

If the RNS is i,j-concentrated with respect to some w then, by the the-
orem, there is a line segment on the outer Pareto boundary of the IPS
that lies on a hyperplane of the form o x| + aoxs + - - - 4+ @, x,, = k, where
RD(w) = o = (a1, o, . . ., @,). (Recall that RD(RD(w)) = w.) The proof of
the reverse direction of part b of Theorem 12.12 implies that there is such a line
segment with the property that any two points on the line segment have the same
kth coordinate for each k # i, k # j. Suppose now that for some w the RNS is
i,j-concentrated with respect to w for more than one i, pair. Then there are at
least two different line segments on the outer Pareto boundary of the IPS that
lie on the same hyperplane. By the convexity of the IPS, this implies that there
is a two-dimensional region on the outer Pareto boundary of the IPS. Although
we shall not pursue this line of reasoning further, it is clear that if, for some w,
the RNS is 7, j-concentrated with respect to @ for enough i,; pairs, then there
will be a “flat” region on the outer Pareto boundary of the IPS. In other words,
there will be a convex region on the outer Pareto boundary of maximal (i.e.,
n — 1) dimension. In particular, if there is a point w in the RNS that corresponds
to a piece of cake of positive measure, then the RNS is i, j-concentrated with
respect to w for all pairs 7,j, and in this case there is such a flat region on the
outer Pareto boundary of the IPS. Conversely, if there is such a flat region on the
outer Pareto boundary of the IPS then, for some w, the RNS is i, j-concentrated
with respect to w for many i,j pairs. We illustrate this in Figure 12.5.

In the figures, we assume that there are three players. Figure 12.5a shows
the RNS and Figure 12.5b shows the corresponding IPS. (It would be straight-
forward to define the associated cake and measures, but we shall not do so.)



318 12. The Relationship Between the IPS and the RNS

The RNS consists of two points, # and v, and it follows that the RNS is 1,2-
concentrated, 1,3-concentrated, and 2,3-concentrated with respect to u and
with respect to v. By definition, the set u* consists of all partitions that are
w-associated with u. A partition is in this set if and only if it gives all cake
associated with v to Player 2. (All cake associated with u can be partitioned
arbitrarily among the three players.) For any such partition P, f(P) is on the
outer boundary of the IPS, and the set of all such f(P) is the flat region on the
outer boundary of the IPS that we have labeled “f(x*).” Similarly, the point
v in the RNS corresponds to the flat region on the outer boundary of the IPS
that we have labeled ““ f (v*).” In this situation, we see something quite different
from what we saw in the two-player situations that we examined previously
and illustrated in Figure 12.1. As we saw in Figures 12.1ai, 12.1aii, 12.1bi, and
12.1bii, if the RNS consists of points that are each associated with a piece of
cake of positive measure, then the outer boundary of the corresponding IPS
consists of line segments, one corresponding to each of these points, and noth-
ing else. Thus, in Figures 12.1ai and 12.1aii, we see that an RNS consisting of a
single point has a corresponding IPS with outer boundary consisting of a single
line segment, and, in Figures 12.1bi and 12.1bii, we see that an RNS consist-
ing of three points has a corresponding IPS with outer boundary consisting of
three line segments. However, in our present example, we see that the RNS is
1,3-concentrated and 2,3-concentrated (but not 1,2-concentrated) with respect
to the point w in the figure (which is not a point in the RNS). The set of all
f(P) for partitions P that are w-associated with w is the flat region on the outer
boundary of the IPS that we have labeled “ f (w*).” Thus, in this case, the RNS
consists of two points but the outer boundary of the IPS consists of three flat
regions.

We now shift our focus to Observation 12.5. This observation involves the
notion of a gap in the RNS. We generalize this notion in Definition 12.15.
This definition, Theorem 12.16, Corollary 12.17, and Theorem 12.18, and will
parallel our treatment of Definition 12.9, Theorem 12.12, Corollary 12.13, and
Theorems 12.14.

Definition 12.15

a. Suppose that y is a partition of {1, 2,...,n} into at least two pieces and
P = (P, P, ..., P,) is a partition of C. The RNS is y-separable with
respect to P if and only if for some @ = (wy, w3, ..., w,) € ST and e > 0

i. P is w-associated with w and
ii. for any i/ and j that are in different pieces of partition y, % > % te
J J
for almost every a € P;.
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b. The RNS is separable if and only if, for some y and P, the RNS is y-
separable with respect to P.

We first consider how the notion of separability generalizes the two-player
notion of a gap in the RNS, as in Observation 12.5. Suppose that m; and m,
are measures on C and the corresponding RNS has a gap. In particular, let us
consider the RNS shown in Figure 12.1bii. We claim that this RNS is separable.
More specifically, we claim that if P = (P}, P») is the partition that results from
giving all of the cake associated with points u = (%, %) andv = (%, %) to Player
1, and all of the cake associated with point w = (}1, %) to Player 2, then the

RNS is y-separable with respect to P, where y = {{1}, {2}}. Let v = (@, w7)

. . 1 4 )
be any point strictly between v and w. Then, ﬁ < z—; < % or, equivalently,
L <@ <2 Thisimpliesthat 2 < 2 < 3.Lete = min{3 — 2,3 — 22} Then
3 Wy 3 4 W] 3 w) w]

& > 0. We claim that this @ and & show that the RNS is y-separable with respect
to P.

We must show that, for almost every a € Py, 2 EZ; > Z—; + ¢, and for almost
every a € Py, L@ - 2—? + ¢. For almost every a € Py, either f(a) =u =

fila) =
‘5—‘, é) or f(a)y=v = (;, %). It follows that, for any such a, either 2&2; =

4 4

b — hH@ 77 _ 4 hH@ o 4 _ o 4 _ o on

s =4 or @ =3 =3 and, hence, h@ >3 =0 —}—(3 wz) > +e.
fla) _

I;“or almost every a € P, f(a) =w = (%, %). Hence, for any such a, o =
%‘; = 3 and therefore ;TEZ; =3= C‘Z—f + @3- Z—f) > Z—T + ¢. Thus, the RNS of
Figure 12.1bii is y-separable with respect to P.

There is a simple intuition behind the notion of separability: the RNS is
separable if and only if there is a point @ € S* such that we can move @ a
little without affecting w*. In other words, the RNS is separable if and only
if there is some “wiggle room” for w. More specifically, if y is a partition of
{1,2,...,n}into at least two pieces and P = (Py, P>, ..., P,) is a partition of
C, then the RNS is y-separable with respect to P if and only if the following
holds:

For some @ = (w;, wy, ..., w,) € ST and any chosen direction from @ in which
the ratio between the ith and jth coordinates of w does not change for any
i,j=1,2,...,nthatare in the same piece of the partition given by y, it is

possible to move a small distance from w in this direction to a point ' € S™
so that w* = ™.

This perspective on how to obtain @’ from w will be central to the proof of
Theorem 12.16.

Figure 12.6 presents three examples. In each figure, regions 77, 75, and 73 of
the simplex are the regions corresponding to some partition P = (P, P, Ps3).
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(0, 0,1) 0, 0, 1) (0, 0,1)
3 T3 P*
P o
i i 7 7,
(1,0,0) ® (0,1,0) (1,0, 0) . (0,1,0) (1,0,0) © (0,1,0)
Figure 12.6

(In other words, f(P) =Ty, f(P>) = T, and f(P3) = T3.) In addition, the
set of all w € ST with which P is w-associated, which we shall denote P*, is
shown in each figure. Notice that forany w € S*, P € w* ifandonly if w € P*.
We consider each of these figures:

* In Figure 12.6a, it is clear that, for any w in the interior of P*, w has some
wiggle room, and so this RNS is separable. Pick any such w and any partition
y of {1, 2, 3} into two or three (non-empty) pieces. Then, an appropriate &
can be found so that Definition 12.15 is satisfied.

¢ In Figure 12.6b, any w in the interior of the line segment that is P* has
some wiggle room, and therefore this RNS is separable. Pick any such w and
set y = {{1, 2}, {3}}. Then an appropriate ¢ can be found so that Definition
12.15 is satisfied. Notice that in this case such an w cannot wiggle in every
direction, but only up and down. This is because there is no gap between 7
and T5. This is permissible since 1 and 2 are in the same piece of the partition
given by y. If we set y = {{1}, {2, 3}} or y = {{2}, {1, 3}}, then this RNS is
not y-separable with respect to P.

* InFigure 12.6¢c, P* is a single point, and so this RNS is not separable. Notice
that in this example there is a gap between 7} and 7>, between 7} and T3, and
between T, and T3. Hence, this example illustrates that the existence of such
gaps does not imply separability. Separability requires a kind of coherency
between such gaps.

Theorem 12.16

a. There exists a p-class of partitions that is w-associated with more than one
point in ST if and only if the RNS is separable.

b. More specifically: for any partition P, P is w-associated with more than one
point in ST if and only if, for some partition y of {1,2, ..., n}, the RNS is
y -separable with respect to P.
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Proof: Clearly, part b implies part a. We prove part b. Fix some partition P =
(P1, Py, ..., Py).

For the forward direction, suppose that o', w” € ST, o' # ", and
P is w-associated with o’ and with o”. Let o' = (0], @),...,®)),

o' ={w],s, ..., @), and consider the following relation on the set
{1,2,...,n}:
. . oo
i~ j ifandonlyif — =—
. '’
J J
This is an equivalence relationon {1, 2, ..., n} and, since o’ # «”, there are at
least two equivalence classes. Let y be the induced partition of {1,2,...,n}.
We claim that the RNS is y-separable with respect to P.
Letw = (wy, wy, ..., ®,) be any point strictly between " and ”. (In other

words, w = Ao’ + (1 — L)w" for somekw1th0 < A < 1.)Foranyiand;thatare
in different pieces of partition y, ,_ 75 and “ s strlctly between these two
ratios. Set & —m1n{m1n{|— - —|j |“” - —| | - ’| |wf — —|} i and j
are in different pieces of the partmon yj} Note that each minimum is taken over
a finite set of positive numbers; therefore, each minimum exists and ¢ > 0. We
claim that the RNS is y -separable with respect to P, with this ¢ used in Definition
12.15. Tt is easy to see that since P is w-associated with «’ and with w”, and
w is strictly between o’ and w”, then P is w-associated with w. We must show
that, for any i and j that are in different pieces of partition y, ; ((Z; > Z)’/ + ¢
for almost every a € P;.

Fix any 7 and j that are in different pieces of partition y. Since P is w-

associated with @’ and with »”, we know that ]ff/ia)) > w— and 2((2)) > w,, for
almost every a € P;. Since 3, is strictly petween % and ,,, 1t” follows that
max{ g }>z{, and so max{—,_,w—,/ —w—/ = |max({ /,Z,, ——_|Z£.
This 1mphes that, for almost every a € P;, ;((Z)) > max{ w— =2+
(max{ A aT — “”) > “ + ¢.Hence, the RNS is y-separable w1th respecttoP

For the reverse d1rect10n of part b, assume that we are given a partition y of
{1,2,...,n} such that the RNS is y-separable with respect to P. Let (8, &)
be a partition of {1,2,...,n} into two non-empty pieces such that any piece
of y is either completely contained in §, or else is completely contained in &p.
Let w and ¢ be as in part a of Definition 12.15. Then P is w-associated with w.
We must find some ' # w such that P is w-associated with ’. We shall obtain
such an o’ from w by doing the following to w:

i. not changing the ratios between pairs of coordinates corresponding to ele-
ments of §,,
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ii. not changing the ratios between pairs of coordinates corresponding to ele-
ments of §,, and

iii. changing the ratios between coordinates corresponding to elements of §,
and coordinates corresponding to elements of §,.

Notice that, since w € ST and §, is a proper subset of {1,2,...,n}, it
follows that Zi <5 wj < 1. Hence, 1 < 5 1 —. For each real number r with
a iesqg Y

- ;
l<r< Z,‘;sl, o let 8(r) = % For any such r, } . s i <r

Ziea“ w; <1 and, hence, O<({-—r Zzea w) < (11— Zie&a w;) =
Zie&, ;. This implies that 0 < §(r) < 1 and, hence, §(r) < r. Also,

1—(r . wj
Lim 8(r) = Lim Ll GPER))
r—1 r—1 Zieé‘b w;
_ 1— Ziesﬁ wi Zieﬁb Wi 1
Zieab Wi Zieﬁb w;
Foreachi =1, 2, ..., n, and each real number r with 1 < r < T 1 -, set
i€8q
poy |ros ifi € 6,
@ (r) = {8(r)a)i ifies,
Then, for each such i and r, w}(r) > 0. Also,
Zwl’.(r) =r Z w; +8(r) Z w;
i=1 i€8, i€dp
1 - (V 1€68, a)l
= o+ (el 5,
i€d, ZlE(Sb i€dy
= Zw, l—rZw, =1.
€8, €4,
Thus, for each such r, if we define '(r) = (w(r), W5(r), ..., w,(r)) then

@'(r) € ST. Note that we have obtained ’(r) from w in accordance with con-
ditions 1, i1, and iii.

. . . 1 @, () _

For any i, € 84,1, € §p, and r with | <71 < S we have “’I(b(’) =

and, hence, o'(r) # w. Also, since Lim, _8(r) = Er)) can

rw;, i,
3(r)wi, i),
be made as close to Z‘“ as desired by choosing r sufficiently close o one.
Since §, and 8p are each finite, we can fix r so that, for every i, € §, and

r) ;i
i € &), — of (r) — Z;’ <eandsetw = (0], 0, ..., w),) = (r). Then o' # w.

We claim that P is w-associated with o',
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fila) w;
fila)

v
&8

Fix distinct i, j = 1,2, ..., n. We must show that for almost

every a € P;. We consider four cases:

Case 1: i, j € §,. Since P is w-associated with o, 29 > 2% for almost

> fila) — w;
every a e P;. But i, j € 8, implies that : = ’“‘/8 ﬂ = 2. Hence,
J
]’:’ E’;)) > % for almost every a € P;. "
J

Case 2: i, j /e 8p. This is as in Case 1.
Case 3: i € §, and j € §),. By assumption, % > % + ¢ for almost every

a € P Our construction of @’ tells us that 2= —|— e > 3 . Hence, Jf:((z)) >
o “ for almost every a € P;. "

Case 4: i €, and j € §,. Since P is w-associated with w, we know that

;EZ)) > :‘)’— for almost every a € P;. By our construction of o', we have
Jij
% > © and, hence, 2 > 21t follows that £ > for almost every
o 0 Ha =
ae P,.
This completes the proof of the theorem. O

As was the case for Theorem 12.12, the “more than one” in parts a and
b of the theorem can each be replaced by “infinitely many.” For the forward
direction of part b, this is obvious, since this change makes the premise stronger.
For the reverse direction of part b, this follows because of the fact that there are
infinitely many choices of r in the proof, and each choice results in a different
o’ with which P is w-associated. Or, we simply note that if P is w-associated
with distinct w and ', and " is on the line segment between w and o’ (i.e.,

" = Aw + (1 — L)’ for some 0 < A < 1), then P is w-associated with @”
and there are infinitely many such @”. As was the case for Theorem 12.12, the
correctness of this change for part a follows from that for part b.

Theorem 12.16 put no restriction on the partition y (other than that, by
Definition 12.15, y must consist of at least two pieces). As we shall see shortly,
y = {{1}, {2}, ..., {n}} is an important special case.

As we did following the proof of Theorem 12.12, we obtain a corollary to
Theorem 12.16 by using Corollary 10.7.

Corollary 12.17

a. There exists a p-class of partitions that maximizes more than one convex
combination of measures corresponding to points in ST if and only if the
RNS is separable.

b. More specifically: for any partition P, P maximizes more than one convex
combination of measures corresponding to points in ST if and only if. for
some partition y of {1,2, ..., n}, the RNS is y-separable with respect to P.
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Proof: Part a follows easily from part b. We prove part b.

Fix a partition P. By part a of Corollary 10.7, P maximizes more than one
convex combination of measures corresponding to points of ST if and only if
P is w-associated with more that one point in ST and, by part b of Theorem
12.16, this occurs if and only if, for some partition y of {1, 2, ..., n}, the RNS
is y-separable with respect to P. O

We continue to discuss the RNS property of being separable in a way that
parallels our earlier discussion of the RNS being concentrated. As before, we
use the one-to-one correspondence given by the function m between Pareto
maximal p-classes and points on the outer Pareto boundary of the IPS, together
with our geometric perspective on the maximization of convex combinations
of measures (involving points of first contact with the IPS of families of par-
allel hyperplanes). These ideas, together with Corollary 12.17, yield our next
connection between the IPS and the RNS.

Fix a partition P. Then m(P) is a point in the IPS and

more than one family of parallel hyperplanes with coefficients from ST makes
first contact with the IPS at m(P)

if and only if
P maximizes more than one convex combination of measures corresponding
to elements of S

if and only if (Corollary 12.17)
for some partition y of {1, 2,...,n}, the RNS is y-separable with respect
to P.

Our next task is somewhat harder. Previously, we were led to consider the
existence of a family of parallel hyperplanes that makes first contact with the
IPS at more than one point. It was easy to see that this occurs if and only if
there is a line segment on the outer Pareto boundary of the IPS, and this led us
to Theorem 12.14. Now, we wish to consider the existence of more than one
family of parallel hyperplanes that makes first contact with the IPS at the same
point. What does this tell us about the shape of the IPS?

Choose distinct «, 8 € St and suppose that the families of parallel hyper-
planes with coefficients given by « and by B each make first contact with the
IPS at some point p (and, perhaps, at other points too). Then it is geometrically
clear that the family of parallel hyperplanes corresponding to any point on the
line segment between o and B makes first contact with the IPS at p. We shall
say that p is an edge point of the IPS if this occurs. In other words, p is an edge
point of the IPS if and only if there is some line segment £ in ST such that for
each o € ¢ the family of parallel hyperplanes corresponding to o makes first
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contact with the IPS at p. In the language of calculus, p is an edge point if and
only if, at the point p, the outer Pareto boundary of the IPS has an undefined
directional derivative in at least one direction.

The intuitive idea here is that p is an edge point of the IPS if and only if
there is a family of parallel hyperplanes that makes first contact with the IPS at p
and is such that the direction of this family can be changed some small amount
so that p is still a point of first contact with the IPS of the family of parallel
hyperplanes that results from this change. We have already illustrated this idea
for two players in Figure 12.2b. (The notion of “edge point” generalizes the
two-player notion of “corner point.”) The following theorem is immediate from
our preceding work.

Theorem 12.18

a. There is a edge point on the outer Pareto boundary of the IPS if and only if
the RNS is separable.

b. More specifically: for any partition P, m(P)is an edge point on the outer
Pareto boundary of the IPS if and only if, for some partitiony of {1, 2, ..., n},
the RNS is y-separable with respect to P.

Suppose that P is a partition of C and, for some partition y of {1, 2, ..., n},
the RNS is y-separable with respect to P. Fix i and j that are in different pieces
of partition y. Then there are distinct w, " € ST, such that P is w-associated
with w and with @', and the ratios between the ith and jth coordinates of w
and of @’ are different. (This follows from the proof of the reverse direction
of Theorem 12.16, if we choose §, and &, so that i € §, and j € 8,.) Then
m(P) is an edge point on the outer Pareto boundary of the IPS and is a point of
first contact with the IPS of the family of parallel hyperplanes with coefficients
given by RD(w) and of the family of parallel hyperplanes with coefficients
given by RD(w"), and these families have different ratios between their ith and
Jjth coefficients. Suppose now that m(P) is also a point of first contact with
the IPS of other families of parallel hyperplanes, and these families disagree
with each other, and with RD(w) and RD(w'), not only in the ratios between
their ith and jth coefficients but also in the ratios between their ith and kth
coefficients, and their jth and kth coefficients, for many k. This corresponds
to the partition y of {1, 2, ..., n} making more distinctions, i.e., having more
members of {1, 2, ..., n}thatare in different pieces of y . If we insist that  make
all possible such distinctions, in other words, that y = {{1}, {2}, ..., {n}}, then,
for any distincti, j = 1,2, ..., n, there are families of parallel hyperplanes that
have different ratios between their ith and jth coefficients and make first contact
with the IPS at m(P). We call such a point m(P) a jagged point. Thus, m(P) is



326 12. The Relationship Between the IPS and the RNS

Figure 12.7

a jagged point on the outer Pareto boundary of the IPS if and only if the RNS
is y-separable with respect to P, where y = {{1}, {2}, ..., {n}}.

As in our discussion of edge points, we can describe jagged points using
the language of calculus. The point p is a jagged point on the outer Pareto
boundary of the IPS if and only if, at the point p, the outer Pareto boundary
of the IPS has an undefined directional derivative in every direction. Also in
analogy with our discussion of edge points, we can describe a jagged point
informally as follows: p is a jagged point of the IPS if and only if there is a
family of parallel hyperplanes that makes first contact with the IPS at p and is
such that the direction of this family can be changed some small amount in any
direction so that p is still a point of first contact with the IPS of the family of
parallel hyperplanes that results from this change.

Figure 12.7 gives a perspective, in terms of the RNS, of what a jagged point
of the IPS looks like. In the figure, we assume that there are three players and
that the RNS consists of three points. We have drawn dashed line segments
connecting each vertex of the simplex with each of the three points of the RNS.
Consider the darkened region H, where we consider H to be open (i.e., H does
not include its boundary). Then H does not contain any points of the RNS
and no dashed line segment intersects H. It is not hard to see that any point
chosen from H has exactly one partition that is w-associated with it and any
two points chosen from H have the same partition w-associated with them. (In
particular, the partition associated with any point in H is the partition that gives
to each player the cake associated with the point of the RNS that is closest
to that player’s vertex.) The fact that a point w can move around H and still
correspond to the same partition, together with the correspondence between
such points @ and families of parallel hyperplanes, connects this perspective
with that discussed in the previous paragraph. Thus, we see that if P is the
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unique partition that is w-associated with every w € H, then m(P) is a jagged
point on the outer Pareto boundary of the IPS.

We now return to a theme we introduced in Section 12A and examined for
two players in Section 12B. This involves the relation M. In Section 12B, we
discussed, for the two-player context, when M is one-one, when it is many-one,
and when it is one-many. We also saw that it is impossible, in that context, for M
to be many-many. We now consider these possibilities in the general n-player
context. We recall that, as explained on Section 12A, the first coordinate of M
is apoint in S*, to be thought of as in w-association or to be thought of as in the
maximization of convex combinations of measures, and the second coordinate
of M is a p-class of partitions or is a point on the outer Pareto boundary of
the IPS. Previous results in this section allow us to characterize when M is
one-many and when it is many-one. The following is an immediate corollary
to Theorems 12.12 and 12.16.

Corollary 12.19

a. Forany w € ST, there is more than one point p on the outer Pareto boundary
of the IPS such that M(w, p) holds if and only if, for some i and j, the RNS
is i, j-concentrated with respect to .

b. For any point p on the outer Pareto boundary of the IPS, there is more than
one point w € S such that M(w, p) holds if and only if, for some partition
y of {1,2, ..., n}, the RNS is y-separable with respect to the partition P of
C, wherem(P) = p.

Next we consider, somewhat informally, the cases not covered by Corollary
12.19,1.e., when M is one-one and when M is many-many. Concerning M being
one-one, it will be convenient for us to think of the first coordinate of M as being
apointin ST, as in the maximization of convex combinations of measures. We
wish to know under what circumstances there is an @ € S* and a point p on the
outer Pareto boundary of the IPS, such that M («, p) holds, but forno 8 € S*
with 8 # « does M(f, p) hold, and for no g on the outer Pareto boundary of the
IPS with g # p does M(«, g) hold. Or, equivalently, we wish to know under
what circumstances there is a point p on the outer Pareto boundary of the IPS
and a family F of parallel hyperplanes such that

a. F'makes first contact with the IPS at p,
b. F makes first contact with the IPS at no point other than p, and
c¢. no other family of parallel hyperplanes makes first contact with the IPS at p.

Assume that condition a holds. As discussed earlier in this section, we know
that if p is not on a line segment on the outer Pareto boundary of the IPS, then
condition b holds, and if p is not an edge point, then condition c holds. (The
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converse of the second statement is true. The converse of the first statement may
or may not be true. If condition b holds, then p is not an interior point of a line
segment on the outer Pareto boundary of the IPS. However, it is possible that p
could be an endpoint of such a line segment.) Thus, if p is a point on the outer
Pareto boundary of the IPS at which the IPS is smooth in all directions (i.e., p
is not an edge point) and flat in no direction (i.e., p is not on a line segment
on the outer Pareto boundary), and if & € ST yields the coefficients of some
family of parallel hyperplanes that makes first contact with the IPS at p, then
M (a, p) holds and M is a one-one relation in this case. In other words, given
these assumptions, for no 8 € St with 8 # « does M(, p) hold and for no ¢
on the outer Pareto boundary of the IPS with ¢ # p does M(«, ¢) hold. This
is clearly consistent with (the natural generalization to the n-player context of)
parts b and ¢ of Observation 12.7. However, the correspondence with part a of
Obervation 12.7 does not generalize to the context of more than two players, and
we can see this by considering Figure 12.6¢ again. In the figure, suppose that P
is w-associated with w. Then M(w, [ P],) holds. It is clear from the figure that,
for any o’ € ST and any partition Q, M (&', [P],) holds if and only if ' = w,
and M(w, [Q],) holds if and only if P and Q are p-equivalent. Hence, M is
one-one in this situation. However, the RNS is not “spread out” in the sense
described in Section 12B for two players. In Chapter 14, we shall construct an
example in which M is one-one on the entire cake. (See the discussion following
the proof of Theorem 14.14.)

It remains for us to consider when the relation M is many-many. By Corollary
12.19, this requires that, for some @ € S and some partition P that is w-
associated with w,

 the RNS is i, j-concentrated with respect to w for some i and j and
* the RNS is y-separable with respect to P for some partition y of {1, 2, ..., n}.

It follows from our discussion earlier in this section that this occurs if and only
if the family of parallel hyperplanes with coefficients given by RD(w) makes
first contact with the IPS at m(P) and

* m(P)is on a line segment on the outer Pareto boundary of the IPS and
* m(P) is an edge point of the IPS.

We illustrate this situation for three players in Figure 12.8.

First consider the RNS shown in Figure 12.8a. This RNS consists of two
points, p and g, both of which are on the line x = y. This implies that
Player 1 and Player 2 agree on almost all of the cake (i.e., for almost every
a € C, fi(a) = f(a)). Although we shall not do so, it is quite easy to explicitly
define a cake C and associated measures so that the corresponding RNS is as in
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the figure. Fix any two points w and o’ that are on the open line segment between
p and g, as in the figure. Any partition associated with either of these two points
gives all of the cake associated with point p to Player 3 and divides the cake asso-
ciated with point g between Player 1 and Player 2. Since the cake associated with
point ¢ has positive measure, it follows that the RNS is 1,2-concentrated with
respect to w and also with respect to «’. Also, a partition is w-associated
with w if and only if it is w-associated with w’. Let P be any partition that
is w-associated with these two points and let y = {{1, 2}, {3}}. Then the RNS
is y-separable with respect to P. This is the situation discussed in the preceding
paragraph, in which the concentration and the separability of the RNS coincide
and, thus, the relation M is many-many. We can be more specific here. Let P
be the partition that is w-associated with these points and gives all of the cake
associated with ¢ to Player 1, and let Q be the partition that is w-associated with
these points and gives all of the cake associated with g to Player 2. Then, P and
Q are each w-associated with both w and ' and are not p-equivalent. Then,
M(w,[Pl,), M(w,[Q],), M(«', [P])), and M(«’, [Q],) all hold, illustrating
that M is many-many in this situation. These relations are clearly true with first
coordinate any point on the line segment between p and ¢, and with second
coordinate the p-class of any partition that gives the cake associated with point
p to Player 3 and divides the cake associated with point g between Player 1 and
Player 2. Hence, M is “infinitely many” to “infinitely many.”
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We claim that the corresponding IPS is as pictured in Figure 12.8b. To see
this, we have shown the intersection of the IPS with each of the three coordinate
planes in Figures 12.8c, 12.8d, and 12.8e. Concerning Figure 12.8c, we note that
the RNS corresponding to the measures m2; and m3 consists of two points in the
interior of the one-simplex. Then, arguing as we did earlier in this section when
discussing Figures 12.1bi and 12.1bii, it is easy to see that the corresponding
IPS, which is the same as the intersection of the origin three-dimensional IPS
with the xz plane, is as pictured in Figure 12.8c. The argument for Figure
12.8d is the same, with the roles of Player 1 and Player 2 (and therefore the
coordinates of x and y) reversed. For Figure 12.8e, we simply note that, since
m; and m, are equal on almost all of C, the corresponding IPS in the xy plane
is the line segment between (1, 0, 0) and (0, 1, 0). Putting these three figures
together yields the full IPS of Figure 12.8b.

In Figure 12.8b, consider the open line segment between points r and s. Every
point on this line segment is an edge point. This simultaneous “line segment
and edge point” situation is needed for M to be many-many but, as we saw in
Section 12B, is impossible if there are only two players. (Recall that what we
now call an “edge point” in our general n-player context, we called a “corner
point” in the two-player context of Section 12B.)

We close this section by considering chores versions of the ideas and results
of this section. The following is the natural adjustment of the definition of
concentrated to the chores setting.

Definition 12.20
a. For distincti,j = 1,2,...,n,and w = (w1, w2, ..., w,) € ST, the RNS is

chores i, j-concentrated with respect to o if and only if {a € C : % =
Ji
a"j—] and, forevery k =1,2,...,n with k #i and k # j, 223)) < % and

fia)

@ = o) has positive measure.
b. The RNS is chores concentrated if and only if, for some 7, j, and w, the RNS

is chores i, j-concentrated with respect to w.

We have already discussed the fact that some two players are in relative
agreement on some positive-measure set if and only if the RNS is concen-
trated. It is also true that some two players are in relative agreement on some
positive-measure set if and only if the RNS is chores concentrated. Thus, the
RNS is concentrated if and only if it is chores concentrated. This is illustrated in
Figure 12.9. We assume that there are three players, that Player 1 and Player 2
are in relative agreement on some set A of positive measure, and that A cor-
responds to points in the RNS on the solid line segment between w and ' in
Figures 12.9a and 12.9b. (We just show this portion of the RNS. The RNS may
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consist of many more points. Note that the relative agreement of Player 1 and
Player 2 on A implies that the line segment corresponding to A is collinear
with Player 3’s vertex.) In Figure 12.9a we have shown the regions of the RNS
determined by w using the notion of w-associated, and in Figure 12.9b we have
shown the regions of the RNS determined by «’ using the notion of chores w-
associated. It is clear from these figures that the given RNS is 1,2-concentrated
with respect to w and is chores 1,2-concentrated with respect to «'.

The natural adjustments of Theorem 12.12 and Corollary 12.13 to the chores
setting are the following. The proofs are analogous and we omit them.

Theorem 12.21

a. There exists a point in ST with which more than one p-class of partitions is
chores w-associated if and only if the RNS is chores concentrated.

b. More specifically: for any w € ST, more than one p-class of partitions is
chores w-associated with w if and only if, for some i and j, the RNS is chores
i, j-concentrated with respect to w.

Corollary 12.22

a. There exists a convex combination of measures with coefficients from S* that
is minimized by more than one p-class of partitions if and only if the RNS is
chores concentrated.

b. More specifically: for any o € S*, more than one p-class of partitions mini-
mizes the convex combination of measures corresponding to « if and only if,
for some i and j, the RNS is chores i, j-concentrated with respect to RD(x).

We continue to parallel our previous discussion by next using these results
to connect the IPS and the RNS. Fix o = («;, a2, ..., a,) € S*. Then,



332 12. The Relationship Between the IPS and the RNS

the family of parallel hyperplanes o1 x| + cxxs + - - - + @, x,, = ¢ makes last
contact with the IPS at more than one point

if and only if
more than one p-class of partitions minimizes the convex combination of
measures corresponding to «

if and only if (Corollary 12.22)
for some i and j, the RNS is chores i, j-concentrated with respect to RD(«).

The following is the natural adjustment of Theorem 12.14 to the chores setting.
It follows easily from the preceding ideas.

Theorem 12.23

a.

There is a line segment on the inner Pareto boundary of the IPS if and only
if the RNS is chores concentrated.

. More specifically: foranya = (ay, aa, ..., o,) € ST, there is a line segment

£ on the inner Pareto boundary of the IPS and every point of £ is a point
of last contact with the IPS of the family of parallel hyperplanes ayx, +
Xy + -+ ayx, = c if and only if, for some i and j, the RNS is chores
i, j-concentrated with respect to RD().

We have previously observed that the RNS is concentrated if and only if it

is chores concentrated. This, together with Theorems 12.14 and 12.23, yields
the following result.

Corollary 12.24 (to Theorems 12.14 and 12.23) There is a line segment on
the outer Pareto boundary of the IPS if and only if there is a line segment on
the inner Pareto boundary of the IPS.

Next, we present the natural adjustment of the notion of separable to the

chores setting.

Definition 12.25

a.

Suppose that y is a partition of {1, 2, ..., n} into at least two pieces and
P = (P, P,, ..., P,) is a partition of C. The RNS is chores y-separable
with respect to P if and only if for some w = (w;, wy, ..., w,) € ST and
e>0

i. P is chores w-associated with w and
fila) - o
fila) — w;

ii. for any i and j that are in different pieces of partition y,
for almost every a € P;.

— &

. The RNS is chores separable if and only if, for some y and P, the RNS is

chores y-separable with respect to P.



12C. Relating the IPS and the RNS in the General n-Player Context 333

0, 0,1) 0, 0,1) (0, 0,1)
‘ P**
\ T3 T3
(1,0,0) (0, 1,0)(1,0,0) (0, 1,0)(1, 0, 0) (0, 1,0)

(@ (®) (©

Figure 12.10

We used Figure 12.6 to illustrate the notion of separable for three players.
We recall that each of these three figures shows an RNS consisting of three
regions, Ty, T», and T3, that P = (P, P,, P3) is a partition, and that P}, P,, and
Ps correspond to 7y, T, and T3, respectively. In each region, we let P* denote
the set of points with which P is w-associated. Then, it is clear from the figures
that the RNSs in Figures 12.6a and 12.6b are separable, while the RNS in Figure
12.6¢is not. In a similar manner, we can illustrate the notion of chores separable,
using Figure 12.10. As before, each RNS consists of three regions, 77, 7», and
T;, P = (P, P>, P3) is apartition, and P, P,, and P correspond to 77, 7>, and
T3, respectively. Letting P** denote the set of points with which P is chores
w-associated in each figure, we see that the RNSs in Figures 12.10a and 12.10b
are chores separable, whereas the RNS in Figure 12.10c is not. The explanations
are analogous to those used for Figure 12.6, and we omit them, except to note
that the RNS in Figure 12.10a is chores y-separable with respect to P for any
partition y of {1, 2, 3} into atleast two pieces, whereas the RNS in Figure 12.10b
is chores y-separable with respect to P only for the partition y = {{1, 2}, {3}}
of {1, 2, 3}.

There is a correspondence between the notions of separable and chores
separable that holds in the two-player context. First note that in that con-
text the y in the definition of separable and of chores separable must be
the partition {{1}, {2}} of {1, 2}. Suppose that (P, P,) is a partition.
Then the RNS is {{1}, {2} }-separable with respect to (P, P;) if and only
if the RNS is chores {{1}, {2}}-separable with respect to (P>, P;). Thus,
the RNS is separable if and only if it is chores separable, and these notions
are equivalent to the existence of a gap in the RNS, as discussed in Section
12B. No such correspondence holds, in general, if there are more than two
players.

The natural adjustments of Theorem 12.16 and Corollary 12.17 to the chores
setting are the following. The proofs are analogous and we omit them.
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Theorem 12.26

a. There exists a p-class of partitions that is chores w-associated with more
than one point in St if and only if the RNS is chores separable.

b. More specifically: for any partition P, P is chores w-associated with more
than one point in S™ if and only if, for some partition y of {1, 2, ..., n}, the
RNS is chores y-separable with respect to P.

Corollary 12.27

a. There exists a p-class of partitions that minimizes more than one convex
combination of measures corresponding to points in ST if and only if the
RNS is chores separable.

b. More specifically: for any partition P, P minimizes more than one convex
combination of measures corresponding to points in ST if and only if. for
some partition y of {1,2, ..., n}, the RNS is chores y -separable with respect
to P.

Continuing to parallel our previous discussion, we next combine these ideas
with the notion of points of last contact with the IPS of families of parallel
hyperplanes. Fix a partition P. Then, m(P) is a point in the IPS and

more than one family of parallel hyperplanes with coefficients from S makes
last contact with the IPS at m(P)

if and only if
P minimizes more than one convex combination of measures corresponding
to elements of S*

if and only if (Corollary 12.27)
for some partition y of {1,2,...,n}, the RNS is chores y-separable with
respect to P.

Next, we present the natural adjustment of Theorem 12.18 to the chores
setting. The proof follows from the preceding ideas. The notion of “edge point
on the inner Pareto boundary of the IPS” is defined in a way analogous to how
we defined “edge point on the outer Pareto boundary of the IPS.”

Theorem 12.28

a. There is an edge point on the inner Pareto boundary of the IPS if and only
if the RNS is chores separable.

b. More specifically: for any partition P, m(P) is an edge point on the inner
Pareto boundary of the IPS if and only if, for some partition y of {1,2, ..., n},
the RNS is chores y-separable with respect to P.

We adjust the relation M to the chores setting as follows.
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Definition 12.29 We define the relation M¢ between S and the set of p-classes
of Pareto minimal partitions as follows: for w € S* and P a Pareto minimal
partition, M¢(w, [ P],) holds if and only if P is chores w-associated with w.

In analogy with our rules for the relation M, we will allow the first coordinate
of M to be a point in ST either to be thought of as in chores w-association or
to be thought of as in the minimization of convex combinations of measures,
and the second coordinate of M¢ to be a p-class of Pareto minimal partitions
or a point on the inner Pareto boundary of the IPS. The adjustment of Corol-
lary 12.19 to the chores setting is the following. The proof is immediate from
Theorems 12.21 and 12.26.

Corollary 12.30

a. Forany w € ST, there is more than one point p on the inner Pareto boundary
of the IPS such that M (w, p) holds if and only if, for some i and j, the RNS
is chores i, j-concentrated with respect to w.

b. For any point p on the inner Pareto boundary of the IPS, there is more than
one point w € ST such that Mc(w, p) holds if and only if, for some partition
yof{l,2,...,n}, the RNSis chores y-separable with respect to the partition
P of C, where m(P) = p.

We briefly and informally consider the cases not covered by Corollary 12.30,
i.e., when M is one-one and when it is many-many:

¢ If p is a point on the inner Pareto boundary of the IPS at which the IPS is
smooth in all directions (i.e., p is not an edge point) and flat in no direction
(i.e., p is not on a line segment on the inner Pareto boundary), and if @ € S*
yields the coefficients of some family of parallel hyperplanes that makes last
contact with the IPS at p, then M¢(«, p) holds and M is a one-one relation
in this case. In other words, given these assumptions, for no 8 € ST with
B # a does M (B, p) hold, and for no g on the outer Pareto boundary of the
IPS with g # p does M¢(«, g) hold.

e If p is an interior point of a line segment £ on the inner Pareto boundary of
the IPS and is an edge point on the inner Pareto boundary of the IPS, and
if « € ST gives the coefficients of some family of parallel hyperplanes that
makes last contact with the IPS at p, then M is a many-many relation in
this case. In particular, if 7 = {8 € ST : B yields the coefficients of some
family of parallel hyperplanes that makes last contact with the IPS at p}, then
Mc(B, g) holds for every B € T and g € £. (Note that £ obviously contains
many points and 7 contains many points since p is an edge point on the inner
Pareto boundary of the IPS.)
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12D. The Situation Without Absolute Continuity

In this section we make no general assumptions about absolute continuity.

In Section 12B, we revisited the IPSs in Figures 2.1a, 2.1b, 2.1c, and 2.1d.
We repeated these in Figures 12.1ai, 12.1bi, 12.1ci, and 12.1di and displayed
the corresponding RNSs in Figures 12.1aii, 12.1bii, 12.1cii, and 12.1dii, re-
spectively. We begin this section by revisiting the IPSs from Figure 2.1 that
we did not include in Section 12B because they involve the failure of absolute
continuity.

Consider Figure 12.11.Figures 12.11aiand 12.1 1bi are copies of Figures 2.1e
and 2.1f, respectively. As in Figure 12.1, we have darkened the outer boundary

RNS

v w=(0,1)

(aii)
y
11

IPS
RNS
(1,0) 0, 1)
X
1
(bi) (bii)

Figure 12.11
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(which, since the measures are not to be absolutely continuous with respect
to each other, is not the same as the outer Pareto boundary). Recall that, by
Theorem 11.1, for each of the two regions pictured, we know that there is a
cake C and measures m; and m, on C'so that the given figure is the corresponding
IPS. We claim that Figures 12.11aii and 12.11bii are the RNSs corresponding
to the IPSs in Figures 12.11ai and 12.11bi, respectively. The ideas are similar
to those used in our discussion of Figure 12.1 and, hence, we shall just sketch
them here.

First consider Figures 12.11ai and 12.11aii. We continue to use the relation
M, as in previous sections of this chapter.

¢ The point # in the RNS corresponds to a piece of cake that has positive
value to Player 1 and no value to Player 2. This corresponds, via M, to the
horizontal line segment on the outer boundary of the IPS, which we have
labeled “M (u, p).”

* The gap in the RNS between u and v corresponds, via M, to the point g, on
the outer boundary of the IPS.

* The point v in the RNS corresponds to the line segment on the outer boundary
of the IPS that we have labeled “M (v, p).”

* The gap in the RNS between v and w corresponds to the point ¢,,, on the
outer boundary of the IPS.

* The point w in the RNS corresponds to a piece of cake that has positive value
to Player 2 and no value to Player 1. This corresponds to the vertical line
segment on the outer boundary of the IPS, which we have labeled “M (w, p).”

Next, we consider Figures 12.11bi and 12.11bii. The RNS of Figure 12.11bii
consists of a point and a line segment. (The point corresponds to a piece of cake
of positive measure, as does any non-empty interval of the line segment.)

* Precisely as before, the point u in the RNS corresponds to the horizontal line
segment on the outer boundary of the IPS.

¢ The line segment in the RNS (which we have previously called a “spread-out”
region of the RNS) corresponds to the (non-straight line) curve on the outer
boundary of the IPS.

* The lack of a gap between the point and the line segment in the RNS cor-
responds to the fact that the line segment and the curve in the IPS meet
“smoothly.” In other words, the IPS does not have a corner point at the
meeting of this line and curve. (Or, in the language of calculus, the relevant
one-sided derivatives of this line and curve are equal at their meeting point.)

¢ The lack of any points in the RNS to the right of the line segment corresponds
to the fact that the curve in the IPS does not meet the x axis in a vertical manner.
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It is not hard to see that the chores version of these ideas (which relate to the
inner boundary) are similar, and we omit them.

Next, we wish to consider the issues of concentration and separability. We
begin by noting that neither the definitions of concentration and separability, nor
the associated theorems and corollaries, relied on absolute continuity. Hence,
we may take Definitions 12.9 and 12.15 to be our definitions of concentration
and separability, respectively, regardless of whether the measures are absolutely
continuous with respect to each other and, in this general context, Theorems
12.12,12.14,12.16, and 12.18, and Corollaries 12.13 and 12.17, are still valid.
Similarly, the corresponding chores definitions (Definitions 12.20 and 12.25)
and results (Theorems 12.21, 12.23, 12.26, and 12.28, and Corollaries 12.22
and 12.27) are still valid in our present context.

We do not need to alter our definition of relative agreement (Definition
12.11), but we do need a slight adjustment in our use of this notion. In the last
section, we discussed the relationship between this notion and the notion of
concentrated. We found that, for distincti, j = 1,2,...,n,

Player i and Player j are in relative agreement on some positive-measure A C C if
and only if, for some w € S*, the RNS is i, j-concentrated with respect to w.

In adjusting this statement to our present context, we find that our usual practice
of interpreting “positive measure” to mean “positive measure with respect to
nw=my+myp—+---+m,” does not suffice. We need to insist that the set under
consideration has positive measure to each of the two involved players. In other
words, for distincti, j = 1,2,...,n,

Player i and Player j are in relative agreement on some A C C that has positive

measure to each of these two players if and only if, for some w € S, the RNS is
i,j-concentrated with respect to w.

Or, more generally,

some two players are in relative agreement on some set that has positive measure to
each of these two players if and only if the RNS is concentrated.

The proof of these statements is straightforward and we omit it.

Notice that all of the results that explicitly concern the shape of the IPS
(i.e., Theorems 12.14, 12.18, 12.23, and 12.28) only comment on the Pareto
boundary, rather than the full boundary. Except in the special case of two players
when the two measures are absolutely continuous with respect to each other, we
know (see Theorems 3.9, 3.22, and 5.35) that the Pareto boundary is a proper
subset of the boundary. Hence, it would be desirable to know when there are
line segments or edge points on the boundary, not just the Pareto boundary
of the IPS. We first examine and give a complete solution to this problem for
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two players, and then discuss why a solution is problematic when there are
more than two players.

Assume that there are two players, Player 1 and Player 2. As discussed in
the previous paragraph, if the measures are absolutely continuous with respect
to each other, then the Pareto boundary is the same as the boundary, and our
previous results suffice. If the measures are not absolutely continuous with
respect to each other, then (as illustrated in Figure 12.11) there is a line segment
of the outer boundary of the IPS that is not on the outer Pareto boundary of
the IPS. For the case of two players, the following result can be viewed as a
generalization of Theorems 12.14 and 12.23.

Theorem 12.31 Assume that there are two players. There is a line segment on
the outer boundary and on the inner boundary of the IPS if and only if either the
RNS is concentrated or at least one of the measures is not absolutely continuous
with respect to the other.

Before beginning the proof, we make the following three observations:

* By the symmetry of the IPS when there are two players (see Theorem 2.4),
there is a line segment on the outer boundary of the IPS if and only if there
is a line segment on the inner boundary of the IPS.

* Measure m fails to be absolutely continuous with respect to measure m, if
and only if there is a horizontal line segment on the outer boundary of the
IPS. (The left endpoint of this line segment is the point (0, 1)).

* Measure m fails to be absolutely continuous with respect to measure m if
and only if there is a vertical line segment on the outer boundary of the IPS.
(The bottom endpoint of this line segment is the point (1, 0).)

Proof of Theorem 12.31: By the first of our preceding observations, we may
ignore the “inner boundary” condition in the statement of the theorem.

For the forward direction, we assume that there is a line segment on the
outer boundary of the IPS. If this line segment is either vertical or horizontal,
then our second and third observations tell us that at least one of the mea-
sures is not absolutely continuous with respect to the other. If the line seg-
ment is neither vertical nor horizontal, then it must be on the outer Pareto
boundary of the IPS. Then part a of Theorem 12.14 implies that the RNS is
concentrated.

For the reverse direction, we first assume that the RNS is concentrated. Then,
by part a of Theorem 12.14, there is a line segment on the outer Pareto boundary
of the IPS, and so there is certainly a line segment of the outer boundary of the
IPS. Next, suppose that the measures are not each absolutely continuous with
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respect to the other. Then our second and third observations imply that there is
a line segment on the outer boundary of the IPS. O

We note that the two conditions given by the theorem (“the RNS is con-
centrated” and “at least one of the measures is not absolutely continuous with
respect to the other””) may appear to be quite different sorts of conditions, but
are actually very closely related. “The RNS is concentrated” says that there is a
point in S, the open interval between the points (1, 0) and (0, 1), that is asso-
ciated with a piece of cake of positive measure. “At least one of the measures is
not absolutely continuous with respect to the other” says that the point (1, 0) or
the point (0, 1) is associated with a piece of cake of positive measure. It follows
that the disjunction of these two conditions is equivalent to the statement that
some point of S is associated with a piece of cake of positive measure.

Thus we see that when there are two players it is possible to extend our
analysis of line segments on the Pareto boundary of the IPS to line segments
on the boundary of the IPS. The analogous issue for corner points is trivial,
since it is geometrically clear that a corner point can only occur at a point on
the Pareto boundary. Thus, for the two-player context, we can extend part a
of Theorem 12.18 and part a of Theorem 12.28 in the obvious way: there is
a corner point on the outer boundary and on the inner boundary of the IPS if
and only if the RNS is separable. (This combining of the results for the outer
and inner boundaries uses the symmetry of the IPS given by Theorem 2.4. Or,
taking a different perspective, we recall that in the two-player context the RN'S
is separable if and only if it is chores separable. We also recall that an “edge
point” in our general n-player context is a “corner point” in the two-player
context.)

Suppose now that there are more than two players. Although we shall not
study this issue in detail, we give an example to show that extending our pre-
vious results from the Pareto boundary to the full boundary is problematic.
Suppose that there are three players, Player 1, Player 2, and Player 3, with
measures mjp, my, and ms, respectively, and assume that m; # m,. Then the
IPS corresponding to just Players 1 and 2 is more than the one-simplex and,
hence, the intersection of the full IPS with the xy plane is more than just the
line segment between (1, 0, 0) and (0, 1, 0). We illustrate this situation in Fig-
ure 12.12. In Figure 12.12a, we have shown the IPS, where we have darkened
the outer boundary of the restricted IPS corresponding to Players 1 and 2. In
Figure 12.12b, we have shown just the region of the xy plane that is enclosed by
the outer boundary of this restricted IPS and the relevant one-simplex (i.e., the
line segment between (1, 0, 0) and (0, 1, 0)). Notice that this region is part of
the outer boundary of the full IPS (since the sum of the coordinates of any point



12E. Fairness and Efficiency Together: Part 2 341

x /\_/\ y o ox y
(a) (b)
Figure 12.12

in this region is at least one), but not the outer Pareto boundary. Obviously, this
region contains many line segments. Thus, we see that, as long as the measures
are not all equal, there will always be line segments on the outer boundary of
the IPS, regardless of whether the RNS is concentrated or whether the measures
are absolutely continuous with respect to each other. It is therefore not clear
how, for example, Theorem 12.14 can be generalized to apply to the full outer
boundary.

12E. Fairness and Efficiency Together: Part 2

We make no general assumptions about absolute continuity in this section. In
Section 5C (where we assumed that absolute continuity held) and in Section 5D
(where we assumed that absolute continuity failed), we investigated the exis-
tence of partitions that are proportional and Pareto maximal, partitions that
are strongly proportional and Pareto maximal, and partitions that satisfy the
analogous chores properties. In this section, we shall establish the following
result.

Theorem 12.32 There exists a partition that is envy-free and Pareto maximal.

The proof involves the relationship between the IPS and the RNS. This
result is attributable to D. Weller [43]. Although our terminology and notation
is somewhat different from that used by Weller, the proof is essentially his.
Our presentation differs in certain ways due to our ability to take advantage of
material we have previously developed. A closely related result was proved by
M. Berliant, W. Thomson, and K. Dunz [13].

The proof uses the following result, attributable to S. Kakutani [28].
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Theorem 12.33 (Kakutani’s Fixed Point Theorem) Let S be a closed,
bounded, and convex subset of R" and assume that the function J : S — P(S)
satisfies the following two properties:

a. Forevery w € S, J(w) is closed and convex.

b. If (0"} is a sequence of points in S that converges to w, (p') is a sequence of
points in S that converges to p, and p' € J(o') for everyt = 1,2, ..., then
p € J(w).

Then, for some w € S, w € J(w).

A function mapping S to its power set is called a point-to-set mapping of S,
and if such a function satisfies property b of the theorem, it is said to be upper
semicontinuous. A point w satisfying the conclusion of the theorem is said to
be a fixed point of J. Then, the theorem says that any upper semicontinuous
point-to-set mapping on a closed, bounded, and convex subset of R”, whose
range consists of sets that are closed and convex, has a fixed point.

We have previously used “S” to denote the simplex. Theorem 12.33 applies
to any closed, bounded, and convex set. We have used the letter “S” in the
theorem since we shall be applying this result only to the simplex.

Next, we define a function that will be central to the proof of Theorem
12.32. Let OPB denote the outer Pareto boundary of the IPS. There is a natural
mapping from OPB to S. This mapping is illustrated, for the case of two players,
in Figure 12.13. We simply draw the one-simplex S and the outer boundary of
the IPS using the same coordinate system. (In the figure, we have darkened S
and the OPB and have drawn the part of the outer boundary that is not part of
the OPB as a dashed line. Recall that the existence of this dashed horizontal line
tells us that measure m is not absolutely continuous with respect to m,.) Any
line connecting a point in OPB to the origin will contain exactly one point of S.
This provides the desired mapping. More precisely, and in the general n-player
context, we describe this mapping by defining g : OPB — § as follows:

Iftp=wpips---, pn) € OPB, then foreachi = 1,2, ..., n, set
Pi

8i(P) = S, and set g(p) = (1(p), g2(p), - - -, gn(P))-
It is easy to see that, for every p € OPB, g(p) € §, and that when there are
two players, g yields the mapping illustrated in Figure 12.13. (Notice that g
is clearly a one-to-one function and is continuous. It is onto if and only if the
measures are absolutely continuous with respect to each other.)

We use g to define a function H : ST — P(S) as follows:

for any w € S*, H(w) = {g(m(P)) : P € w*}
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Figure 12.13

Notice that, for any w € ST and P € o*, P is Pareto maximal and, hence,
m(P) € OPB. Thus, for any such w, m(P) is in the domain of g.

In general, H sends a point near a boundary of S to a set of points far away
from that boundary. For example, consider the case of three players. If w is a
point near (1, 0, 0) then, in general, a partition w-associated with w gives little
cake to Player 1. Hence, for P € w*, m(P) will have a small first coordinate, as
will g(m(P)), and so g(m(P)) will be near the line segment between (0, 1, 0)
and (0, 0, 1). We shall be interested in a fixed point of H and this perspective
suggests that such a fixed point will not be near a boundary of S.

We shall obtain our desired fixed point by using Kakutani’s fixed point
theorem. However, the function H does not satisfy the premises of this result.
We shall need to extend H to a function from S to P(S). We do so by first
defining a function 7 from S\ S, the boundary of S, to P(S). We then combine
this 7 with H to define a function J from S to P(S). The proof of Theorem 12.32
will center on finding a fixed point of J.

Informally stated, the idea is to define /(w), for any w € S\S*, to be most
of S. We leave out a small region of S that includes the face containing w. This
guarantees that o will not be a fixed point of /, and thus not a fixed point of J.

For any o = (w1, ws, ..., w,) € S\S*, let 8§, = {i <n:w; > 0} and let
S5, denote the face of S corresponding to .. Then S5, = {(p1, p2, ..., pa) €
S:pi=01if i ¢4, and w is an interior point of S; . Let T;, =



344 12. The Relationship Between the IPS and the RNS

(0,0, 1) 0,0, 1)
T5,
0] Tsﬂ,
(1,0,0) 0,1,0) (1,0,0) (0, 1, 0)
(a) (b)

Figure 12.14

{(P1op2se s Pn) €81 s, Pi < ”n;l} and define [ :S\S* — P(S) as
follows:

forany w € S\St, I(w) = T;,

Notice that for any w € S\S™, {(p1, p2, ..., pa) €R" 1} .5 pi = ”n;l} is
ahyperplane in R". Hence, for any such o, I (w) = T;, is the intersection of one
of the closed half-spaces determined by this hyperplane, and S. Two examples
of Ts, for three players are illustrated in Figure 12.14.

We now define J : S — P(S) as follows: for any w € S,

H(w) ifweST

(@) = {I(a)) ifwe S\S*

Observe that the functions H and [ fit together in a nice way. Sup-
pose that w and ' are points in S that are close to each other and that
w € S\ST and w € ST. Then o' is close to Ss,. As discussed previously,
H(w') will, in general, be far from this face. Clearly, /(w) = T}, is disjoint

from, but close to, this face (since ZieSw pi = Lforany (pi, p2, ..., pu) € Ss,,
Z,’gaw Di = ”7_1 for any (pi, p2, ..., pn) € T5,, and Zie&m pi = ”n;l for some
(p1, p2, ... pn) € T5,) and contains all points of S that are far from this face.

Hence, H (') will be contained in I (w). This fitting together of H and / will be
made more precise when we discuss the upper semicontinuity of J.

It may seem peculiar that we have defined /(w) to be so large, compared to
our definition of H(w). The idea here is simply that what we want is a fixed point
of H, which means we want a fixed point of J that is in . We have extended
H to J in order to satisfy the premises of Kakutani’s fixed point theorem. We
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have done so in a rather crude way, but this is justified since it is clear from the
definition of / that we have not introduced any new fixed points.

Lemma 12.34 J satisfies the premises of Kakutani’s fixed point theorem.
Proof: We must show that

a. forevery w € S, J(w) is closed and convex and
b. J is upper semicontinuous.

Fix we §S. We must show that J(w) is closed and convex. Sup-
pose first that w € S*. Then J(w) = H(w) = {g(m(P)) : P € 0*}. Let a =
(a1, an, ...,a,) = RD(w). (For the definition of the function RD, see Defini-
tion 10.5.) For any partition P, Theorem 10.6 implies that P € »* if and only if
P maximizes the convex combination of measures corresponding to «. By our
work in Chapter 7, we know that this occurs if and only if m(P) is a point of
first contact of the family of parallel hyperplanes o x| + opx2 + -+ - + X, = ¢
with the IPS.

Define K : ST — P(OPB) as follows: for w e S*, K(w) = {m(P):
P € w*}. Then, for @ as in the previous paragraph, K(w) € OPB is the
set of points of first contact of the given family of parallel hyperplanes with
the IPS. Since J(w) = H(w) = {g(m(P)) : P € w*} = {g(p) : p € K(w)}, it
suffices to show that K (w) is closed and convex, since it is clear that g takes
closed sets to closed sets and convex sets to convex sets. This is trivial, since
K (w) is the intersection of a hyperplane and the IPS, each of these sets is closed
and convex, and the intersection of closed and convex sets is closed and convex.

Next, we suppose that @ € S\S™. Then J(w) = I(w) = Tj,. As discussed
earlier, T3, is the intersection of one of the closed half-spaces determined by a
hyperplane, and S. Both of these sets are closed and convex and, hence, their
intersection, I (w), is closed and convex.

We must show that J is upper semicontinuous. Let K : S* — P(OPB) be as
before. Then, as noted, forany w € ST, H(w) = {g(m(P)) : P € »*} = {g(p) :
p € K(w)},and so we can view H () as being obtained by applying the function
g to each element of K (w). We shall use this fact shortly.

Claim Suppose that (') is a sequence of points in ST that converges to
w € ST, that (g") is a sequence of points in OPB that converges to g, and that
q' € K(o') foreveryt =1,2,....Then, g € K(w).

Proof of Claim: Let ('), {q¢"),w, and g be as in the claim. Set
RD(w) = (a1, a2, ..., ), q = (q1,92, -- -+ qn), and, for each t = 1,2, ...,
set RD(@") = (&}, b, ...,00), q" =(q].¢5, ..., q}), and let Q' be any
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partition satisfying that m(Q") = ¢'. Since for any 7, ¢' € K(0'), we know
that Q' is w-associated with w'. (This uses the fact that w-association re-
spects p-equivalence. See the paragraph following the proof of Theorem 10.6.)
By Theorem 10.6, this implies that Q' maximizes the convex combination of
measures corresponding to RD(w') = (@}, o}, ..., ), and it follows that the
family of parallel hyperplanes given by o/fx; + a5x> + - - - 4+ o, x, = ¢ makes
first contact with the IPS at ¢’ (and possibly at other points too). Similarly,
we see that it suffices for us to show that the family of parallel hyperplanes
o1X] + orxy + - - - + o x, = ¢ makes first contact with the IPS at g.

Notice that, since the function RD is certainly continuous and the se-
quence {(w') converges to , we know that the sequence (RD(w')) =
(e, ab, ..., al)) converges to RD(w) = (&1, a2, ..., ). Then, since (¢")
converges to g, it follows that the sequence (o{q} + &5q5 + -+ - + & q},) con-
verges to «1q1 + o2q2 + - - - + o qn. Setk = a1q1 + o2qr + - - - + @,q,. Then
q =(q1,q2, ---,qy) is on the hyperplane x| + axx2 + - - - + X, = k. We
claim that this is the hyperplane of first contact of the family of parallel hyper-
planes o1 x| + apxp + - - - + o X, = ¢ with the IPS.

Suppose, by way of contradiction, that this family of parallel hyperplanes
makes contact with the point ¢’ = (¢}, g5, - . ., q,,) of the IPS before g. Set
k' =oa1q) +o2qgs+ -+ anq,. Then, k' > k. Lete = % Then ¢ > 0.

Since o1q| + o2gs + - -+ + a,q, = k' and the sequence ((a}, &b, ..., ah))
converges to (o1, oz, . . ., &), it follows that, for some sufficiently large r, t > r
implies that {q)’ + abq’ + -+ + alq,’ > k' — . Also, since the sequence
(g +abgh + -+ +alq,) converges to aiq; +axqr + -+ + gy =k, it
follows that, for some sufficiently large s, r > s implies that ofq] + aq) +
-+ + o q, < k+ e. Hence, for any t > max {r, s},

gy +aigs+ - +alg, >k —¢
=k+e>alq +abgh+---+alqgl.

This contradicts the fact that the family of parallel hyperplanes given by
ofxy + abxy + -+ + ol x, = ¢ makes first contact with the IPS at ¢*. This con-
tradiction completes the proof of the claim.

We return to the proof that J : § — P(S) is upper semicontinuous. Suppose
that (') is a sequence of points in S that converges to w, that (p') is a sequence
of points in S that converges to p, and that p’ € J(w') for every . We must
show that p € J(w). We consider three cases:

Case 1: w € S*. Then some tail of the sequence (w') is in ST and we
need only consider this tail. For notational convenience, we shall simply
assume that the entire sequence (') is in ST. Since, for every t =
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1,2,...,p' € J(0') = H(@") = {g(m(P)) : P € (0")*}, we know that
each such p’ is in the range of the function g. Hence, g~!(p’) exists
and, since K(w') = {m(P) : P € (0')*}, we see that g~ '(p") € K (o).
Consider the sequence (g~'(p’)), which is a sequence of points in OPB.
Since the sequence (p') converges to p, and g~! is certainly continuous,
(g7 '(p")) converges to g~'(p). By the claim, g~!(p) € K(w). This im-
plies that, for some P € w*, g~'(p) = m(P) and, hence, p = g(m(P)).
It follows that p € H(w) = J(w).

Case2: w € S\S* and some tail of the sequence (') isin ST. As in Case 1,
we shall simply assume that the entire sequence is in S*. As we did
previously, let 6, = {i <n : w; > 0} and let S5, be the face of S corre-
sponding to 6,. Then w € S5, and J(w) = I(w) = T5,. In addition, let
8¢ ={i <n:w; =0}.Foreachr =1,2,..., p" € J(w') = H(o') and,
hence, we can pick a partition P’ = (P], P;, ..., P!) of C such that
P! € (0")* and g(m(P")) = p'.

We claim that Lim,_, oo (3 ;s m;(P{)) > 1. To see this, first note that,
foreachi € §; and j € §,, the swequence of ith components of (') con-
verges to zero and the sequence of jth components of (') converges
to some positive number. Hence, if a is any bit of cake that corresponds
to a point in S\Ss,, then for every sufficiently large ¢, every partition
in (o')* gives a to some player named by §¢. Since all players named
by &¢ believe that almost every a € C corresponds to a point in S\S;,,
this implies that each such player believes that for almost every a € C,
a is given to some player named by §¢ in every partition in every (w')*,
for sufficiently large ¢. In other words, as ¢ goes to infinity, each player
named by §;, believes that the measure of | J;_s. P/ approaches one. Then,
for any € > 0, it is possible to choose s sufﬁuciently large so that t > s
implies that, for every j € 85, m;({ ;5 P/) > 1 — €. Since, for each
t, P' is a Pareto maximal partition of C, itw follows from Theorem 6.2 that

(P! i € &) isaPareto maximal partition of | J;_s. P/ among the players

named by §¢. This implies that, for every ¢ > s, iiea, mi(Pi’) >1—e.

(One way to see this is to imagine, for any r > s, the IISUS associated with

the cake | ;5 P/ and the players named by §&¢,. This is a slightly differ-

ent IPS from what we have usually considered, since players may think
that the cake, | ;5 P/, has measure less than one. However, each player
does think that the cake has measure greater than 1 — e. By convexity,
it is easy to see that any point on the outer Pareto boundary of this IPS
has coordinate sum greater than 1 — . The point (m,-(Pi’ )i €8;)ison
this outer Pareto boundary.) Since ¢ > 0 was arbitrary, it follows that
Limt»oo(ziesé) mi(Pit)) > 1
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Set p = (p1, p2, ..., py) and, for each ¢, set p' = (pi, p5, ..., pL).
Continuing with Case 2, we see that

Z pi = Lim;, (Z p:) = Lim, . (Z gi(m(Pt))>

€68, €5, 1E€3,

= Lim, o (; <m1 G sz;;ﬁ). -t m, (Ri)))

> mi (Pit)
== Lim,«_mo 1660)
(0] + (5 0n)
ies, ies
> m; (P)
. 1€68,
< Lim;_.
<Z m; (Pit)> +1
€68,
1 1 - 1 _n- 1
= L1my; 1 _1+(ﬁ)_ "
14+ =——=
iermmi(P,-’)

The first equality holds since Lim,_, ,o(p") = p, the second equality fol-
lows by our choice of the P, the third equality follows from the definition
of m and of the g;, and the fourth equality is obvious. The first inequal-
ity follows from our work in the preceding paragraph. The fifth equality
is obvious. For the second inequality, we note that, since w € S\S™, 8¢
is non-empty and hence §, has at most n — 1 elements. Since for each
ied,and r=1,2,.. .,mi(l’i’) < 1, it follows that, for each such 7,
Y ies, (mi(P))) < n —1and, hence, Lim; (3,5 (mi(P})) <n— 1.
This yields the second inequality. The last inequality is obvious. This
computation tells us that p = (py, p2, ..., pu) € T3, = [(w) = J(w).

Case 3: @ € S\S™ and no tail of the sequence (') isin S*. Then an infinite

subsequence of (w') is in S\ S™, the boundary of S. Since there are only
a finite number of subsets of {1,2,...,n}, thereisa § C {1,2,...,n}
such that an infinite subsequence of (') lies in the interior of the face of
S corresponding to 8. Let this infinite subsequence be (w* ), let S5 denote
this face, let ¢ = {1, 2, ..., n}\4, let Ssc be the face of S corresponding
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to 8¢, and let Ts = {(p1, p2, ..., pn) € S : Zie& pi < "n;l}. Then, (a)kf)
converges to , phy converges to p, and, for each k;, phe J(*) =
(") = T;.

As we have done previously, let §, = {i <n:w; > 0} and let S;,
denote the face of S corresponding to 8. Since (") converges to @ and
each o® is an interior point of Ss, it follows that w is on, though not
necessarily an interior point of, Ss. This implies that §,, € § and, hence,
that 75 C T;, . Since pk e Ty for every k,, and Ty is closed, it follows that
p € Ts. Then, since T5 C T;,, we know that p € T;, = I(w) = J(w).

We have shown that J is upper semicontinuous. This completes the proof of
Lemma 12.34. O

Proof of Theorem 12.32: Lemma 12.34 allows us to apply Kakutani’s
fixed point theorem (Theorem 12.33) to obtain a fixed point of J.
As we have previously discussed, for any w € S\S*, J(w) = I(w) =
T;, is disjoint from S;, . Since w € S, it follows that w ¢ J(w). Hence, no
element of S\ ST is a fixed point of J and, thus, there exists an w € S* such that
w € J(w). Since J(w) = H(w), it follows that w € H(w). By the definition of
H, we know that for some partition P = (Py, P>, ..., P,) € o*, gm(P)) = w.
We claim that P is envy-free and Pareto maximal.

Since P € w*, it follows immediately from previous work (i.e., from part b
of Theorem 10.23) that P is Pareto maximal. We must show that P is envy-free.
Choose distinct i, j =1, 2, ..., n. We must show that m;(P;) > m;(P}).

Set = (w;,ws,...,w,). Then g(m(P)) = g((m(Py),my(P),...,
mu(P,)) = (w1, ws, ..., w,) and, since g certainly preserves ratios of pairs of
terms, it follows that, for all / and j, Z"n/ E?)) = ’;i

Since P is w-associated with w, it follows that

m;(P;)
Py =
together with the relationship given in the previous paragraph, we have

mi(P;) —
% = "r:l{ E?)) and, hence, m;(P;) > m;(P;). This establishes that P is envy-free

and completes the proof the theorem. O

% Putting this
W;
miP)

There are natural questions that we can ask regarding strengthenings of
Theorem 12.32. We can ask for a partition that is Pareto maximal and strongly
envy-free, or we can ask for a partition that is Pareto maximal and super envy-
free. We first establish a result about the partition of Theorem 12.32 and the
shape of the outer boundary of the IPS.

Lemma 12.35 Let P be as in the proof of Theorem 12.32. If m(P) is not on
a line segment on the outer Pareto boundary of the IPS, then P is strongly
envy-free.
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Proof: Let P and w be as in the proof of Theorem 12.32. Then P is w-associated
with w.

Assume that P is not strongly envy-free. We know that P is envy-free and,
hence, for some distinct i and j, m;(P;) = m;(P;). Envy-freeness implies that
m;(P;) > 0 and thus m;(P;) > 0. Recall that as part of our proof of Theorem
12.32 we established that 22 = = YE;; .Hence, since m;(P;) = m;(P;),itfollows

m;
m;(Pj) _ wj
that m;(P/) = u

mj(A) _ ®;
> mi(A) T o

Claim For every A C P; with m;(A) > 0

Proof of Claim: Since P is w- associated with @, we know that for every
A C P; with m;(A) >0 mA) Suppose by way of contradiction, that

> m; (A)
for some A C P; with m;(A) > o, WY > 2 Then mj(A) > (L)mi(A).

Since Zj((f:,])) = %, we know that m ;(P;) = (‘:)—j)m,'(Pi). Hence, m j(Pj\A) =
m;(P;) — -(A) < (ZHmi(P)) = (ZHymi(A) = (ZHm;(P;\A). This implies
that ;"jf?tj)) . This contradicts the fact that P;\A € P; and P is w-
associated with w and thus, establishes the claim.

The claim implies that, for almosteverya € P;, % w/ . This, and the fact
that P is w-associated with @, implies that almost every a e C that is given to
Player j corresponds (via f) to a point along the i, j boundary associated with w
(see Definition 12.10). Then, since the envy-freeness of partition P implies that
P; has positive measure, it follows that the RNS is i, j-concentrated with respect
to . Theorem 12.12 implies that there is a partition Q that is not p-equivalent
to P and is w-associated with w. Then m(P) and m(Q) are distinct points on
the outer Pareto boundary of the IPS and, by Theorem 10.6 and our geometric
perspective of the maximization of convex combinations of measures, it follows
that these points are each points of first contact with the IPS of the family of
parallel hyperplanes that has coefficients given by RD(w). This implies that all
points on the line segment connecting these two points are on the outer Pareto
boundary of the IPS. Therefore, m(P) is on a line segment on the outer Pareto

boundary of the IPS. O

Although we do not have a natural characterization for the existence of a
partition that is both strongly envy-free and Pareto maximal, Lemma 12.35
leads us to an existence result.

Theorem 12.36 If no two players are in relative agreement on any set that has
positive measure to each of these two players (or, equivalently, if the RNS is not
concentrated), then there exists a partition that is strongly envy-free and Pareto
maximal.
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Proof: Assume that no two players are in relative agreement on any set that has
positive measure to each of these two players and, hence, that the RNS is not
concentrated. Let P be as in the proof of Theorem 12.32. Then P is envy-free
and Pareto maximal. We claim that P is strongly envy-free.

Since the RNS is not concentrated, Theorem 12.14 tells us that there are no
line segments on the outer Pareto boundary of the IPS. Then certainly m(P) is
not on a line segment on the outer Pareto boundary of the IPS. Therefore, by
Lemma 12.35, P is strongly envy-free. O

In Chapter 14 (as part of the proof of situation ¢ of Theorem 14.14), we shall
see an example where the premises of the theorem are satisfied and, hence,
where there exists a partition that is strongly envy-free and Pareto maximal.

It is not hard to see that Theorem 12.36 is far from a characterization. The
assumption that no two players are in relative agreement on any set that has
positive measure to each of these two players is considerably stronger than
necessary. However, we do not have a simple and natural weakening of this
assumption that allows us to establish the existence of a partition that is strongly
envy-free and Pareto maximal. We also do not have any existence result for super
envy-freeness and Pareto maximality together.

In Chapter 14, we shall study a strengthening of Pareto maximality called
strong Pareto maximality and shall consider a strengthening of Theorem 12.32
using this notion.

We conclude by stating chores versions of the two main results of this section.
The proofs are completely analogous and we omit them.

Theorem 12.37 There is a partition that is c-envy-free and Pareto minimal.

Theorem 12.38 Ifno two players are in relative agreement on any set that has
positive measure to each of these two players (or, equivalently, if the RNS is
not concentrated), then there exists a partition that is strongly c-envy-free and
Pareto minimal.
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Other Issues Involving Weller’s Construction,
Partition Ratios, and Pareto Optimality

In this chapter, we explore an assortment of issues that did not fit naturally into
previous chapters. In Sections 13A, 13B, 13C, and 13D, we assume that the
measures are absolutely continuous with respect to each other. In Section 13E,
we reconsider the results of these sections without this assumption.

13A. The Relationship between Partition Ratios
and w-Association

Suppose that a partition P of the cake C is Pareto maximal. For simplicity,
we also assume that PePart™. (We recall that Part™ denotes the set of all
partitions of C that give each player a piece of cake of positive measure.) For
distinct i, j = 1,2, ..., n, letpr;; be the ij partition ratio. (These are given by
Definition 8.6. By Theorem 8.9, for any associated cyclic sequence ¢, CP(p),
the cyclic product of ¢, is at most one.) By Theorem 10.9, P is w-associated
with some w € ST. In this section, we investigate the relationship between @
and the pr;;.

Let us first consider the two-player context with Player 1 and Player 2 and
associated measures m| and m,, respectively. The relevant RNS is the one-
simplex, which is the line segment from Player 1’s vertex, (1, 0), to Player 2’s
vertex, (0, 1). Re-examining Examples 10.2 and 10.3 will provide us with useful
perspective. We illustrated these two examples in Figures 10.1. and 10.2. For
convenience, we repeat these here as Figures 13.1a and 13.1b.

In Example 10.2, with the RNS as in Figure 13.1a, we fixed a number «
with 0 < ¥ < 1 and we considered the partition P = (P;, P») of the cake in
which Player 1 receives all bits of cake that are associated with points of the
RNS between (1, 0) and («x, 1 — k) and Player 2 receives all bits of cake that are
associated with points of the RNS between (x, 1 — «) and (0, 1). We assumed,

352
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o= (x, 1-x) H, H,
(1,0) 0, 1) (1,0) 0, 1)
(a) (b)
Figure 13.1

for simplicity, that the RNS did not contain the point (k, I — ). We showed
that P is Pareto maximal. After the relevant work later in Chapter 10, we can
see that P is w-associated with the point (k, 1 — «).

In Example 10.3, with the RNS as in Figure 13.1b, we let A, be the collection
of all bits of cake associated with the point H,, we let A, be the collection of
all bits of cake associated with points in H,, and we let P = (P;, P>) be any
partition of C such that A} € P, and A, € P,. We showed that P is not Pareto
maximal.

We went on to discuss the contrast between these two examples. We saw
that in Example 10.2 all points of the RNS associated with P; lie to the left
of all points of the RNS associated with P,. And, there is a gap between the
rightmost extent of the cake associated with P; and the leftmost extent of the
cake associated with P». If w is any point in this gap, then P is w-associated
with w. This is in contrast with Example 10.3, in which there is a subset of the
RNS associated with a positive-measure subset of P; that lies completely to the
right of some subset of the RNS associated with a positive-measure subset of
P>. Hence, there is no place to put a point w with which P is w-associated, and
so P is not Pareto maximal.

These examples illustrate the fact that a partition P = (P, P») is Pareto
maximal if and only if, in the RNS, the rightmost extent of the cake associated
with Py is at or to the left of the leftmost extent of the cake associated with P;.
We next explore the connection between these points (of leftmost extent and
rightmost extent) and partition ratios.

We recall that prj, = sup{Z?Eﬁg
any (x, y) € ST (i.e, (x, y) is strictly between (1, 0) and (0, 1)) and consider
the following two cases:

: A C P; and A has positive measure}. Fix

ma(A)
mi(A)
%.LetB ={acA: % > )XC}. Then B C Py, B has positive measure
and, for every a € B, f(a) is to the right of (x, y). Hence, in this case,
there is a subset of P; of positive measure that is associated with points

to the right of (x, y).

Case 1: f—c < pry,. Then, for some A C P; of positive measure, >
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Case 2: )‘7 > pr;,. Then there is no A C P; of positive measure such that
% > )}? It follows that there is no B € P; of positive measure such
that, for every a € B, f(a) is to the right of (x, y). Hence, in this case,
there is no subset of P; of positive measure that is associated with points

to the right of (x, y).
These two cases imply the following:

pry, = sup{%: the subset of P, associated with points of the RNS to the right of
(x, y) has positive measure}

Similarly,

pry, = sup{i: the subset of P, associated with points of the RNS to the left of
(x, y) has positive measure}.

Less formally (and somewhat imprecisely), the idea is this. Consider the set
of points of the RNS associated with P;. Then pr,, is the ratio of the second
coordinate to the first coordinate of the right limit of this set (possibly excluding
a set of points associated with a piece of cake of measure zero). Similarly, if we
consider the points of the RNS associated with P, pr,, is the ratio of the first
coordinate to the second coordinate of the left limit of this set (again, possibly
excluding a set of points associated with a piece of cake of measure zero). This
is illustrated in Figure 13.2, using the same RNS as in Figure 13.1 and the same
partition P = (P, P,) discussed previously using Figure 13.1a. (P, is the set
of all bits of cake associated with points of the RNS to the left of (x, 1 — k) and
P; is the set of all bits of cake associated with points of the RNS to the right of
(k, 1 — «).) In the figure, (wg;, wg2) is the right limit of the set of points of the
RNS associated with P; and, hence, prj, = Z—zf; (wp1, wry) is the left limit of
the set of points of the RNS associated with P, and, hence, pr,; = ZZ‘

We wish to connect this perspective on partition ratios with Theo-
rem 8.9, which tells us that P is Pareto maximal if and only if prj, pr,; < 1.
Suppose that wg = (wr1, Wgr2) € ST, w0 = (w1, wr2) € ST, pry, = g—l’:, and
pry = % (So wg is the right limit of the points in the RNS associated with P,

o= (x, 1-x)

(1,0) / \ . 1)

Op = (0p1, Ogy)) O = (W), Op)

Figure 13.2
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and wy is the left limit of the points in the RNS associated with P», as described
earlier.) Then

P is Pareto maximal
if and only if
priopry; <1
if and only if
() ()<
WR1 L2 -
if and only if

ORY ~ DL2
WR1 T WL

if and only if (since wg; + gy = 1and @y, + wza = 1)
wry < wrr and wr) > wr

if and only if
wg 1s to the left of or is equal to wy .

Let us refer to wg and w;, as “the points of S* that correspond to pry, and pr,,,”
respectively. Then, what we have discovered is that P is Pareto maximal if and
only if the point corresponding to pr,, is to the left of or is equal to the point
corresponding to pry;.

As discussed before, there will be an w € ST with which P is w-associated
if and only if there is a gap (into which w can be placed) that is to the right of
or equal to the right limit of the points in the RNS associated with P; and is to
the left of or equal to the left limit of the points in the RNS associated with P;.
(This “gap” can be a single point. In other words, if this right limit point and
left limit point are equal, then we may let w be this point.) Thus, P is Pareto
maximal if and only if (wg;, wg2) is to the left of or is equal to (wr1, W),
where, as before, we let (wgy, wg2) and (wr1, wr,) be the points of S that
correspond to pr;, and pr,,, respectively. In this case, P is w-associated with @
if and only if w is between (though not necessarily strictly between) (wg1, wg2)
and (wr1, wr). This tells us that, for any o = (w1, ®y),

P is w-associated with w

if and only if
@RI T @1 @2 T @
if and only if

@1

@
prip < o and pry < 2.

This is the desired relationship between  and the pr;;.

Next, we consider the n-player context. We find that the preceding result
generalizes in the obvious way, with a small adjustment arising from the fact
that we no longer insist on having P € Part™. We recall that, for any partition
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P = (P, P,,..., P,)and distinct i, j = 1,2, ..., n, the corresponding parti-
tionratio p;; is given by pr;; = sup{ % : A C P; and A has positive measure}
and that pr;; is undefined if and only if P; has measure zero.

Theorem 13.1 Suppose that P € Partand w = (w1, w3, . .., ®,) € S*. Then
P is w-associated with w if and only if, for all distinct i,j =1,2,...,n,
pry; < o or pry; is undefined.

Proof: Fix P = (P, P, ..., P,) €Partandw = (v, ws, ..., w,) € ST.Then

P is w-associated with w

if and only if

for all distinct i, j = 1,2, ..., n, and almost every a € P;, }J:((Z)) > ;”7‘
J J

if and only if ‘
for all distinct i, j = 1,2, ..., n, and almost every a € P;, % < %

if and only if
for all distinct 7, j =1,2,...,n, and any A C P; of positive measure,
m/(A) < )
mi(A) — w;

if and only if
for all distinct i, j=1,2,...,n, sup{'r"”('éﬁ)) A C P,and A has positive

measure} < %{, or P; has measure zero
g

if and only if

for all distinct i, j = 1,2,...,n, pr;;

ﬂ .
ij = o Orprj; is undefined. ]

By Theorem 10.9, the conditions of the theorem hold if and only if P is
Pareto maximal.

Suppose that P € Partt. Theorem 13.1 provides an easy proof of the for-
ward direction of Theorem 8.9 (“If partition P is Pareto maximal, then for
any ¢ € CS, CP(¢) < 1.”) from the forward direction of Theorem 10.9 (“If
P is Pareto maximal then P is w-associated with @ for some w € S*.”). To
see this, assume the truth of Theorem 10.9, suppose that P is Pareto maxi-
mal, and pick any cyclic sequence ¢. We must show that CP(¢) < 1. Suppose
© = (P> Plijiys - - - PYi i o PY )

Since P is Pareto maximal, Theorem 10.9 implies that P is w-associated

with some o = (w1, w1, ..., w,) € ST. By Theorem 13.1, for each j =
i ..
1,2, cosbpry < w’j , where we set i, = i;. Then we have

CP(p) = pr;,;, Priyj, - - - PYi,_yi, ,PT,_;,

Wi, Wi, Wi, _, i,
<|— — ... — — ) =1
ERNCAVANOS Wi, ) \wi,_,

as desired.
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These ideas can also be used to establish the following result:

For any partition P, m(P) is a jagged point on the outer Pareto boundary of the IPS
if and only if CP(¢) < 1 for every ¢ € CS.

(For the definition of jagged point, see the discussion following the statement
of Theorem 12.18. For the definition of CP and CS, see Definition 8.7.) We omit
the proof. This answers a natural question that arises from Theorem 8.9. This
result told us that a partition is Pareto maximal if and only if all associated cyclic
products are less than or equal to one. We now see that if we insist instead that
all cyclic products be less than one, then this characterizes partitions P such
that m(P) is a jagged point on the outer boundary of the IPS. As we saw in
Chapter 12, this is also equivalent to the RNS being y-separable with respect
to P, where y = {{1}, {2}, ..., {n}}.

Next, we consider an illustration of Theorem 13.1 in the three-player context.

Example 13.2 Supposethat P = (P;, P», P3)is apartition that is w-associated
with w = (w1, wy, w3) and consider Figure 13.3. In the figure, we have shown
w = (w1, wn, w3) and the set 77, which is the set of all points in the RNS
that are associated with P;. Then pr;,, which is the supremum of the ratio
of Player 2’s evaluation to Player 1’s evaluation of positive-measure subsets
of Py, is associated with the left dashed line segment that contains Player 3’s
vertex. In particular, the value of pr, is given by the ratio of the second to
the first coordinate of points along this line segment. (Since this line segment
goes through Player 3’s vertex, this ratio is the same for every point on the

|
(0, @, @3)

N

W

I ~
(1,0,0) / \ 0,1,0)
(qb 92, 0) @ (5] , 0)

,
(w1+a)2 W)+,

Figure 13.3
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line segment.) For simplicity, we focus on the ratio of the second to the first
coordinate of the point of intersection of this line segment with the line segment
containing the vertices of Player 1 and Player 2. Let this point be (¢;, g2, 0), as
indicated in the figure. Then prj, = Zz

Next, consider the point of intersection of the right dashed line seg-
ment that contains Player 3’s vertex. This line segment contains the point
w = (w1, w, 3), and it is not hard to see that (w rortis +w2 ,0) is the point
of intersection of this line segment with the line segme&t/(conta)lnmg the ver-
tices of Player 1 and Player 2. Itis clear that pr, = ‘12 < Wix) = g—?, which
is consistent with the theorem.

If we apply the same sort of analysis to pr,;, we find that the situation is
slightly different. The partition ratio pr;;, which is the supremum of the ratio
of Player 3’s evaluation to Player 1’s evaluation of positive-measure subsets of
Py, is associated with the dashed line segment that contains Player 2’s vertex.
Let (71, 0, r3) be the intersection of this line segment with the line segment
containing the vertices of Player 1 and Player 3. In contrast with the situation
considered in the previous paragraph, this dashed line segment is the same as
the line segment determined by w and Player 2’s vertex. Hence, :—j = z—?, and
so pry3 = ;* = 2, which is consistent with the theorem.

The difference between the situations considered in the previous two para-
graphs can be described as follows. The point w determines three regions of
the RNS, and this tells us how to partition the cake, using the notion of w-
association. In the present example, Player 1’s piece of cake includes pieces of
cake of positive measure that are associated with points in the RNS arbitrarily
close to Player 3’s region of the RNS. In contrast, points in the RNS that are
associated with Player 1’s piece of cake are bounded away from Player 2’s
region of the RNS.

The chores version of Theorem 13.1 is the following. The proof is analogous
and we omit it.

Theorem 13.3 Suppose that P € Part and v = (w1, w3, ..., w,) € ST. Then
Pis chores w-associated with w if and only if, for all distincti, j = 1,2, ..., n,

qr;; > L o Orqry; is undefined.

13B. Trades and Efficiency

In this section, we no longer focus on Pareto optimality. We consider the follow-
ing problem. Let P = (Py, P,, ..., P,) be some partition of C and fix distinct
i,j=1,2,...,n. Suppose that we are required to transfer some cake from
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Player i to Player j. How efficient a transfer is possible and how can this be
accomplished? (Throughout this section, we will be using the term “efficiency”
in a different sense than in outer sections of this book, where “efficiency” refers
to Pareto optimality.)

We need to elaborate on a few aspects of this question. First, what is a
“transfer?” In other places, we have used “transfer” to mean what, in this section,
we will call a direct transfer, i.e., a single shifting of some cake from one player
to another. On the other hand, by a generalized transfer of cake from some
Player i to some Player j, we mean a process in which Player i gives up some
cake, Player j gets some additional cake, and the other players are indifferent.
Of course, the obvious way to accomplish such a generalized transfer of cake
is by means of a direct transfer. However, this is not the only possibility. For
example, it might be better (in a sense to be made precise) to take a piece of
cake from Player 7, give it to some third player, Player k, and then take a piece
of cake from Player k (a piece which Player k had at the start, i.e., one that
is disjoint from the piece that Player k received from Player i) and give it to
Player j. To satisfy our notion of generalized transfer, the piece of cake given
to Player k and the piece of cake taken from Player k must be the same size,
according to Player k. In this case, we shall refer to Player k as an intermediate
player. It is easy to see that a generalized transfer can involve more than one
intermediate player. It will be convenient to introduce notation for such transfers.

Definition 13.4 Fix a partition P = (P, P, ..., P,), fixsome ¢t =0, 1, ...,

fix distinct i, ki, ko, ..., ks, j=1,2,...,n, and, for notational conve-
nience, set ko =i. For each s =0,1,...,¢, suppose Qi C P, is such
that my (Qk, ) = my, (Qk,) for every s=1,2,...,¢t. Then, Tr({i, ki,
ko, ..o ke, ) Qkys Qkys - - - » Ok, )) denotes the generalized transfer in which

Player i gives Qy, to Player ki, Player k; gives Qy, to Player k, ..., and
Player k; gives Qy, to Player j. A positive generalized transfer is one in which
all involved transfers are of positive measure.

A direct transfer is a special case of a generalized transfer and is given by
an expression of this form with = 0. So, for example, Tr({i, j), (Q)) is the
direct transfer in which Q is transferred from Player i to Player j.

Notice that, by absolute continuity, we could have defined a positive gener-
alized transfer to be one in which at least one involved transfer is of positive
measure.

Next we consider the efficiency of a generalized transfer. Intuitively, a gen-
eralized transfer of cake from Player i to Player j has high efficiency if Player j
places high value on the piece received compared to the value Player i places
on the piece given up. Conversely, a generalized transfer has low efficiency if
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Player j places low value on the piece received compared to the value Player i
places on the piece given up. Definition 13.5 makes this notion precise.

Definition 13.5 The efficiency of a positive generalized transfer from Player i
to Player j is given by %, where A; is the (positive) loss to Player i (according
tom;) and A is the gain to Player j (according to m ).

Then the efficiency of the positive generalized transfer Tr((i, ki,
ko, ... ki )Y Qkos Okys - - -» Ok,))1s given by i_}i = %.Wﬁ:setnorequire-
ments on the size of A;, other than that it be positive. We shall consider such
requirements later in this section. Absolute continuity guarantees that the effi-

ciency of any positive generalized transfer is a positive number.

For distinct i, ki, k2, ..., k,, j = 1,2, ..., n, we shall be interested in the
supremum of the efficiencies, %, taken over all possible positive generalized
transfers from Player i to Player j, using intermediate Players ky, ko, ..., k;,

in that order.

Definition 13.6 Fix distincti, ki, k», ..., k;, j = 1,2, ..., n and suppose that
P = (P, P, ..., P,)is a partition. We set

Ef({i, k1, kay ... key J)) = sup{% : % is the efficiency of a positive generalized
transfer from Player i to Player j, using intermediate players &y, k», . . ., k;, in that
order}.

Or, equivalently,

BI(( ki kv ki J)) = Sup(REGES : Trli ki Ko ks ) Qug Qi

Oy, )) is a positive generalized transfer from Player i to Player j} (where we
continue to set ky = i).

Note that Ef((i, k|, k2, ..., k¢, j)) > 0 and Ef((i, ky, ko, ..., k;, j)) can be
infinite, in which case we write “Ef((i, k1, k2, ..., k;, j)) = 00.” We also ob-
serve that Ef(({i, j)) is the supremum of the efficiencies of all direct transfers
from Player i to Player ;.

We wish to relate the efficiencies of positive generalized transfers to parti-
tion ratios. First, we observe that for direct transfers the relationship is almost
obvious.

Lemma 13.7 For distincti, j = 1,2,...,n,Ef({(i, j)) = pr;;-

The proof of the lemma follows trivially from the definitions. Note that
“oo = 00” is one of the possibilities for the lemma.

Next we consider generalized transfers that may involve intermediate
players.
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Theorem 13.8 Fordistincti, ky, ky, ..., ki, j=1,2,...,n,Ef((i, k1, ko, ...,
ki, J)) = Plig, Pliyk, - - - Pk, i, PTk, j-

We recall that each partition ratio is greater than zero and can be infinite,
and that the product of a positive number and infinity is infinity.

Proof of Theorem 13.8: For notational convenience throughout the proof, we
continue to set kg = i.

Fix distinct i, ky, ka, ..., k;, j = 1,2, ..., n and suppose first, by way of
contradiction, that Ef({(i, k1, k2, ..., k;, j)) < PLik, Plh,k, - - - Pk, 1k, Pl j By the
definition of the partition ratios, it follows that, for each s =0, 1, ..., ¢, there
exists Q, € Py, such that

Ef((i. k. o o ) < My, (Qky) M, (Qr,) 1y (Qr, ) m;j(Oy,)

mi(Qi,) M, (Qr,)  my,_ (Oy,_,) my, (Ox,)

We work with the right-hand side. By rearranging terms, we obtain

U my (Qr) miy(Qr) 1k (Quy) 14, (O, )
m;(Qry) M, (Qr,) M, (Or,)  my,_ (Ox,_,) my,(Oy,)

mj(Qy,)-

Claim Foreachs =0, 1, ..., ¢, there exists Ry, € O, such that

U oy, (Qry) miy(Q) ik (Qr,y) 1k, (O )
mi(Qr) M, (Qk,) mi,(Or,)  my,_ (Or,_,) my, (Ox,)

_ b m (Ry) mi(Ry,) g (Ry, ) mg, (Ry, )
m;(Ry,) mi (Ri,) mi,(Ry,) — my,_ (Ry,_,) my,(Ry,)

m;(Qx,)

m(Ry,)

and each term in the expression on the right-hand side of the equality is equal
to one, with the possible exception of the first and last terms.

The proof of the claim is a trivial variation of the proof of Lemma 8.3, and
we omit it.

Let Ry,, Ry, - ... Ry, be as in the claim. Then

m;(Ry,) _ 1 mg (Ry) miy(Ri) g (Ry, ) m, (Ry, )
mi(Ri,)  mi(Ry) mp, (Ri,) mp,(Ri,)  my,_ (Ry,_,) my, (Ry,)

_ T mi (Qry) miy(Qry) ik (Qr, ) M, (O, )
m;(Qr) Mg, (Ok) M, (Qr,)  my,_ (Or,_,) my, (Ox,)

_ My, (Qry) i, (Qr) 1y (Qr, ) mj(O,)
mi(Qk,) m,(Qx,)  my,_(Qk,_ ) mp,(Or)

m;(Ry,)

m;(Qx,)
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Since

My, (Qry) My (Qr) 1y (O, ) m;(O,)
mi(Qk,) mi,(Qr,)  my,_ (Qx,_,) my, (Ok,)

it follows that

> BI(({i, ki, k2, ... ks, )

(R
MR Bt ko ke ).
mi(Rk())
But Tr((i, k1, ko, ..., ke, j)I{Rky> Riys - - -, Ri,)) 18 a positive generalized trans-
fer from Player i to Player j having efficiency ~ ((R"; This is a contradiction,
since Ef((i, k1, k2, ..., k¢, j)) is the supremum of the efficiencies of such posi-

tive generalized transfers and, therefore, must be greater than or equal to each.

Suppose next, by way of contradiction, that Ef((i, k1, k2, ..., k¢, j)) >
PTit, Pliyk, - - - Pk, i, Pl j- 1t follows from the definition of Ef((i, ki, k2, ...,
ks, j)) that there is a positive generalized transfer Tr((i, k;, ko, ...,
key J)1{Qko» Oky» - - - » Qk,)) fromPlayeri to Player j having efficiency ’(Q“) >
PTig, Pri,k, - - - Pk, i, P, j- The definition of generalized transfer implies that for

every s = 1,2, ..., ¢, mg,(Qy, ,) = mi, (Qy,). It follows that

m;(Qx,)
m;(Qx,)

m;(Qx,) mi, (Qr,) My, (Ok,)
m;(Qx,) M, (Q,) My, (Qr,)

g Q) i (O, )
my,_ (Q,_,) my,(Ok,)

My, () My (k) 1y (O, ) mj(Qx,)
m;(Qr,) mg,(Qr)  my,_, (Qr,_,) my,(Ox,)

= Plig, Pli, - - - Pli, ik, P, j

PLig, Pl gy - - - Py, i, PYg, j <

where the last inequality follows from the definition of the partition ra-
tios. This is a contradiction. Hence, we have shown that Ef({i, k, ko, ...,

ki, J)) = Pl Pl - - Pre_ P, j- .

The theorem tells us that for any two players i and j, and any choice of
distinct intermediate players &, k2, . . ., k, (in that order),

a. if pryg pry g, - - - Pry, k,Ply,; < 0© then, forany ¢ > 0, there is a positive gen-
eralized transfer from Player i to Player j using the given intermediate
players that has efficiency greater than pr;, pry g, - . . pry, &Py, ; — € and
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b. if pry pry g, - - - Py, 5, Py, ; = 00 then, for any number A, there is a positive
generalized transfer from Player i to Player j using the given intermediate
players that has efficiency greater than .

Concerning statement a, it can be shown (using ideas similar to those used in
the proof of the theorem) that there exists a generalized transfer with efficiency
equal to pry; pry g, - - - Pry, x,P1y, ; if and only if all of the suprema of the relevant
partition ratios are achieved.

Theorem 13.8 provides us with a tool for determining the most efficient way
to transfer cake from Player i to Player j. We consider the list of all expressions
of the form pr;; pry g, - - - Pry, &, PIy, ;- This is a finite list since, by assumption,
repeat intermediate players are not allowed. Each such expression is equal to
a number. We simply pick the largest of these numbers. The corresponding
expression tells us the precise path via intermediate players that will provide
the most efficient generalized transfer. The efficiency of this generalized transfer
can be made arbitrarily close to the given number, and can be made equal to
the given number if and only if all suprema of the involved partition ratios are
achieved.

Theorem 13.8 tells us that Ef((i, k1, k2, .. ., ks, j)) is like a cyclic product,
except that it is equal to a non-cyclic product of partition ratios rather than a
cyclic product of partition ratios.

What would it mean to assert that for some partition P all positive generalized
transfers have efficiency less than or equal to one? This is equivalent to the
assertion that every product of partition ratios of the type given in Theorem
13.8 is less than or equal to one. A single partition ratio is such a product.
(In particular, it will appear in the equality of this theorem if the generalized
transfer is a direct transfer. This is as in Lemma 13.7.) Thus, this assertion is
equivalent to the assertion that each partition ratio is less than or equal to one.
It turns out that this is equivalent to the notion of maximization of total utility,
which we discussed in Chapter 7.

Definition 13.9 Let P = (P, P>, ..., P,) be a partition.

a. The total utility of P is given by m(Py) + ma(P2) + - - - + mu(Py).
b. P maximizes total utility if the total utility of P is at least as large as the total
utility of any other partition.

Itis easy to see that a generalized transfer increases total utility if its efficiency
is greater that one, leaves total utility unchanged if its efficiency is equal to one,
and decreases total utility if its efficiency is less than one. Theorem 13.11 will
establish the connection between maximization of total utility and partition
ratios. First, we establish some preliminary facts.
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Clearly, a partition maximizes total utility if and only if it maximizes the
convex combination of measures corresponding to (%, %, e, %). We recall
from our work in Chapter 7 that if P is a partitionand o = (a1, &2, ..., &) € S,
then P maximizes the convex combination of measures corresponding to « if
and only if the family of parallel hyperplanes given by ajx; + apx, + - -+ +
a,x, = c makes first contact with the IPS at m(P) (and possibly at other points
too). Hence, P maximizes total utility if and only if the family of parallel
hyperplanes given by (%)x 1+ (%)xz 4+t (%)xn = ¢ makes first contact with
the IPS at m(P).

Theorem 13.10

a. There exists a partition that maximizes total utility.

b. If a partition maximizes total utility, then it is Pareto maximal.

c. If the measures are not all equal, then not every Pareto maximal partition
maximizes total utility.

Proof: Partafollows immediately from the preceding discussion together with
Theorem 7.5.

The proof of part b is trivial.

For part c, we simply note that if the measures are not all equal then it follows
easily from our work in Chapter 12 that the outer Pareto boundary of the IPS
does not consist of a single flat region. This implies that the family of parallel
hyperplanes (%)xl + (%)xz + -4 (%)xn = ¢ does not make first contact with
the IPS at all Pareto maximal points. It follows that there are Pareto maximal
partitions that do not maximize total utility. O

If the number of points of first contact of a family of parallel hyperplanes
with the IPS is more than one, then clearly it is infinite. Hence, since a partition
P maximizes total utility if and only if the family of parallel hyperplanes given
by (})x1 + (1)xz + -+ - + (1)x, = ¢ makes first contact with the IPS at m(P), it
follows that there is either one p-class of partitions that maximizes total utility
or else there are infinitely many. Each of these two situations is possible when
there are two players. To see that this is so, note that by Theorem 11.1 there is
an IPS for which a single point is the only point of first contact of the family
of parallel planes (%)x + (%)y = ¢ with this IPS, and an IPS for which there
are infinitely many points that are each points of first contact of this family of
parallel planes with this IPS. It is not hard to construct examples to see that
each of these situations is possible when there are more than two players.

With regard to part ¢ of Theorem 13.10, the geometric perspective used
in the proof makes it clear that if the measures are not all equal then there
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are infinitely many points on the outer Pareto boundary of the IPS that are
not points of first contact with the IPS of the family of parallel hyperplanes
( %)xl + (%)xz 4+ (%)x,, = c¢. This implies that there are infinitely many
non-p-equivalent partitions that are Pareto maximal but do not maximize total
utility.

The connection between maximization of total utility and partition ratios is
the following.

Theorem 13.11 A partition P = (Py, P>, ..., P,) € Part maximizes total util-
ity if and only if, for all distincti, j = 1,2, ..., n,pr;; < 1 orpr;; is undefined.

Proof: Fix a partition P = (P, Py, ..., P,). Then

P maximizes total utility
if and only if

P maximizes the convex combination of measures corresponding to
11 I
PR R
if and only if (Theorem 10.6)
P is w-associated with RD(%, %, R %) = (%, Lo l)

if and only if (Theorem 13.1)

1
for all distinct i, j = 1,2,...,n,pr;; < Ciw

s an = L or pr;; is undefined. O

As we see in the preceding proof, a partition P € Part maximizes total utility
if and only if, it is w-associated with the point (%, %, R %), the centroid of
the simplex. This suggests another perspective on the maximization of total
utility. A partition P = (Py, P,, ..., P,) € Part maximizes total utility if and
only if, for each i = 1,2, ..., n, almost every point in P; is associated with
a point in the RNS that is at least as close to Player i’s vertex as it is to any
other player’s vertex. In other words, all partitions in Part that maximize total
utility are obtained by giving (the cake associated with) points in the RNS to
the player whose vertex is closest to that point, with ties broken arbitrarily.

Next, we comment on why we insist that k|, ky, . .., k; be distinct, i.e., why
we do not allow repeat intermediate players. Using repeat intermediate players
would mean that our generalized transfer would involve at least one cyclic
trade. If the partition is Pareto maximal, then such a cyclic trade cannot help the
efficiency of the generalized transfer (since, if it did, then performing just this
cyclic trade would lead to a Pareto bigger partition). On the other hand, if the
partition is not Pareto maximal, then a cyclic trade inside a generalized transfer
can help efficiency. The problem is that it can help too much. Suppose that the
partition is not Pareto maximal. Then, by Theorem 8.2, there is a cyclic trade
that creates a Pareto bigger partition. It is not hard to see that by incorporating
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repeated cyclic trades (involving the same players each time) it is possible
to produce generalized transfers having arbitrarily large efficiencies. We could
have either taken the view that Theorem 13.8 should only be applied to partitions
that are Pareto maximal (so that repeat intermediate players do not help) or
else we could insist, as a reasonable and natural assumption, that intermediate
players be used at most once. We chose to take the latter perspective.

The generalized transfers we have discussed so far might involve very small
quantities of cake. We next consider the efficiency of generalized transfers in
which Player i is required to give up a specified quantity of cake. We need to
generalize the notion of partition ratio and of the function Ef.

Definition 13.12 Fix distincti, j = 1,2,...,n.

a. The ij partition ratio function Pr;; is defined as follows: for any « with
0 <k <m;i(P),Prjj(k) =sup{m;(A): A C P, and m;(A) = «}.

b. For distinct i, ki, ks, ..., k;, j=1,2,...,n, and any « with 0 <« <
m;(Py),let Ef({(i, ki, ky, ..., ks, J), k) = sup{% VLAY =/<and% is the ef-

ficiency of a positive generalized transfer from Player i to Playér J using
intermediate players k1, k>, . . ., k;, in that order}. (As in Definition 13.5, A;
denotes loss to Player i and A ; denotes the gain to Player j.)

Pr;j(k) corresponds to pr;;, except that instead of considering all positive-
measure subsets of P; we now only consider sets of size « (according to
Player i). For ease of notation in what follows, we have chosen (in contrast with
what we did in the definition of the prij) to not divide m j(A) by m;(A) = « in
the definition of the Pr;;.

Ef((i, k1, ko, ..., k¢, j), k) is the same as Ef((i, ki, ko, ..., k;, j)), except
that we now insist that A; = k. Itis not hard to see that, for fixed i, ky, k>, . . ., ks,
and j,Ef((i, k1, k2, ..., k;, J), k) is adecreasing (though not necessarily strictly
decreasing) function of « and that

I;Ln(} [Ef((i, k1, ko, .. key J) o 10)] = BE((L ki kay oo ke, ).

In certain cases Ef((i, ky, k2, ..., k¢, J), k) may be undefined. This is cer-
tainly true if m;(P;) < k. However, even if m;(P;) > «, Ef({(i, k1, ko, . . .,
k¢, j), k) may be undefined. For example, consider the pieces of cake that
Player k; could receive from Player i as part of a generalized transfer corre-
sponding to Ef({i, k1, k2, ..., ks, j), k). Any such piece has size x according to
Player i. It may be that all such pieces are, according to Player k;, bigger than
all of Py,. Then Player k; would have no piece of cake to give to Player k», and
so there would be no generalized transfers of the type desired.

The following result generalizes Theorem 13.8.
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Theorem 13.13 For distinct i,k\, ky, ..., ki, j =1,2,...,n, and any «
with 0 < k < m;(P), BEf((i, k1, ka, . ... ky, J), k) = (%)((Prk[j oPry, 00
Pry, i, © Prig )(x)).

Proof: The proof is similar to the proof of Theorem 13.8. We sketch the proof
and leave the details to the reader. Fix distinct i, k1, kp, ..., k,, j = 1,2,...,n
and fix k with 0 < k < m;(P;).

Suppose first, by way of contradiction, that

. . 1
Ef((i, ki, ko, ... ke, Y, k) < (;) (Pry,j o Pryy,_yk, 0+ + 0 Pryyg, 0 Prig ) (k)
and hence that
kBE((i, ki, ko, ... ke, ), k) < (Pry,j oPry_x, 0+« o Pry, o Prig, )(k).

By successively using the definition of each partition ratio function,
it can be shown that there exists a generalized transfer Tr((i, k1, k2, ...,
kes ) Qkys Qkys -+ -5 Ok))  such  that  m;(Qg) =« and  m;(Qy,) >
kEBf({(i, ki, ky, ..., ks, j), k). The efficiency of this generalized transfer
is "%) Byt this contradicts the definition of Ef((i, ki, ka, ..., ki, j), k),
since %) S B (i, ki, ko, . key ), ).

Next suppose, by way of contradiction, that Ef((i, ki, k2, ..., k;,
), k) > %((Prkij oPry, x, 0 oPry, oPrig,)(k)). Then there is a general-
ized transfer Tr({i, ki, ko, ..., ki, J){Qky» Qkys - - -5 Ok,)) With m;(Qy,) = &
that has efficiency greater than %((Prk, joPri_ g 0 0Pryk, oPri )(k)). The
efficiency of this generalized transfer is w and, hence, m;(Qy,) >
(Pry, j o Pry,_ iz, 0+ 0 Pryjx, o Prig, )(k). But the definition of the partition ra-
tio functions, and the fact that foreach s = 1,2, ..., ¢, my (O, ,) = mi, (Ok,)
(where, as usual, we set kg = i), tells us that

my, (Qk,) < Prit, («),and hence,

my, (Qk,) < Pri, (), and hence,

M, (Qr,) < (Pryx, o Prig, )(«), and hence,

M, (Qk,) < (Pryx, o Prix, )(«), and hence,

M, (Qr,) < (Priyx, o Pryx, o Prig, )(c), and hence,

my,(Qr, ) < (Pry, g, 0- - 0Pryx, oPrig, )(x), and hence,
my, (Q,) < (Pry, x, 0+ o Prgx, o Prix, )(x), and hence,
m;(Qr) < (Pry,joPry_i, o+ 0Pryyg, oPrig ) ().

This is a contradiction; hence, we have established the theorem. O
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There was no particular reason why we chose to fix the amount of cake
that Player i was required to give up, rather than the amount that Player j was
required to receive. If we had chosen to fix the amount of cake that Player j
was required to receive, the presentation would have been similar.

We close this section by considering the chores versions of these ideas. We
do not need to revise Definition 13.5, the definition of efficiency. However, in
the chores context, small numbers for efficiency are good. Thus, we need to
revise Definition 13.6, the definition of the Ef function, to what we shall call
the ChEf function. We do so by taking an infimum instead of a supremum.

Definition 13.14 Fix distincti, k1, ko, ..., k;, j = 1,2, ..., nand suppose that
P = (P, P, ..., P,) is a partition. We set

ChEf({(i, ki, ko, ..., k;, J) = inf{% : % is the efficiency of a positive generalized
transfer from Player i to Player j, using intermediate players ki, k», . . ., k;, in that
order}.

The chores versions of Lemma 13.7 and Theorem 13.8 are Lemma 13.15
and Theorem 13.16, respectively. The proofs are analogous and we omit them.

Lemma 13.15 For distincti, j = 1,2,...,n, ChEf((i, j)) = qr;;.

Theorem 13.16 For distinct i,ky, ko, ..., ki, j =1,2,...,n, ChEf({i, k1,
ka, ooy ke, j)) = QUi Aty g, - - - AT,k AT, -

There is no need to revise the definition of total utility. We are now interested
in minimizing, rather than maximizing, total utility.

Definition 13.17 A partition P minimizes total utility if the total utility of P is
at most as large as the total utility of any other partition.

The natural adjustments of Theorems 13.10 and 13.11 are Theorems 13.18
and 13.19, respectively. The proofs are analogous and we omit them.

Theorem 13.18

a. There exists a partition that minimizes total utility.

b. If a partition minimizes total utility, then it is Pareto minimal.

c. If the measures are not all equal, then not every Pareto minimal partition
minimizes total utility.

Theorem 13.19 A partition P = (P, P», ..., P,) € Part minimizes total util-
ity ifand only if, for all distinct i, j = 1,2, ..., n,qr;; > 1 or qr;; is undefined.
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Next, we adjust the definitions of the partition ratio function Pr;; and the
function Ef({i, k1, k2, ..., k¢, j), k) (see Definition 13.12) as follows.

Definition 13.20 Fix distincti, j =1,2,...,n.

a. The ij chores partition ratio function Qr;; is defined as follows: for any «
with 0 < « <m;(P;), Qr;;(x) = inf{m;(A) : A € P; and m;(A) = «}.
b. For distinct i, ki, ko, ...k, j=1,2,...,n and any « with 0 <« <

m;(P;), let ChEf((i, ki, ka, ..., k;, j), k) = inf{5L : A; =« and 3 is the
efficiency of a positive generalized transfer from Player i to Player j using
intermediate players kj, ka, ..., k;, in that order}. (Recall that A; denotes

loss to Player i and A ; denotes the gain to Player j.)

Finally, the appropriate adjustment of Theorem 13.13 to the chores setting
is as follows. The proof is analogous and we omit it.

Theorem 13.21 For distinct i, ki, ky, ...k, j = 1,2,...,n and any k with
0 <« <mi(P), ChEf((i, kyky.....kj).x)=()(Qry;oQry 4 00
Qry, 1, © Qrig, ) (1))

13C. Classifying the Failure of Pareto Optimality

In this section, we consider a method of classifying the failure of Pareto maxi-
mality and Pareto minimality.

By Theorem 8.2, if a partition is not Pareto maximal, then there is a positive
cyclic trade that produces a Pareto bigger partition. The length of such a cyclic
trade is at least two and at most n. Hence, we can classify the failure of Pareto
maximality by how long a cyclic trade is needed to produce a Pareto bigger
partition. (Of course, this is only meaningful if n > 2.) It is tempting to conjec-
ture that this produces a hierarchy of non-Pareto maximal partitions, with one
end of the hierarchy consisting of partitions that are “almost Pareto maximal”
and the other end consisting of partitions that are as far as possible from being
Pareto maximal. However, it is not clear whether to conjecture that “there exists
a cyclic trade of length two that produces a partition Pareto bigger than P or
“there exists a cyclic trade of length n that produces a partition Pareto bigger
than P” is closer to Pareto maximal. Of course, this is all informal, since it
is not clear what “closer to Pareto maximal” means. We provide no answer or
even a more precise question here, but we do present two examples that suggest
there is no such nice hierarchy.
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In a hierarchy, there should be some sort of implication that holds between
levels. However, the examples in this section will show that, in general, there
is no implication between the following two statements about a partition P, for
distinct ky, kh = 2,3, ..., n.

* There exists a cyclic trade of length k; that produces a partition Pareto bigger
that P.

* There exists a cyclic trade of length &, that produces a partition Pareto bigger
that P.

Each of our two examples involves three players. Let C be the interval [0, 3)
on the real number line and let 7, be Lebesgue measure on this set. We will use
m to define measures m, m,, and ms that will be absolutely continuous with
respect to each other and with respect to m . First, we present a general method
for defining m |, m,, and m3, and then we use this method in Examples 13.22
and 13.23. These examples are similar to examples used in previous chapters,
for other purposes.

Foreachi =1, 2, 3, let «;1, &2, and «;3 be positive real numbers such that
o1 + o + a;3 = 1, and define m; as follows: for any A € C,

m;i(A) = ajymp(ANJ0, 1)) + ajomp(AN[L,2))+aizm(AN][2,3))

It is straightforward to check that each m; is a (countably additive, non-
atomic, probability) measure and is absolutely continuous with respect to
the other two m; and with respect to m . The idea here is simply to weight
the measures differently (using the «;;) on the three different parts of C. (We
have used the interval [0, 3) and Lebesgue measure for convenience. We could
have started with any measure p on any cake C, partitioned C into three pieces
of equal size according to u, and then defined 12, m,, and m3 as in the preceding
paragraph.)

We wish to consider the corresponding RNS. Suppose that m;, m,, and
ms, are as previously defined. Then the three players are in relative agreement
(see Definition 12.11) on each of the sets [0, 1), [1, 2), and [2, 3). This im-
plies that (possibly excluding a set of measure zero) the density functions of
the m; with respect to ;& = m + my + m3 are constant on each of these sets.
In particular, if m, m,, andms are defined as before, and f, f>, and f3, re-
spectively, are the corresponding density functions with respect to w, then for
i,j=1,2,3, fi(a) = m for all but possibly a measure-zero collection
ofa € [j — 1, j). In our examples that follow, we shall always assume that the
/i have been redefined on this measure-zero set, if necessary, so that the given
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equality holds foralla € [j — 1, j). It follows that, for each j =1, 2, 3, all of
the points in [j — 1, j) correspond to a single point in the simplex.

Examples 13.22 and 13.23 each involve three players. Together, they show
that for a partition P there need not be an implication in either direction between
the statement “There exists a cyclic trade of length two that produces a partition
Pareto bigger than P” and the statement “There exists a cyclic trade of length
three that produces a partition Pareto bigger than P.”

Example 13.22 A partition P for which there is a cyclic trade of length two
that produces a partition Pareto bigger than P, but no cyclic trade of length
three that produces a partition Pareto bigger that P.

Let C = [0, 3) and define o;; for i, j =1, 2, 3 as follows:

11 =4 06122.5 O{13=.1
a1 = ) 0o = 4 03 = .1
3] =.1 ()[32:.1 Ol33=.8

Letmy, my, and m3 be defined from these «;; as described previously and let
P = (P, P,, P5) = ([0, 1),[1, 2), [2, 3)). Then, for each i, j =1,2,3 and
any A C P; of positive measure, ';;’ ((2; = Z"ZZEQ; = (;i and this implies that,
for distinct i, j = 1,2, 3, pr;; = sup{
measure} = % Hence, we have:

n,;’((:)) A C[i —1,i)and A has positive

5 1

pry; = 2 priz = 2

5 1

pry; = 4 Pry = 4
1 1
pr3; = 3 Pr3; = 3

Since prj,pry; = (3)(3) = 2 > 1, it follows from Lemma 8.8 that there
exists a cyclic trade of length two that produces a partition Pareto bigger
than P. (This trade will be between Player 1 and Player 2.) However, since
P 12Pry3Pl3; = P3Py pris = (3)(5)(§) = 135 < 1. it follows that there are no
cyclic sequences of length three having product greater than one and therefore,
by Lemma 8.8, there is no cyclic trade of length three that produces a partition
Pareto bigger than P.

The RNS provides some additional perspective. Let fi, f>, and f3 be the
density functions of m;, m,, and mj3, respectively, with respect to u = m; +

m, + m3. As described earlier, for distinct 7, j = 1, 2, 3, fi(a) = m
J 2j 3j
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0,0, 1)

(]
S (P3)

f(Py)e ef(P)
(1,0,0) (0, 1, 0)

Figure 13.4

for alla € P;. Hence, we have:

fl(a) = 4fora e Pl, fl(a) = Sfora e Pz, fl(a) = .1fora e P3
fr(a) = .Sfora € Py, fala) = .4fora € P, fr(a) = .1fora € P
fila) = .1fora € Py, f3(a) = .1fora € P>, f3(a) = .8fora € P

We note that the preceding numbers turned out to be the same as the numbers
in the table of the «;; since, in the «;; table, each column summed to one. In
general, this need not be so. (The columns in the f;; table will always sum
to one, since they are simply the columns from the «;; table, scaled by the
appropriate constant.)

This table tells us that all points in P; correspond to the point (.4, .5, .1) in
the simplex, all points in P, correspond to the point (.5, .4, .1) in the simplex,
and all points in P; correspond to the point (.1, .1, .8) in the simplex. Hence,
the RNS consists of these three points. This is illustrated in Figure 13.4.

It is clear from the figure that Player 1 and Player 2 can each gain from a
trade with each other, since f(P,) is closer to Player 1’s vertex than is f(P;),
and f(P) is closer to Player 2’s vertex than is f(P,). In fact, in this case, a
trade of all of P, for all of P, would benefit both players. However, Player 3
does not value P; or P, highly, and neither Player 1 nor Player 2 values Ps
highly. Thus, Player 3 is not anxious to give up any of P3 in return for some
of P; or P>, and neither Player 1 nor Player 2 is anxious to give up any of P,
or P,, respectively, in return for some of P;. Consequently, any trade involving
Player 3 will make some player unhappy, and therefore there is no cyclic trade
of length three that produces a partition Pareto bigger than P.

Example 13.23 A partition P for which there is a cyclic trade of length three
that produces a partition Pareto bigger than P, but no cyclic trade of length two
that produces a partition Pareto bigger that P.
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We again let C = [0, 3) and we define o;; for i, j = 1, 2, 3 as follows:

a1 = 3 A1 = .1 a3 = .6
o = .6 Oy = 3 o3 = .1
3] = .1 W3y = .6 o33 = 3

Letmy, my, and m3 be defined from these «;;, as described before the previ-
ous example, and let P = (P, P>, P3) = ([0, 1), [1, 2), [2, 3)). Then (as in the
previous example) for distinct 7, j = 1,2, 3, pr;; = Z—f Therefore, we have:

1
= 2 = —
| Pryz Pri3 3
Iy = — Iyy =2
Pryy 3 1 PI3
= 2 = —
Pr3; Pr3; 3

We note that prj,pry;prsy; = (2)(2)(2) = 8 > 1 and, hence, by Lemma 8.8,
there exists a cyclic trade of length three that produces a partition Pareto bigger
than P. Since pr|,pry; = prj3pr3; = pry3prs, = % < 1, there is no cyclic trade
of length two that produces a partition Pareto bigger than P.

We look again to the RNS for additional perspective. Let fi, f>, and f3
be the density functions of m, m,, and ms3, respectively, with respect to u =
my + my + ms. Then we have:

f](a)=.3f0ra€P1, fl(a)z.lfOI'aEPz, fl(a)=.6f0raeP3
fr(a) = .6fora € Py, frla) = 3fora € P, frla) = .1fora € P;
f3(a) = .1fora € Py, fi(a) = .6fora € P,, f3(a) = 3fora € P;

This table tells us that all points in P; correspond to the point (.3, .6, .1) in
the simplex, all points in P, correspond to the point (.1, .3, .6) in the simplex,
and all points in P; correspond to the point (.6, .1, .3) in the simplex. Hence,
the RNS consists of these three points. This is illustrated in Figure 13.5.

0,0, 1)

S(Py)e

® f(P3)

® /()
(1,0,0) (0,1,0)

Figure 13.5
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The picture makes clear that there is a cyclic trade from Player 1 to Player 2
to Player 3 to Player 1 that benefits all players, since each player trades for a
set that is closer to that player’s vertex than the set that is given up. (We are
blurring the distinction here between subsets of C and the corresponding points
in the RNS.) In this case, a trade of all of Py, all of P,, and all of P; to Player 2,
Player 3, and Player 1, respectively, benefits all three players. However, any
trade between two players hurts at least one of the players. One way to see this
is to notice that, for example, it is possible to draw a line through Player 3’s
vertex such that f(P)) is on Player 1’s side of the line and f(P,) is on Player 2’s
side on the line. Hence, any non-trivial trade between Player 1 and Player 2
must hurt one or both players. The situation is the same for the other two pairs
of players. This is in contrast to the situation in Figure 13.4, where it is not
possible to draw such a line between f(P;) and f(P,).

The cake, measures, and partition in Example 13.23 were the same as in
Examples 6.3, 8.10, and 10.10, presented in a slightly different form.

We close this section by briefly discussing the chores version of the ideas
considered in this section. By Theorem 8.11, if a partition P is not Pareto
minimal, then there is a positive cyclic trade that yields a partition Pareto smaller
than P. Hence, for such a P, we can consider the length of a cyclic trade
that produces a partition Pareto smaller than P. However, there are examples
analogous to those presented in this section showing that this classification does
not yield a hierarchy.

13D. Convexity

In this section, we consider the convexity of certain subsets of the simplex, S,
and of the set of all partitions, Part, that arise naturally in our present context.
The notion of a convex subset of S is clear. There is also a natural notion of
convexity for Part.

Definition 13.24

a. Suppose that P!, P2, ..., P' e Partwhere, foreachk = 1,2, ..., ¢, we set
Pk = (Plk, sz, R P,f). A partition P = (Py, P,, ..., P,)is a convex com-
bination of P', P2, ..., P' if and only if, forevery i = 1,2,...,n, P; C
U;e:l P ik‘

b. A subset of Part is convex if and only if it contains all convex combinations
of its elements.

Part a of the definition is a natural generalization of the usual notion of con-
vex combination in the sense that we consider P to be a convex combination
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of P!, P2 ..., P'if and only if P’s value in each coordinate lies within the
extremes mapped out by P!, P2, ..., P' Notice thatif P is a convex combina-
tion of P!, P2, ..., P! then, with the notation given in part a of the definition,
Mie; PF C Piforeveryi=1,2,...,n

As in Chapter 12, for ® € ST we let @* denote the set of all partitions that
are w-associated with @, and for any partition P we let P* denote the set of all
@ € ST with which P is w-associated. Then w € P* if and only if P € o*.

Theorem 13.25
a. For any w € St, w* is a convex subset of Part.
b. For any P € Part™, P* is a convex subset of S.

Proof: For part a, suppose that w € ST, PL P2 ... Pcw* and P is a
convex combination of P', P%, ..., P'. We must show that P € w*. Let
w=(w,w,...,w,) and let P = (P, P, ..., P,). As before, for each k =
1,2,...,t,set PX = (P}, P¥, ..., P¥). Fix distincti, j = 1,2, ..., n and any
positive-measure A C P;. It suffices to show that ““ Eﬁ)) > Z',

Since P is a convex combination of P!, P2, .. Pt we can partition A into
disjoint sets A', A%, ..., A" (some of which may be empty) such that, for each
k=1,2,...,1, Ak C Pk Then, for each such k, since P¥ € w*, it follows that

r’n”iﬁk)) > ¢ and, hence, m;(A*) > (£-)m ;(A"). Then we have

mi(A) = m; (U A") = Xt:mi(Ak) > ( ) Zm](Ak
k=1

k=1

(O ! wj
=—)m; AF =(—’) i(A).
() ()= ()

This establishes that 2« ((f‘)) > 2 as desired.
2

For part b, suppose that P € Partt, o', w?, ,o' € P*, and o is a
convex combination of w!, ®?, ..., . We must show that w € P*. Let
P=(P,P,...,P,)andletw = (w1, ws, ..., w,). Foreachk =1,2,...,¢t,
setof = (0¥,0k, ..., k). Fix distinct i, j =1,2,...,n and any positive-

measure A C P;. It suffices to show that 2 ((ﬁ; > 2
J
Since w* € P* for each k = 1,2, ..., 1t, it follows that for each such k,

k
M Eﬁ)) > —L_ Also, since w is a convex combmatlon of !, @?, . , it is not
/

hard to see that 2 < max{ ck=1,2,...,t}. This estabhshes that i E‘:)) >
!

, as desired, and hence completes the proof of the theorem. O
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(0, 0,1) 0, 0,1) 0, 0,1)
» T P’
P*
1,0,0 (0,1,0) (1,0,0) (0,1,0) (1,0, 0) 0,1,0
) ®) @ 07
Figure 13.6

Figure 13.6 illustrates three possibilities for the convex set P* when there
are three players. In each of the figures, T}, T,, and 75 are the parts of the
RNS that correspond to P;, P>, and Pj3, respectively, from some partition
P = (P, P,, P3). In Figures 13.6a, 13.6b, and 13.6¢c, P* consists of a two-
dimensional region, a line segment, and a single point, respectively, on the
simplex. (Figure 13.6 is the same as Figure 12.6. We used Figure 12.6 in our
discussion of the notion of separability.)

13E. The Situation Without Absolute Continuity

In this section, we reconsider the ideas presented in previous sections of this
chapter, without assuming that the measures are absolutely continuous with
respect to each other. As in previous chapters, we adopt the convention that the
expressions “for almost every,” “has positive measure,” or ‘“has measure zero”
refer to the measure u = m| + my + - - - + m,, unless otherwise stated.

We begin with Section 13A, where we studied the relationship between
partition ratios and w-association. The proof of Theorem 13.1 did not use ab-
solute continuity. (However, some adjustments in the proof are needed in the
absence of absolute continuity. Wording such as “for almost every,” “has posi-
tive measure,” or “has measure zero” must be changed to refer to the measure
w=my+my+---+ m,, and inequalities such as {,/((2)) < % may need to be
interpreted using the arithmetic of infinities described in Section 10C.) Hence,
this result is true without the assumption of absolute continuity, but it says less
than we wish. We want this result to say something about how to describe Pareto
maximal partitions. As we saw in Section 10C, problems arise in attempting

to characterize Pareto maximality using the notion of w-association, when ab-
solute continuity fails. This was the reason for our use of partition sequence
pairs in the absence of absolute continuity. We categorized Pareto maximality
in terms of a partition being w-associated with some partition sequence pair
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(see Definitions 7.11 and 10.26, and Theorem 10.28). We will use partition se-
quence pairs to obtain an appropriate version of Theorem 13.1 for our present
context.

Assumethat P = (Py, P, ..., P,)is aPareto maximal partition. We studied
partition ratios without the assumption of absolute continuity in Section 8C. We
found that we needed to consider two types of infinite partition ratios, co* and
oo™, and their arithmetic (see Notation 8.21 and Definition 8.22). Using these
partition ratios, we were able to characterize Pareto maximality (see Theorem
8.24).

Theorem 13.26 connects partition ratios and w-association with a partition
sequence pair. This is the appropriate adjustment of Theorem 13.1 to our present
context. We recall that, for a partition P = (Py, P,, ..., P,) and distinct i, j =
1,2, ..., n, the partition ratio pr; ; is undefined if and only if m;(P;) = 0 and
m;(P;) =0, and is equal to oo™ if and only if, for some A C P;, m;j(A) # 0
and m;(A) = 0.

Theorem 13.26 Suppose that P = (P, P,, ..., P,) is a partition of C and
(w, y) is a partition sequence pair where w = (w1, @3, ..., w,) and y =
(Y1, V2, -+, V). Then P is w-associated with (w, y) if and only if no parti-
tion ratio is equal to oo™ and the following two conditions hold.

a. For every k=1,2,...,t and distinct j, ' € Yo Prjjy < 2—’} or prj; is
undefined.
b. Either
i. foreveryk, k' =1,2,...,t withk <k/, and every j € vy and j € yy,
either pr;;, = 0 or pr;; is undefined, or
ii. foreveryk, k' =1,2,...,twithk > k/, and every j € y; and j € y,
either pr;;, = 0 or pr;; is undefined.

We need to recall some notation from Chapter 10. Suppose that y =
(Y1, V25 - - ., ¥ 1s as in the statement of the theorem. Foreachk = 1,2, ...,1,
set uh =3, ey, Mi- Also, W denotes the set of all partition sequence pairs.

Proof of Theorem 13.26 Let P, w, and y be as in the statement of the theo-
rem. Recalling that the function RDy : W — W (see Definition 10.27 and the
discussion following the definition) is a bijection, we may fix a partition se-
quence pair (o, y) with RDy (¢, y) = (w, y). Then Lemma 10.29 implies that
P a-maximizes («, y) and is non-wasteful if and only if P is w-associated with
(w, y). (For the definition of a-maximization, see Definition 7.12. For the defi-
nition of non-wasteful, see Definition 6.5.) Hence, in order to prove the theorem,
it suffices to show that P a-maximizes («, y) and is non-wasteful if and only
if no partition ratio is equal to co™ and conditions a and b of the theorem are
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satisfied. Since non-wastefulness is equivalent to the assertion that no partition
ratio is equal to co™*, we must show that P a-maximizes (¢, y) if and only if
conditions a and b of the theorem are satisfied. Set o = (a1, az, ..., ay).

We claim that P and («, ) satisfy condition a of Definition 7.12 if and only
if P and (w, y) satisfy condition a of the theorem. We establish this as follows:

P and («, y) satisfy condition a of Definition 7.12

if and only if
forevery k =1, 2, ..., t, the partition (P; : i € y,) of Uieyk P; maximizes
the convex combination of the measures (m; : i € y,) corresponding to
(o 11 € yi)
if and only if (Theorem 10.6)
foreveryk =1,2,...,t,(P; 1 i € y;) is w-associated with RD(«; : i € yx)
if and only if (Definition 10.27)
foreveryk =1,2,...,t,(P; :i € y) is w-associated with (w; : i € yx)
if and only if (Theorem 13.1)
forevery k = 1,2, ..., t and distinct j, j* € yi, pr;; < Z—f/ or pr;; is unde-
fined
if and only if

P and (w, y) satisfy condition a of the theorem.

Next, we claim that P and y satisfy condition bi of Definition 7.12 if and

@,

only if they satisfy condition bi of the theorem. (Notice that the “y” in “(ct, ¥)”

is the same as the “y” in “(w, y).”’) We establish this as follows:
P and y satisfy condition bi of Definition 7.12
if and only if
for every k, k' =1,2,...,¢t with k <k/, if j €y and j € yp, then
I’ij(Pj) = 0
if and only if
for every k, k' =1,2,...,¢t with k <k/, if j €y and j € yp, then
mj(A) = 0forevery A C P;
if and only if
for every k,k'=1,2,...,t with k <k’, and every j €y, and
j € v, sup{"y;’/'((j)) : A C Pjandeitherm;(A) # 0 or m;(A) #0} =0
or else this quantity is undefined
if and only if
foreveryk, k' =1,2,...,twithk < k’,andevery j € y; and j' € y,either
pr;; = 0 or pr;; is undefined
if and only if
P and y satisfy condition bi of the theorem.
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We note that in the fourth and fifth of the preceding assertions, the given
quantity is equal to zero if m;(P;) > 0 and is undefined if m ;(P;) = 0. The
proof that P and y satisfy condition bii of Definition 7.12 if and only if they
satisfy condition bii of the theorem is similar and we omit it.

This competes the proof of the theorem. O

By Theorem 10.28, the conditions of the theorem hold if and only if P is
Pareto maximal.

We can view Theorem 13.26 as a general result that holds for any parti-
tion, regardless of whether the measures are absolutely continuous with respect
to each other, and Theorem 13.1 as a special case of this result that holds
when absolute continuity holds. (This is analogous to what we did for Theo-
rems 7.4, 7.13, and 7.18 and also for Theorems 10.9 and 10.28. See the discus-
sions following the proofs of Theorems 7.18 and 10.28.) To see this, suppose
that the measures are absolutely continuous with respect to each other, and
o = (w1, wa, ..., w,) € ST. We will show that, with these assumptions, Theo-
rem 13.1 follows from Theorem 13.26. We first note that, by absolute continuity,
no partition ratio is equal to oco*™*. Then,

P is w-associated with w

if and only if
P is w-associated with the partition sequence pair (w,y) where y =
({1,2,...,n}) (.e., y is the trivial partition of {I,2,...,n} into one
piece)

if and only if (Theorem 13.26)
for distincti, j =1,2,...,n, pr;; < %, or pr;; is undefined.

Next, we consider adjustments of the results of Section 13B. We need no
adjustment of the definition of generalized transfer (Definition 13.4). However,
we do need to adjust the definition of positive generalized transfer. In the absence
of absolute continuity, what we care about is that the generalized transfer is non-
trivial, in the sense that either Player i or Player j (or both) sees his or her portion
of cake change in size.

Definition 13.27 The generalized transfer Tr((i, k1, kz, ..., ki, J)[{ Qs Ok,
..., Ok,)) is apositive generalized transfer if either m;(Qy,) > 0orm ;(Qx,) >
0 (or both).

In going from Definition 13.4 to 13.27, we have not changed the name “posi-
tive generalized transfer,” since these definitions are consistent. In other words,
if absolute continuity holds, then a generalized transfer is positive according
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to Definition 13.4 if and only if it is positive according to Definition 13.27. (If
absolute continuity fails, then Definition 13.4 cannot be used, since the phrase
“of positive measure” is ambiguous.)

We need no adjustment in the definition of efficiency (Definition 13.5), but we
do note that, in contrast with the absolute continuity context (where efficiency is
always equal to a positive number), efficiency can be zero, positive, or infinite.
(Using the notation from Definition 13.5, the efficiency of a positive generalized
transfer from Player i to Player j is zero if A; = 0 and A; > 0 and is infinite
if A; > 0and A; = 0. By the definition of “positive generalized transfer,” we
cannot have A; = A; =0.)

Next, we consider the function Ef((i, ki, k2, . .., k;, j)) given by Definition
13.6. In the absolute continuity context, this function can be positive or (if the
relevant set of efficiencies % is unbounded) infinite. In our present context,
Ef((i, ki, ko, ..., k¢, j)) can t;e zero, positive, or infinite, and it can be infinite
in two different ways. It can be infinite as in the absolute continuity context,
or a single term in the set over which the supremum is taken can be infinite.
This situation is very much like the two different ways that a partition ratio
can be infinite, as given by Notation 8.21. We shall need to distinguish be-
tween these two cases, and we do so in a manner analogous to what we did in
Notation 8.21.

Notation 13.28 Fix distinct i, k1, k», ..., k;, j = 1,2, ..., n and suppose that

P = (P, P, ..., P,) is a partition.

a. We write Ef (i, ki, k2, ..., k;, j)) = oo™ if and only if there does not exist
a positive generalized transfer from Player i to Player j using intermediate
players ki, k», ..., k;, in that order, having infinite efficiency (i.e., for no
generalized transfer do we have A; > 0 and A; = 0) but {i—{ : i—{ is the
efficiency of a positive generalized transfer from Player i to Player j using
intermediate players ki, ka, . . ., k;, in that order} is unbounded.

b. We write Ef((i, ki, k2, . .., k;, j)) = 0co™ if and only if there is a positive
generalized transfer Tr((i, k1, k2, ..., k¢, j){ Qx> Ok, - - -, Ok,)) having in-
finite efficiency (i.e., there exists a generalized transfer with A; > 0 and
A; =0).

Next we wish to relate the efficiency of generalized transfers to partition
ratios, in the absence of absolute continuity. Both Lemma 13.7 (which states
that, for distincti, j = 1, 2, ..., n, Ef({i, j)) = prij) and Theorem 13.8 (which
states that, for distinct i, ki, ky, ...k, j=1,2,...,n, Ef((i, ki, ko, ...,
ki, J)) = Pig,Pli,k, - - - Py, i, P, ;) are true in our present context. However,
each of these results says more than it may appear to say.
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We recall that, in the presence of absolute continuity, Ef((i, j)) and pr;;
are either both equal to some positive number or else are both infinite, and
similarly Ef((i, k1, k2, ..., k¢, j)) and pry pry i, - - - Pry, 5, PTy, ; are either both
equal to some positive number or else are both infinite. In our present context,
these terms can be zero, and there are two different ways for each expres-
sion to be infinite. The lemma and the theorem include both of these cases.
In other words, for distinct i, j = 1,2, ..., n, Ef({i, j)) = oo™ if and only if
pr;; = 0o, and Ef((i, j)) = co™ if and only if pr;; = co™. Similarly, for
distincti, ki, ky, ..., ki, j = 1,2, ..., 0, Bf({i, k1, ka, ..., k¢, j)) = oo*ifand
only if pry; pry g, - - - Pry, &, PYy,; = 00, and Ef((i, k1, ka, ..., ki, j)) = oo™ if
and only if pry pry, ... Py, Pry,; = 00™. As was the case when absolute
continuity was assumed, the proof that Lemma 13.7 holds in the absence of abso-
lute continuity follows easily from the relevant definitions. Concerning the proof
of Theorem 13.8 without absolute continuity, it is straightforward to show that
Ef((i, ki, ko, ..., ke, j)) = oo™ ifand only if pryy pry g, - .- Pry, 4, PTy, ; = 00™.
If neither Ef((i, k1, k2, ..., ki, j)) norpryx pry g, - - - Pry, &, PIy, ; 1s equal to oo™,
then the proof is the same as in Section 13B.

Definition 13.9 and the statement and proof of parts a and b of Theo-
rem 13.10 carry over to our present context. However, part ¢ of the theorem
may not hold if absolute continuity fails. Consider Figure 13.7. It follows from
Theorem 11.1 that there is a cake C and measures m; and m, such that the
given figure is the corresponding IPS. This IPS includes a vertical line segment
going up from the point (1, 0) and a horizontal line segment going to the right

IPS

Figure 13.7
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from (0, 1). It follows that neither measure is absolutely continuous with re-
spect to the other (and so the measures are certainly not equal). In the figure,
the outer Pareto boundary (which we have darkened) consists of all points on
the outer boundary of the IPS that are between p and ¢, including p and g.
We have drawn the figure so that the line segment from (1, 0) to p and the line
segment from (0, 1) to g have the same length, and the outer boundary between
p and ¢ is a line segment. Then it is easy to see that the family of parallel
lines (%)x + (%)y = ¢ makes first contact with the IPS at all points along this
line segment. This implies that all Pareto maximal partitions maximize total
utility.

The counter-example to part ¢ of Theorem 13.10 in the absence of absolute
continuity, given in the previous paragraph, used Theorem 11.1, and we proved
this result only for the two-player context. However, we can generalize the
preceding idea, without relying on Theorem 1 1.1, to show that, in the absence of
absolute continuity, part c of Theorem 13.10 may fail for any number of players.
The IPS of Figure 13.7 arises from a cake C that can be thought of as the disjoint
union of A, A, and As, where m(A) = my(Az) > 0, m(Ay) = my(A)) =
0, and m(B) = m,(B) for every B C Aj. This idea is easy to generalize. We
illustrate this for three players in the following example.

Example 13.29 Let C = [0, 4), let m be Lebesgue measure on C, and define
measures my, ny, and mz on C as follows: forany A C C,

mi(A) = .5[m(AN[0, 1)) +mp(AN[3,4)]
ma(A) = 5[mL(AN[1,2)) +mp(AN[3,4)]
m3(A) = .5[mp(AN[2,3)) +m(AN[3,4)]

It is easy to check that m, m,, and m3 are (countably additive, non-atomic,
probability) measures on C and that a partition is Pareto maximal if and only
if it gives all of [0, 1) to Player 1, all of [1, 2) to Player 2, and all of [2, 3) to
Player 3. The corresponding RNS consists of four points and is as shown in
Figure 13.8a. The piece of cake [0, 1) corresponds to the point (1, 0, 0) of the
RNS, since each element of this piece has positive value to Player 1 and has
value zero to Player 2 and to Player 3. Similarly, piece [1, 2) corresponds to point
(0, 1, 0), and piece [2, 3) corresponds to point (0, 0, 1). Each element of piece
[3, 4) is equally valued by all three players, so this piece of cake corresponds
to the point (%, % %) in the figure.

Using ideas developed in Chapter 12, we find that the IPS consists of a
collection of flat regions and is as displayed in Figure 13.8b. In particular, the
point (%, _%, _%) of the RNS corresponds to the flat region on the outer boundary
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Figure 13.8

of the IPS consisting of the triangle with vertices (1,.5,.5), (.5, 1,.5), and
(.5, .5, 1), and its interior. This flat region is the outer Pareto boundary of the
IPS and we have darkened this region in the figure.

This IPS is the three-player analog of the situation just described for two
players. The set of points of first contact with the IPS of the family of parallel
planes (%)x + (%)y + (%)z = c is precisely the darkened region. Hence, all
Pareto maximal partitions maximize total utility, even though the measures are
not identical. This example generalizes in a natural way to more than three
players.

Theorem 13.11 states that a partition P maximizes total utility if and only
if, for all distinct i, j = 1,2,...,n, pri; < 1. The proof used Theorems 10.6
and 13.1 and (as discussed in Section 10C and at the beginning of this section,
respectively) these results hold without the assumption of absolute continuity.
Hence, Theorem 13.11 holds without this assumption. We note that we may now
have partition ratios that are equal to zero, oco*, or co™*. Of course, “oo™ < 17
and “o00** < 1” are both false.

The definitions of the partition ratio functions Pr;; and the function
Ef((i, ki, ko, ..., k¢, J), k) (see Definition 13.12) and the theorem connecting
these notions (Theorem 13.13) stand exactly as before. We do note that we
may have Pr;; = 0 or Ef({i, k1, k2, ..., k;, j), k) = 0 but, in contrast with the
partition ratios pr; ; and the function Ef({i, ki, k2, ..., k;, j)), neither Pr;; (k)
nor Ef((i, k1, k2, ..., k;, j), k) can be infinite.

Absolute continuity was not used in our work in Section 13C. Hence, the
discussion and examples in that section are correct without the assumption
of absolute continuity. We simply note that, if desired, we could alter Exam-
ples 13.22 and 13.23 slightly so that the three points of the RNS in each of
these examples are on the boundary of the RNS. Then, instead of having the
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Figure 13.9

RNSs illustrated in Figures 13.4 and 13.5, the associated RNSs would be as in
Figures 13.9a and 13.9b, respectively.

Absolute continuity was not used in our study of convexity in Section 13D. In
particular, Theorem 13.25 holds without the assumption of absolute continuity.
Some minor adjustments in the proof are necessary (such as reinterpreting what
“positive measure” means and considering that terms such as “%” can be
zero or infinite). However, these adjustments are straightforward and we omit
them.

We close this chapter by briefly discussing the chores versions of the ideas
already considered in this section. We begin by noting that there does not appear
to be a nice chores version of Theorem 13.26 (which connects the notions of
partition ratio and w-association). This result is only relevant in the context of
Pareto maximality. If instead we consider Pareto minimality then, by Theo-
rem 13.30, chores w-association only applies to a certain subset of C (the “B”
in the theorem). If we wish to relate the notions of chores partition rations and
chores w-association, we can only do so on this subset. On this subset, the
measures are absolutely continuous with respect to each other. Hence, such a
result would simply be a direct application of Theorem 13.3, and we omit it.

All of the remaining ideas in this section carry over in a natural way to
the chores context. In particular, Example 13.29, which shows that part ¢ of
Theorem 13.10 does not hold in the absence of absolute continuity, also shows
that part c of Theorem 13.18 does not hold in the absence of absolute continuity.
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Strong Pareto Optimality

In this chapter, we study a natural strengthening of Pareto maximality and
Pareto minimality. After introducing this notion in Section 14A, we present
various characterizations in Section 14B. In Sections 14C and 14D, we con-
sider existence questions in the two-player context and in the general n-player
context, respectively. In Sections 14A, 14B, 14C, and 14D, we assume that the
measures are absolutely continuous with respect to each other. In Section 14E,
we consider what happens when absolute continuity fails. In Section 14F, we
also do not assume that the measures are absolutely continuous with respect to
each other and we consider connections with the main theorem of Section 12E.

14A. Introduction

One way to describe Pareto optimality is to say that a partition P is Pareto
optimal if and only if no collection of transfers of cake among the players
produces a partition that makes every player at least as happy and makes at
least one player strictly happier. We strengthen this by insisting that any non-
trivial (in a sense to be made precise) collection of transfers produces a partition
that makes at least one player less happy.

Notice that if we start with a partition P and transfer various pieces of cake
between various players, and each transferred piece has measure zero, then
certainly the resulting partition makes no player less (or more) happy. Hence,
we shall only consider collections of transfers that include at least one transfer
of positive measure. We call a collection of transfers a non-trivial collection
of transfers if and only if at least one transfer in the collection is of positive
measure.

Definition 14.1 Let P be a partition. P is strongly Pareto maximal if and only
if any non-trivial collection of transfers produces a partition in which at least

385
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one player receives a piece that this player believes to be smaller. P is strongly
Pareto minimal if and only if any non-trivial collection of transfers produces a
partition in which at least one player receives a piece that this player believes
to be bigger.

Clearly strong Pareto maximality implies Pareto maximality, and strong
Pareto minimality implies Pareto minimality. As we shall see, the converses of
these statements do not hold, in general.

Theorem 14.4 in the next section gives five characterizations of strong Pareto
maximality. One uses partition ratios, one uses the RNS and Weller’s characteri-
zation of Pareto maximality, one involves the effect of a non-trivial collection of
transfers, one involves the relationship between p-classes and s-classes, and one
involves the shape of the IPS. Corollary 14.5 characterizes Pareto maximality
when strong Pareto maximality fails. Theorem 14.8 and Corollary 14.9 give the
analogous results for chores. In Section 14C, we consider existence questions
for the two-player context. More specifically, we consider the possible numbers
of strongly Pareto maximal partitions, the possible numbers of Pareto maximal
partitions that are not strongly Pareto maximal, the relationship between these
numbers, and the analogous chores results. In Section 14D, we consider these
ideas in the general n-player context. In Section 14E, we consider the situa-
tion without absolute continuity. In Section 14F, we revisit Section 12E, where
we showed that there exists a partition that is Pareto maximal and envy-free,
and we studied the possible existence of a partition that is Pareto maximal and
strongly envy-free. We shall consider the existence of such partitions that are
also strongly Pareto maximal.

14B. The Characterization

We need to define two preliminary notions. The first is related to partition ratios
and the second is related to w-association.
Recall that, for any partition P = (Py, P>, ..., P,) and distinct i, j = 1,
. . . L mi(A) |
2,..., n, the corresponding partition ratio p;; is given by pr;; = sup{ A -
A C P; and A has positive measure}.

Definition 14.2 For distinct i,j = 1,2,...,n, we shall say that the pri;

supremum is achieved if there exists a positive-measure A C P; such that
_ m;(A)

PLij =

Definition 14.3 Fix a partition P = (P, P, ..., P,) and a point w € ST. We

shall say that P satisfies the cyclic boundary condition with respect to w if and
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Figure 14.1
only if for no sequence (ki, k», . . ., k;) of distinctelements of {1, 2, ..., n} does
there exist a sequence (Qk,, O, - - ., Qk,) of subsets of C of positive measure

such that, for each s = 1,2,...,¢, Qr, € P, and f(Qy,) is on the ks,ks 1
boundary associated with @, where we set &k, = k. (For the definition of the
function f, see Definition 9.2. For the definition of the i, j boundary associated
with w, see Definition 12.10.)

Two examples of this definition (actually, for the failure of this definition)
for three players are illustrated in Figure 14.1. In each figure, we assume that
P = (P, P,, P3)isapartition. In Figure 14.1a, we assume that 01 € P, O3 C
P3, and Q1and Q3 each have positive measure. Since f(Q;)and f(Q3) are
each on the 1,3 boundary associated with @, we see that P does not satisfy
the cyclic boundary condition with respect to w. In Figure 14.1b, we assume
that Q; € P, Q> € P,,and Q3 C P;. Since f(Q;) is on the 1,2 boundary,
f(Q») is on the 2,3 boundary, and f(Q3) is on the 3,1 boundary associated
with w, it follows that P does not satisfy the cyclic boundary condition with
respect to w.

In our characterization theorem that follows, we shall only consider partitions
P € Part™, i.e., partitions that give a positive-measure piece of cake to each
player. Our reasons are as outlined in Chapter 10. (See the discussion following
Example 10.12.) We note that this is not a serious restriction because of the
following observation:

Fixanym = 1,2, ..., n. Partition P = (P, P,, ..., P,) is a strongly Pareto
maximal partition of the cake among Player 1, Player 2, ..., Player m if and only if
partition P' = (Py, P», ..., P,, 4,0, ..., ) is a strongly Pareto maximal partition
of the cake among Player 1, Player 2, ..., Player n. An analogous statement holds

for strong Pareto minimality.
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Our characterization theorem is the following.

Theorem 14.4 Fix a partition P = (P, P, ..., P,) € Part™. The following
are equivalent:

a. P is strongly Pareto maximal.

b. For every ¢ € CS, either
i. CP(p) <1or
ii. CP(¢) = 1 andatleast one of the suprema in the definitions of the relevant

pr;; is not achieved.

¢. Forsomew € S*, P isw-associated with w and satisfies the cyclic boundary
condition with respect to .

d. P is Pareto maximal and no non-trivial collection of transfers produces a
partition that is p-equivalent to P.

e. P is Pareto maximal and its p-class consists of a single s-class (or, equiva-
lently, P is Pareto maximal and [P], = [P]y)).

f. m(P) lies on the outer Pareto boundary of the IPS but does not lie in the
interior of a line segment contained in the 1PS.

(For the definitions of CS and CP, see Definition 8.7. For the definition of CT,
which we shall use in the proof, see Definition 8.1.)

Proof: We shall show that condition a implies condition b, condition b implies
condition ¢, condition ¢ implies condition d, condition d implies condition e,
conditions e and f are equivalent, and condition e implies condition a.

To show that condition a implies condition b, suppose that condition b fails.
Then for some ¢ = (pry i, » Pryiy» - - - s PTg, i, Pk, 1) € CSeither CP(p) > 1
or else CP(¢) = 1 and all of the suprema of the relevant pr;; are achieved. If
CP(¢p) > 1, then it follows from Theorem 8.9 that P is not Pareto maximal and,
hence, is not strongly Pareto maximal. Thus condition a fails.

Suppose that CP(¢) =1 and all of the suprema of the relevant pr;; are
achieved. Then, foreachs = 1, 2, ..., ¢, there exists a positive-measure Oy, <

P, such that %(QQA‘()) = Ply,,,» Where we set k1 = kj. Then we have

My, (O, ) s (Qr,)  my (O, ) 1, (Qr,)
mp, (Qr) m,(Or,)  my,_ (Qx,_,) my, (Or,)

Rearranging terms, we have

my, (Qr) My (Qr) 1y (O ) M (Q, )

me Qi) mip(Qr)  mi Qi) mi(Qr,)
By applying Lemma 8.3 to the product on the left, we obtain a positive-
measure R, € Q, foreach s =1,2,...,1¢, such that the following equality
holds and all but possibly the last of the fractions on the left of the equality are

=1
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equal to one:

My, (Ri,) miy (Ry,) g (Ry, ) my (Re, )
My, (Ry,) mi,(Ri,)  my,_ (Ry,_) my, (Ry,)

(We do not use part d of the lemma here.) This implies that each of these frac-
tions must equal one. It follows that CT({ky, k2, ..., k) | (Rk,, Riy» - -+ Ri,))
is a cyclic trade witnessing that P = (P, P,, ..., P,) is not strongly Pareto
maximal and, hence, condition a fails. This establishes that condition a implies
condition b.

To show that condition b implies condition c, we assume that condition b
holds. Then, for any ¢ € CS, CP(¢) < 1 and it follows from Theorem 8.9 that
P is Pareto maximal. Theorem 10.9 then tells us that, for some w € ST, P
is w-associated with w. We wish to show that P satisfies the cyclic boundary
condition with respect to w.

Suppose, by way of contradiction, that P does not satisfy the cyclic boundary
condition with respect to w, and let (ki, k2, ..., k;) and (Qy,, Ok,, ..., Qk,) be
as in Definition 14.3. Then, foreach s = 1,2, ...,¢, Q, € P, and f(Qy,) is
on the ks,ks+1 boundary associated with w. Setting w = (w1, @y, . . ., w,), this

(Qky) . . ..
implies that L= Z11 Since Qr, € Py, ,itfollows from the definition of

my Q) o
(Qks)
partition ratio that L‘ < Dk;k,,.» and Theorem 13.1 tells us that pyx ,, <

& (Qky)
(Qky)
a;k“ Hence, we have % = W = Pk = w*k“ and consequently
| (Qi) ' o )
Tk; = Dikypy = ww‘t‘ Since, for each s =1,2,...,¢, O, € P, this

tells us that each Pkk,,, supremum is achieved. Letting ¢ = (pry ;.
Plikys - - > PTk ok, » Pk, _k,)» WE have

CP(®) = Pl i, Pl *** Pk, ok PYk i,
Wy, Wk, W, _, W,y
This contradicts condition b and, thus, establishes that condition b implies
condition c.

To show that condition ¢ implies condition d, we assume that condition d
fails. If P is not Pareto maximal, then if follows from Theorem 10.9 that P is
not w-associated with any w € S* and, hence, condition c fails.

Assume then that P is Pareto maximal and some non-trivial collection of
transfers produces a partition R that is p-equivalent to P. Since P is Pareto
maximal, Theorem 10.9 implies that P is w-associated with some o =

(w1, wy, ..., w,) € ST.Then R is also w-associated with w. (This follows easily
from Theorem 10.6. See the paragraph following the proof of the theorem.)
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In the transition from partition P to partition R, a player receives some
cake of positive measure if and only if this player gives up some cake of pos-
itive measure. This implies that this collection of transfers includes at least
one cycle. In other words, there is a sequence (ky, k, ..., k;) of distinct el-
ements of {1,2,...,n} such that, for each s = 1,2, ..., ¢, this collection of
transfers includes a transfer of a positive-measure piece of cake Qy, from
Player k; to Player k.| (where, as before, we set k; | = k). We claim that
the sequences (ki, ko, ..., k;) and (Qx,, Ok, .- ., Qk,) witness that P does
not satisfy the cyclic boundary condition with respect to w. Clearly, for each
s=1,2,...,t, Qr, € P, since Q, is transferred from Player k,. We must
show that, for each such s, f(Qy,) is on the ks, k;+; boundary associated
with w. In other words (see Definition 12.10), we must show that for almost

every a € Qy,

fis@) oy
TS @ T e and
ii. forany i =1,2,....n withi # k; and i # kouy, 2@ > % ang D@ >
Dhs g1 ‘ ‘
w;j :
Fix some s =1, 2,...,t. For condition i, we note that since P is w-
associated withw and Qy, C P, it follows that f‘f(”) > — for almost every

@ =

a € Q,. Slmllarly, since R is w-associated Wlth w and Qk C Ry

that ;*‘(([;) > w”l for almost every a € Qy,. Hence, for almost every such a,
(@) h> Dy i (@) fky(a> g

11> it follows

. This establishes con-

T @ = ] fk @ and, therefore, Fo@ =
dition i. The 1nequal1t1es in condition ii foflow 1mmec+11ately from the fact that
P and R are each w-associated with .

We have shown that P does not satisfy the cyclic boundary condition with re-
spect to w and, hence, condition c fails. This establishes that condition ¢ implies
condition d.

To show that condition d implies condition e, assume that condition e fails.
If P is not Pareto maximal, then obviously condition d fails. Assume then that
P is Pareto maximal and its p-class consists of at least two s-classes. Let Q be
a partition that belongs to P’s p-class but not to P’s s-class. Then P and Q are
p-equivalent and the transition from P to Q involves non-trivial transfers. This
implies that condition d fails.

To show that conditions e and f are equivalent, we first recall that P is Pareto
maximal if and only if m(P) lies on the outer Pareto boundary of the IPS. And
(the equivalence class version of ) Theorem 4.4 tells us that the p-class of P is
made up of a single s-class if and only if m(P) does not lie in the interior of a
line segment contained in the IPS. This establishes that conditions e and f are
equivalent.
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To show that condition e implies condition a, assume that condition a fails.
Then there is a non-trivial collection of transfers that produces a partition
0 =(01,0,,...,0,) where m;(Q;) > m;(P;) foreachi =1,2,...,n.If,
for some such i, m;(Q;) > m;(P;), then P is not Pareto maximal and hence
condition e fails. Suppose then that m;(Q;) = m;(P;) foreachi = 1,2, ..., n.
Then P and Q are p-equivalent. Since the collection of transfers that produces
Q from P is non-trivial, it follows that P and Q are not s-equivalent. These two
facts imply that P’s p-class consists of more than one s-class and, hence, condi-
tion e fails. This establishes that condition e implies condition a and complet«g
the proof of the theorem.

Corollary 14.5 Fix a partition P = (Py, P», ..., P,) € Part*. The following
are equivalent:

a. P is Pareto maximal but not strongly Pareto maximal.

b. The following two conditions hold:
i. Forallp € CS,CP(p) < 1.
ii. There exists ¢ € CS such that CP(¢) = 1 and all of the suprema of the

relevant pr;; are achieved.

c. For some w € S*, P is w-associated with w and does not satisfy the cyclic
boundary condition with respect to .

d. P is Pareto maximal and some non-trivial collection of transfers produces
a partition that is p-equivalent to P.

e. P is Pareto maximal and its p-class is the union of at least two s-classes (or,
equivalently, P is Pareto maximal and [P], # [P];).

[ m(P) lies in the interior of a line segment on the outer Pareto boundary of
the IPS.

Proof: The proofs that condition a implies condition b, condition b implies
condition ¢, condition ¢ implies condition d, condition d implies condition e,
conditions e and f are equivalent, and condition e implies condition a are each
either an immediate consequence of the theorem or else require only a straight-
forward additional argument. We omit the details. O

We note that by (the equivalence class version of ) Theorem 4.4, the ““at least
two” in part e of the corollary can be replaced by “infinitely many.”

By Theorem 12.14, some two players are in relative agreement on some
set of positive measure (or, equivalently, the RNS is concentrated) if and only
if there is a line segment on the outer Pareto boundary of the IPS. (For the
definitions of concentrated and of relative agreement see Definitions 12.9 and
12.11, respectively.) It follows from the equivalence of part a and f of the
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0,0,1)

Figure 14.2

corollary that this occurs if and only if there is a Pareto maximal partition
that is not strongly Pareto maximal. We shall use this idea in the proof of
Theorem 14.14.

The idea in the previous paragraph connects nicely with the notion of
w-association. We first consider the case of three players and then general-
ize to more than three players. Consider Figure 14.2. Assume that Player 1
and Player 2 are in relative agreement on some positive-measure set A. Then
f(A) lies on a line and this line contains Player 3’s vertex, as indicated in the
figure. By the preceding paragraph, there exists a partition that is Pareto max-
imal but not strongly Pareto maximal. It is not hard to see that there is such a
partition that is w-associated with w, where w is as indicated in the figure. In
fact, any partition that is w-associated with @ and does not give almost all of
A to Player 1 or almost all of A to Player 2 is Pareto maximal but not strongly
Pareto maximal. (Given A and f(A) as in the figure, it is not the case that any
o on the line containing f(A) will work. The point @ must be chosen so that
it is not the case that almost all of A goes to Player 3. So, for example, the '
shown in the figure will not work.) Thus we see that in the case of three players
there exists a partition that is Pareto maximal but not strongly Pareto maximal
if and only if the set of points of C associated with some line containing one of
the vertices of S has positive measure. Or, more specifically: for any v € ST,
there exists a partition that is Pareto maximal but not strongly Pareto maximal
and is w-associated with w if and only if, for some distincti,j = 1, 2, 3, the i, j
boundary associated with w corresponds to a piece of cake of positive measure.

Noting that a line is a one-dimensional subset of R*, we see how to generalize
the ideas in the preceding paragraph to the context of n players for n > 3. For
any such n, there exists a partition that is Pareto maximal but not strongly
Pareto maximal if and only if the set of points of C associated with some
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(n — 2)-dimensional subset of R” containing all but two of the vertices of S has
positive measure. Or, more specifically: for any @ € S*, there exists a partition
that is Pareto maximal but not strongly Pareto maximal and is w-associated with
w if and only if, for some i,j = 1, 2, ...n, the i, j boundary associated with
w corresponds to a piece of cake of positive measure.

We close this section by stating the chores versions of the two main re-
sults of this section, Theorem 14.4 and Corollary 14.5. Recall that a chores
partition ratio, qr; ; (see Definition 8.12), is an infimum. The definition of “a
qr;; infimum is achieved” is the natural adjustment of “a pr;; supremum is
achieved,” given in Definition 14.2. We also recall that CCS denotes the set of
all chores cyclic sequences and thatif ¢ = (qr;; , qr; ;5 ---» 4%, i, A%, ;) €
CCS, then the chores cyclic product of ¢, denoted by CCP(gp), is the prod-
uctqr;; qr;;, -+ -qr; ;. qr; ;- We shall need to revise the definition of cyclic
boundary condition with respect to @ (Definition 14.3) for our present context,
and to do so, we shall first need to revise the definition of the i, j boundary
associated with w (Definition 12.10).

Definition 14.6 Fix w = (w1, ws, ..., w,) € ST.Fordistincti, j =1,2,...,n,
apoint p = (py, p2, ..., pu) is on the chores i, j boundary associated with
if and only if

b — 2 and

pj @j

b. foranyk:1,2,...,nwithk7éiandk7éj,% < %ogpd B < &

— wx Pk T o’

Definition 14.7 Fix a partition P = (P, P,, ..., P,) and apoint w € S*. We
shall say that P satisfies the chores cyclic boundary condition with respect to w if

and only if for no sequence (ky, ks, .. ., k;) of distinct elements of {1, 2, ..., n}
does there exist a sequence (Qy,, Ok, - - ., Qk) of subsets of C of positive
measure such that, for each s = 1,2,...,¢, Qr, € P, and f(Qy,) is on the

chores kg, ks boundary associated with w, where we set k;; = kj.

The natural adjustments of Theorem 14.4 and Corollary 14.5 to the chores
context are the following. The proofs are analogous and we omit them.

Theorem 14.8 Fix a partition P = (Py, P, ..., P,) € Part™. The following
are equivalent:

a. P is strongly Pareto minimal.
b. For every ¢ € CCS, either
i. CCP(p) > 1or
ii. CCP(¢p) = 1 and atleast one of the infima in the definitions of the relevant
qr;; is not achieved.
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c. For some w € ST, P is chores w-associated with w and satisfies the chores
cyclic boundary condition with respect to w.

d. P is Pareto minimal and no non-trivial collection of transfers produces a
partition that is p-equivalent to P.

e. P is Pareto minimal and its p-class consists of a single s-class (or, equiva-
lently, P is Pareto minimal and [P], = [P]y).

f. m(P) lies on the inner Pareto boundary of the IPS but does not lie in the
interior of a line segment contained in the 1PS.

Corollary 14.9 Fix a partition P = (P, P5, ..., P,) € Part™. The following
are equivalent:

a. P is Pareto minimal but not strongly Pareto minimal.

b. The following two conditions hold:
i. Forall ¢ € CCS, CCP(p) > 1.
ii. There exists ¢ € CCS such that CCP(¢) = 1 and all of the infima of the

relevant qr;; are achieved.

c. For some w € ST, P is chores w-associated with w and does not satisfy the
chores cyclic boundary condition with respect to w.

d. P is Pareto minimal and some non-trivial collection of transfers produces a
partition that is p-equivalent to P.

e. P is Pareto minimal and its p-class is the union of at least two s-classes (or,
equivalently, P is Pareto minimal and [P], # [P],).

f. m(P) lies in the interior of a line segment on the inner Pareto boundary of
the IPS.

14C. Existence Questions in the Two-Player Context

If two partitions are p-equivalent and one is strongly Pareto maximal, then so
is the other. (This follows easily from the equivalence of condition a with either
condition e or condition f of Theorem 14.4.) Thus, we can refer to strongly Pareto
maximal p-classes and non-strongly Pareto maximal p-classes, and therefore
we canrefer to strongly Pareto maximal points and non-strongly Pareto maximal
points of the IPS. Similarly, we can refer to strongly Pareto minimal points and
non-strongly Pareto minimal points of the IPS. In this section, we consider exis-
tence questions. More specifically, we consider the following three questions:

a. What are the possible numbers of strongly Pareto maximal points?

b. What are the possible numbers of Pareto maximal points that are not strongly
Pareto maximal?

c. What is the relationship between the answers to questions a and b?
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Of course, these “numbers” can be infinite. In what follows, we shall distinguish
between countably infinite and uncountably infinite.

By the equivalence of conditions a and f of Theorem 14.4, a point of the IPS
is strongly Pareto maximal if and only if it lies on the outer Pareto boundary of
the IPS but does not lie in the interior of a line segment contained in the IPS.
We shall use this result, together with our work on the possible shapes of the
IPS in Chapter 11, to answer the three preceding questions for the two-player
context. In the next section, we consider the general n-player context.

Absolute continuity implies that the partitions (C, ) and (4, C) are each
strongly Pareto maximal. Obviously, these two partitions are not p-equivalent.
Hence, they correspond to distinct p-classes and different points in the IPS
(namely (1, 0) and (0, 1)). It follows that for every cake C and correspond-
ing measures m; and m,, there are at least two strongly Pareto maximal
p-classes and the corresponding IPS has a least two strongly Pareto maximal
points.

We are now ready to completely answer the preceding questions, for the
two-player context.

Theorem 14.10 For each of the following conditions, there exists a cake C and
measures my and my on C such that the given condition is satisfied:

Number of Strongly Number of Pareto Maximal Points
Pareto Maximal Points That Are Not Strongly Pareto Maximal
a. Any finitek > 2 Uncountably infinite
b.  Countably infinite Uncountably infinite
c.  Uncountably infinite 0
d.  Uncountably infinite Uncountably infinite

Also, this list is complete in the sense that any other combination of numbers
for the two given types of points is impossible.

Before proving Theorem 14.10, we re-examine Theorem 11.1, which char-
acterized the possible shapes of the IPS in the two-player context. We recall
that measures m; and m, are absolutely continuous with respect to each other
if and only if there are no points in the corresponding IPS that are on the line
segment between (1, 0) and (1, 1) or on the line segment between (0, 1) and
(1, 1), other than (1, 0) and (0, 1). Then, since we only consider measures in
this section that are absolutely continuous with respect to each other, we may
revise Theorem 11.1 as follows.
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Theorem 14.11 Let G be a subset of R%. There exists a cake C and measures
my and m, on C such that G is the IPS associated with the cake C and the
measures my and my if and only if G

is a subset of [0, 113,

contains the points (1, 0) and (0, 1),

is closed,

is convex,

is symmetric about the point (%, %), and

contains no points on the line segment between (1, 0) and (1, 1) or on the
line segment between (0, 1) and (1, 1), other than (1, 0) and (0, 1).

=~ & RS &R

Proof of Theorem 14.10: We recall (see Theorem 3.9) that in the two-player
context, when the measures are absolutely continuous with respect to each other,
the outer boundary of the IPS is equal to the outer Pareto boundary of the IPS.
Clearly the number of points on the outer boundary is uncountably infinite.

By the equivalence of conditions a and f of Theorem 14.4, a Pareto maximal
point is strongly Pareto maximal if and only if it does not lie in the interior of
a line segment contained in the IPS. Thus, to establish that situations a through
d are possible, we need only exhibit a set G C R? such that

e (G satisfies the six conditions of Theorem 14.11,

¢ the number of points on the outer boundary of G that do not lie in the interior
of a line segment contained in the IPS is equal to the desired number of
strongly Pareto maximal points, and

¢ the number of points on the outer boundary of G that lie in the interior of a
line segment contained in the IPS is equal to the desired number of Pareto
maximal points that are not strongly Pareto maximal.

Such sets G are easy to exhibit. Some examples are shown in Figure 14.3. In
each of these figures, we have displayed an IPS satisfying the six conditions of
Theorem 14.11 and have darkened the outer boundary. Figures 14.3ai, 14.3aii,
and 14.3aiii correspond to situation a of the theorem with k = 3, k = 4, and
k =17, respectively. In each of these figures, the outer boundary consists of a
finite set of line segments. The corner points where two such line segments
meet, together with the points (1, 0) and (0, 1), are the only points on the outer
boundary of the IPS that do not lie in the interior of a line segment contained
in the IPS. Since the total number of Pareto maximal points is uncountably
infinite and the number of strongly Pareto maximal points is finite, it follows
that the number of Pareto maximal points that are not strongly Pareto maximal
is uncountably infinite.
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Figure 14.3b corresponds to situation b of the theorem. The number of
corner points on the outer boundary of this IPS is countably infinite. (We have
highlighted only a finite number of these corner points. As we proceed from the
point (1, 0) to the point (0, 1), the line segments shorten in length and change
their slope.) Thus, the number of strongly Pareto maximal points is countably
infinite, and it follows that the number of Pareto maximal points that are not
strongly Pareto maximal is uncountably infinite.

Figure 14.3c corresponds to situation ¢ of the theorem. The outer boundary
of this IPS consists of a (non-straight line) curve and hence contains no line
segments. Then certainly no point along this outer boundary lies in the interior of
a line segment contained in the IPS. Consequently, there are no Pareto maximal
points that are not strongly Pareto maximal, and the number of strongly Pareto
maximal points is uncountably infinite.

Figure 14.3d corresponds to situation d of the theorem. The outer boundary
of this IPS consists of two pieces. The (non-straight line) curve making up the
upper-left piece guarantees that the number of strongly Pareto maximal points
is uncountably infinite, as in situation ¢, while the line segment making up the
lower-right piece guarantees that the number of Pareto maximal points that are
not strongly Pareto maximal is also uncountably infinite.
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It remains for us to show that any combination of numbers not given by
situations a through d is impossible. We first consider the possible numbers of
strongly Pareto maximal points, then the possible number of Pareto maximal
points that are not strongly Pareto maximal, and lastly the combination of these
numbers.

The only omissions in the “Number of Strongly Pareto Maximal Points™ list
are “0” and “1.” But we have previously shown that there must be at least two
strongly Pareto maximal points (namely the points (1,0) and (0,1)), and so “0”
and “1” are impossible.

Next, we must show that “uncountably infinite” and “0” are the only pos-
sibilities for the number of Pareto maximal points that are not strongly Pareto
maximal. This is so since the outer boundary of the IPS either contains a line
segment or else it does not. It follows from the equivalence of conditions a and f
of Corollary 14.5 that, in the first case, there are uncountable many such points
and, in the second case, there are none.

Finally, we consider the relationship between the number of strongly Pareto
maximal points and the number of Pareto maximal points that are not strongly
Pareto maximal. Since the number of Pareto maximal points is uncountably
infinite, it follows that if the number of strongly Pareto maximal points is
finite or countably infinite, then the number of Pareto maximal points that
are not strongly Pareto maximal must be uncountably infinite, as stated in the
theorem. On the other hand, if the number of strongly Pareto maximal points is
uncountably infinite, then the theorem tells us that both “0” and “uncountably
infinite” are possibilities for the number of Pareto maximal points that are not
strongly Pareto maximal. Thus, the theorem gives a complete list of all such
possibilities. O

We observe that the theorem, combined with the equivalence of parts a and
e of Theorem 14.4, the equivalence of parts a and e of Corollary 14.5, and the
(equivalence class version of) Theorem 2.6, implies that there can be Pareto
maximal partitions whose p-class is the union of infinitely many s-classes, and
there can be Pareto maximal partitions whose p-class is a single s-class. We
discussed this possibility at the end of Section 5B. Theorem 14.13 will shed
additional light on this issue.

The chores version of Theorem 14.10 is the following. The proofis analogous
and we omit it.

Theorem 14.12 For each of the following conditions, there exists a cake C
and measures m; and m, on C such that the given condition is satisfied:
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Number of Strongly Number of Pareto Minimal Points
Pareto Minimal Points That Are Not Strongly Pareto Minimal
a. Any finitek > 2 Uncountably infinite
b.  Countably infinite Uncountably infinite
¢.  Uncountably infinite 0
d.  Uncountably infinite Uncountably infinite

Also, this list is complete in the sense that any other combination of
numbers for the two given types of points is impossible.

We conclude this section by considering a topic that is not an existence
result. It is closely related to ideas considered in this section, so we include
it here. We have seen that every p-class is the union of s-classes and, by the
equivalence of parts a and e of Theorem 14.4 and of Theorem 14.8, a Pareto
maximal or a Pareto minimal p-class is strongly Pareto maximal or strongly
Pareto minimal, respectively, if and only if it consists of a single s-class. This,
together with (the equivalence class version of ) Theorem 2.6, enables us to
completely characterize which p-classes are single s-classes and which are
unions of more than one s-class. We recall that each point in the IPS corresponds
to a single p-class.

Theorem 14.13 A p-class consists of a single s-class if and only it is either
strongly Pareto maximal or strongly Pareto minimal.

Proof: Fix some p-class and suppose that g is the corresponding point in
the IPS.

For the forward direction, suppose that ¢ is neither strongly Pareto maximal
nor strongly Pareto minimal. We consider three cases.

Case 1: g is Pareto maximal. By the equivalence of conditions a and e of
Theorem 14.4, the p-class corresponding to ¢ is the union of at least two
s-classes.

Case 2: g is Pareto minimal. By the equivalence of conditions a and e of
Theorem 14.8, the p-class corresponding to ¢ is the union of at least two
s-classes.

Case 3: ¢ is neither Pareto maximal nor Pareto minimal. Then ¢ is not on
the outer boundary or the inner boundary of the IPS. Hence, ¢ is not on
the boundary of the IPS and thus is an interior point of the IPS. Then
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certainly ¢ lies in the interior of a line segment contained in the IPS and
therefore (the equivalence class version of ) Theorem 2.6 implies that the
p-class corresponding to ¢ is the union of at least two s-classes.

The reverse direction follows immediately from the equivalence of condi-
tions a and e of Theorem 14.4 and the equivalence of conditions a and e of
Theorem 14.8. ]

It follows from (the equivalence class version of ) Theorem 2.6 that if the
conditions of the theorem fail, then the p-class corresponding to ¢ is the union
of infinitely many s-classes.

14D. Existence Questions in the General n-Player Context

In this section, we consider existence questions in the general n-player context.
As in the previous section, we shall be concerned with the relationship between
the number of strongly Pareto maximal points and the number of Pareto maximal
points that are not strongly Pareto maximal. Unfortunately, we do not have a
precise adjustment of Theorem 14.10. The proof of the this result relied on
Theorem 11.1 and, as discussed in Chapter 11, the obvious generalization of
this theorem to the n-player context is false, and we do not have a complete
picture of the possible shapes of the IPS in this general context. Thus, we are not
in a position to generalize Theorem 14.10 precisely. However, we shall come
close to doing so in Theorem 14.14, although the proof is quite different.

We begin by noting that the proof of the last statement of Theorem 14.10
applies generally, not just in the two-player context. Thus, any combination
of numbers not given by Theorem 14.10 for the two types of points is not
possible. So the question is: of those combinations given by the theorem, which
are possible in the general n-player context? Our answer is Theorem 14.14.
It is almost the same as Theorem 14.10. Situations b, ¢, and d are identical
but, because of our inability to use Theorem 11.1, situation a is weaker. For
situation a, we have substituted “arbitrarily large finite” for “any finite k > 2.”
Since giving all of the cake to any one player results in a strongly Pareto
maximal partition, and giving all of the cake to different players results in non-
p-equivalent partitions, it follows that when there are n players there are at
least n strongly Pareto maximal points in the IPS. However, we do not know,
for example, whether, when n = 10, there exists a cake C and measures m,
mo, . ..,mjoon C such that there are exactly seventeen strongly Pareto maximal
points.
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Theorem 14.14 Fix n > 2. For each of the following conditions, there exists

a cake C and measures my, mo, ..., m, on C such that the given condition is
satisfied:
Number of Strongly Number of Pareto Maximal Points
Pareto Maximal Points That Are Not Strongly Pareto Maximal
a. Arbitrarily large finite Uncountably infinite
b.  Countably infinite Uncountably infinite
c.  Uncountably infinite 0
d.  Uncountably infinite Uncountably infinite

Also, this list is complete in the sense that any other combination of
numbers for the two given types of points is impossible, with one exception. We
do not know whether, in general, for a given (finite) number k, there exists a
cake and corresponding measures such that there are exactly k strongly Pareto
maximal points (and thus an uncountably infinite number of Pareto maximal
points that are not strongly Pareto maximal).

The proof of Theorem 14.14 is somewhat harder than the proof of The-
orem 14.10, since we have to actually construct each example, rather than
being able to use Theorem 11.1 to obtain examples of IPSs having the desired
properties.

Proof of Theorem 14.14: We have already observed that the proof of the com-
pleteness of the list (with the exception noted) is exactly as in the proof of
Theorem 14.10. For situations a, b, and part of d, we shall use Theorem 14.4.
The equivalence of parts a and f of this result tells us that it suffices to show
that, for some cake C and measures m, m», ..., m, on C,

¢ the number of points on the outer Pareto boundary of the corresponding
IPS that do not lie in the interior of a line segment contained in the IPS is
equal to the desired number of strongly Pareto maximal points, and

¢ the number of points on the outer Pareto boundary of the corresponding
IPS that lie in the interior of a line segment contained in the IPS is equal
to the desired number of Pareto maximal points that are not strongly Pareto
maximal.

By Theorem 5.18, we know that the number of Pareto maximal points is in-
finite. In particular, this result tells us that, for any p € R” with all non-negative
coordinates and at least one positive coordinate, there is a positive number A
such that Ap is a Pareto maximal point. There is obviously an uncountably
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infinite number of choices for p, and it is easy to see that each such choice re-
sults in a different Pareto maximal point. Hence, the number of Pareto maximal
points is uncountably infinite. Thus, for situations a and b, it suffices to show
that, for some cake C and measures m, my, ..., m, on C, the corresponding
IPS has the desired number of strongly Pareto maximal points, since then the
number of Pareto maximal points that are not strongly Pareto maximal will
certainly be uncountably infinite.

For situation a, fix any £ > 0. We must show that there is a cake C and
measures my, my, ..., m, on C so that the number of points on the outer Pareto
boundary of the IPS that are not interior points of line segments of the IPS is
finite and at least k.

We first define a cake C and measures m, mo, ..., m, on C so that the RNS
consists of k points (each of which corresponds to a positive-measure piece
of cake). We do so in a manner similar to the construction used in previous
examples (see, for example, Examples 13.22 and 13.23). Let C be the interval
[0, k) and let m; be Lebesgue measure on C. Fix a!, o?, ..., " € ST, where
Sis the (k — 1)-simplex and S™ is its interior. (We shall discuss how to choose
the o' shortly.) Foreachi = 1,2, ...,n, leta’ = (a, &, ..., }) and define
m; on C as follows: forany A C C,

mi(A) = aimp(AN[0, 1))+ abmp(AN[L,2))
+- 4 almp(ANTk — 1, k)

It is straightforward to verify that each m; is a (countably additive, non-atomic,
probability) measure on C and, for each j =1,2,...,k and almost every

aclj—1,)), fla)= (m)(aj, e ..,a’). (See the discussion

preceding Example 13. 22. ) By redeﬁnmg f on a set of measure zero if neces-

sary, we may assume that, for every a € [j — 1, j), f(a) (m)
12

(a; i a; j, ... ") It is easy to see that we can choose the o' so that the pomts

(r

a; +a + +a
that the RNS (which is the range of f) consists of k distinct points.

Using the ideas developed in Chapter 12, it is not hard to see that

)(a], af, ..., a}), for j =1,2,... k, are distinct. This implies

¢ each of the k points defined in the previous paragraph corresponds to a “flat”
region on the outer Pareto boundary of the IPS. In other words, each such
point corresponds to a convex region on the outer Pareto boundary of maximal
(i.e., n — 1) dimension.

* there are no curved regions on the outer Pareto boundary of the IPS.

In particular, the outer Pareto boundary of the IPS is the union of at least k
flat regions. (There will, in general, be more than k such regions. We discussed
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this issue in Chapter 12, following the proof of Theorem 12.14, and illustrated
it in Figure 12.5.) It follows that a point on the outer Pareto boundary of the
IPS is not an interior point of a line segment contained in the IPS if and only
if it is a jagged point of the IPS. Jagged points correspond to the open regions
of the RNS that we discussed in Chapter 12. (See the discussion following the
statement of Theorem 12.18 and see Figure 12.7.) Clearly, the number of such
regions is finite and at least k. This establishes that situation a is possible.

The proof for situation b is similar. We must show that there is a cake C
and measures m, ma, ..., m, on C so that the number of points on the outer
Pareto boundary of the corresponding IPS that are not interior points of line
segments contained in the IPS is countably infinite. We begin by revising our
preceding construction so that the resulting RNS consists of a countably infinite
collection of points (with each such point corresponding to a piece of cake of
positive measure).

Let C be the interval [0, co) and let m; be Lebesgue measure on C. Fix
o', o?,...a", where each o is an infinite sequence of positive real numbers
that sum to one. (We shall discuss how to choose the o' shortly.) For each
i=1,2,...,nleta’ = (af, ) i, ...) and define m; on C as follows: for
any A C C,

mi(A) = aim (AN[0, 1))+ abm (AN[L,2))
+almp(AN[2,3)+ -

It is straightforward to verify that each m; is a (countably additive, non-
atomic, probability) measure on C. For each j and almosteverya € [j — 1, j),

_ 1 1 2 n . )
f(a) = (07/1‘+a?+'..+a7 )(aj, aji, ..., aj) and, by redefining f on a set of mea
sure zero, if necessary, we may assume that, for everya € [j — 1, j), f(a) =

1 1 2 n ‘o
(a%} o Sa— ) (aj, ag, ..., aj). As before, it is easy to see that we can choose

the o so that the points (m) (a}, ajz., ...,a"), for different j, are
distinct. This implies that the RNS consists of a countably infinite collection of
points.

We shall need to look at an infinite subcollection of the collection of points
just defined. We want the collection of points in the RNS to contain none of its
limit points. It is easy to find an infinite subcollection satisfying this property.
(For example, if the previously defined collection does contain a limit point,
consider some sequence of points from this collection that converges to the
given limit point, and keep just the points in this sequence, not including the
limit point. This collection will contain no limit points of itself.) Next we simply
redefine the cake by throwing out any cake associated with points of the RN'S
that we have discarded and scale the measures accordingly. This may change
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the location of the points that make up the RNS, but it will not change the fact
that the RNS consists of a countably infinite collection of points that includes
none of its limit points.

The proof for situation b continues to parallel that of situation a. We must
show that the number of points on the outer Pareto boundary of the IPS that are
not interior points of line segments contained in the IPS is countably infinite. As
in our proof for situation a, we claim that a point on the outer Pareto boundary
of the IPS is not an interior point of a line segment contained in the IPS if and
only if it is a jagged point of the IPS. However, this fact is slightly harder to see
now than in our previous setting.

It is certainly true that, just as the outer Pareto boundary of the IPS consisted
of the union of at least k flat regions in our proof for situation a, in our present
setting the outer Pareto boundary of the IPS consists of the union of a countably
infinite collection of flat regions. However, this alone does not allow us to
conclude that a point on the outer Pareto boundary of the IPS is a jagged point
of the IPS if and only if it is not an interior point of a line segment contained
in the IPS. Consider Figure 14.4, where we assume that there are two players.
Figure 14.4a shows an IPS and Figure 14.4b shows the corresponding RNS.
We assume that the RNS of Figure 14.4b includes a countable sequence of
points that converges to the point u, which is also in the RNS. (In the figure, we
have shown just nine points of this countable sequence.) As we have previously
discussed (see Example 12.3 and Figures 12.1bi and 12.2bii), each such point in
the RNS corresponds to a line segment on the outer Pareto boundary of the IPS.
In particular, the first point in this sequence corresponds to the first line segment
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in the upper left of the outer Pareto boundary of the IPS in Figure 14.4a, the
second point in the RNS sequence corresponds to the second line segment on
the outer Pareto boundary of the IPS, etc. The limit of these line segments is the
point p. The point u in the RNS corresponds to the line segment in the lower
right of the outer Pareto boundary of the IPS, i.e., the line segment between
the point p and the point (1, 0). Every point in the RNS that is not equal to u
corresponds to a line segment on the outer Pareto boundary of the IPS that has
slope not equal to that of the line segment corresponding to u. It follows that p
is not an interior point of a line segment contained in the IPS.

It is also not hard to see that p is not a corner point on the outer Pareto
boundary of the IPS. (Recall that “corner point” is the two-player version of
“edge point” and that a jagged point is a special case of an edge point.) One
way to see this is to note that, since the sequence of points in the RNS ap-
proaches u, the corresponding sequence of slopes of line segments on the outer
Pareto boundary of the IPS is a decreasing sequence (becoming more and more
negative) that approaches the slope of the line segment corresponding to u. An
equivalent perspective is provided by recalling Observation 12.5: a corner point
on the outer Pareto boundary of the IPS corresponds to a gap in the RNS. Since
there is no gap between u and the countable sequence of points in the RNS
converging to u, it follows that p is not a corner point.

Thus, we see that a point on the outer Pareto boundary of the IPS that is
not an interior point of a line segment contained in the IPS is not necessarily
a jagged point of the IPS. Returning to the proof of situation b and the RNS
(which consists of a countably infinite number of points) and IPS (whose outer
Pareto boundary is the union of a countably infinite collection of flat regions)
that we defined previously, we see that the situation described in the preceding
two paragraphs does not arise in our present context, since we have made sure
that no point in the RNS is the limit of points in the RNS. Hence, a point on
the outer Pareto boundary of the IPS is not an interior point of a line segment
contained in the IPS if and only if it is a jagged point of the IPS. We must show
that the number of jagged points on the outer Pareto boundary of the IPS is
countably infinite.

As we did for situation a, we shall again use the fact that jagged points of
the IPS correspond to certain open regions of the RNS of the type discussed
in Chapter 12. Since the countable collection of points that make up the RNS
contains none of its limit points, it follows that there are countably many such
regions and hence countably many jagged points. (The idea here is that if we
consider Figure 12.7 and imagine countably many points making up the RNS
instead of three points, then the lack of limit points implies that we will have the
same sort of open regions as in the figure, just more of them. For an extreme but
simple example of how limit points in the RNS can cause problems, suppose
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that the RNS consists of all points in ST with all rational coordinates. This is a
countable set, but there are no open regions of the type under consideration and
illustrated in Figure 12.7. Hence, the corresponding IPS has no jagged points.)
This establishes that situation b is possible.

Next, we turn to situation c. Since we know that there are always uncountably
many Pareto maximal points, it suffices to define a cake C and corresponding
measures mp, ms, . . ., m, so that every Pareto maximal point is strongly Pareto
maximal.

We define the cake C in a rather different manner from that used in previous
constructions. We shall define C to be a certain subset of the simplex (actually,
the entire interior of the simplex) and then shall define the measures in such a
way that each point of C is associated with itself. In other words, the function
f : C — § will be the identity and the cake C will equal the associated RNS.

Our cake C is the interior of §, the (n — 1)-simplex. Define a measure & on
C as follows: for A C C,

W(A) = n (mL(A))

m(C)

where mj; denotes (n — 1)-dimensional Lebesgue measure on S. Then

w(C) =n.
Foreachi = 1,2, ..., n define f; on C as follows:

for each a € C, f;(a) = theith coordinate of a

For each such a, fi(a)+ fa(a)+---+ fu(a) =1, since a € S. Symmetry
considerations tell us that [ fidu = [, fodu=---= [ f, du and hence,
since

/fldu+/fzdu+---+/fndu
C C C

=/C(f1+fz+---+fn)du

=/1du=u(C)=n
C

itfollows that [. fidu = [, fodu=---= [ fudpn = 1.Then, foreachi =
1,2, ..., n, we may define m; on C as follows: forany A C C,
ma) = [ fidu
A

Then each m; is a (countably additive, non-atomic, probability) measure on C,
and fi, fa, ..., fu are the density functions of m;, m, ..., m,, respectively,
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with respect to w. It is clear from our construction that, in this case, the usual
identification of points in C with points in § simply identifies points with
themselves.

We claim that this RNS is not concentrated. Suppose, by way of contradic-
tion, that for some w € St and i, j = 1,2, ..., n the RNS is i, j-concentrated
with respect to w. Let H denote the 7, j boundary associated with w, and note
that H has dimension n — 2. Then the set of bits of cake corresponding to H
has positive measure. Since in this case f'is the identity function, it follows that
H actually contains a piece of cake of positive measure. Call this piece of cake
A. Then A has positive (n — 1)-dimensional Lebesgue measure. But this is a
contradiction, since A € H, H has dimension n — 2, and (n — 1)-dimensional
Lebesgue measure assigns measure zero to any such lower-dimensional object.
Hence, the RNS is not concentrated.

Theorem 12.14 implies that there are no line segments on the outer Pareto
boundary of the IPS. By the equivalence of parts a and f of Corollary 14.5, it
follows that every Pareto maximal partition is strongly Pareto maximal. This
establishes that situation c is possible.

For situation d, we need to define a cake C and measures m, my, ..., m,
on C so that in the corresponding IPS there are uncountably many strongly
Pareto maximal points and uncountable many Pareto maximal points that are
not strongly Pareto maximal. Informally, the construction is as follows. The
cake will consist of two pieces. One piece will be like the cake of situation c
and will produce a part of the outer Pareto boundary of the IPS. As in situation
¢, this part will contain no line segments and, hence, will contain only strongly
Pareto maximal points. The other piece of the cake will be a piece on which
all n players’ measures are equal to each other and, hence, will produce line
segments on the outer Pareto boundary of the IPS. Thus, this part of the IPS
will contain the required Pareto maximal points that are not strongly Pareto
maximal.

To begin our construction, we let C; be the interior of the (n — 1)-simplex
(and so C is the same as C in our proof for situation c¢). C, can be defined
somewhat arbitrarily. For definiteness, we let C, = [0, 1], the unit interval on
the real number line. Set C = C; U C».

Next, we wish to define measures mi, my, ..., m, on C. For each i =
1,2,...,n,let m; be defined on C| precisely as m; was defined on the cake C in
our proof for situation c, and let m;, be Lebesgue measure on the unit interval.
Then, for each such i, we define m; on C as follows: for any A C C,

1 1
mi(A) = 5M§(A NCH+om(ANC)
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It is straightforward to verify that each m; is a (countably additive, non-
atomic, probability) measure on C. As in the proof for situation c, we see that
all points of C; get mapped by fto themselves and, thus, the RNS associated
with Cy is C itself. Since the measures are equal to each other on C3, it follows

. . 1 1 1 .
that all of C; is mapped by f to the point (-, -, ..., ) and, hence, all of C; is
associated with this point.

Since (,lw % e, %) is associated with a positive-measure piece of cake, this

point corresponds to a flat region on the outer Pareto boundary of the IPS.
Thus, there are line segments on the outer Pareto boundary of the IPS, and so
the number of points on the outer Pareto boundary that are interior points of
line segments is uncountably infinite. Therefore, the number of Pareto maximal
points that are not strongly Pareto maximal is uncountably infinite.

We must show that the number of points that are strongly Pareto maximal
is uncountably infinite. Fix @ € ST such that fornoi, j = 1,2, ..., n does the
i,j boundary associated with w contain the point (%, %, R %), and suppose
that P is any partition of C that is w-associated with w. It is easy to see that
each such i, j boundary is associated with a piece of cake of measure zero. It
follows that P satisfies the cyclic boundary condition with respect to w (see
Definition 14.3). The equivalence of parts a and ¢ of Theorem 14.4 implies that
P is strongly Pareto maximal.

There is certainly an uncountably infinite number of @ € S* satisfying that
the point (%, nl, e, %) is not on any i,j boundary associated with w. It is
easy to see (using the definition of the m}) that p-equivalent partitions cannot
be w-associated with distinct w. We conclude that there is an uncountably
infinite collection of strongly Pareto maximal partitions that are pairwise non-
p-equivalent and, hence, that the number of strongly Pareto maximal points in
the IPS is uncountably infinite. This establishes that situation d is possible and
thus completes the proof of the theorem. O

The cake and measures constructed for situation c of the theorem relates to
issues we studied in Chapter 12. We showed that the RNS in this situation is
not concentrated. It is not hard to see that this RNS is also not separable. Thus,
besides containing no line segments, we also know by Theorem 12.18 that the
outer Pareto boundary of the IPS contains no edge points. Theorems 12.12 and
12.16 imply that the relation M (see Definition 12.1) is one-one on the entire
cake. We also note that since this RNS is not concentrated, Theorem 12.36
implies that there exists a partition of the corresponding cake that is strongly
envy-free and Pareto maximal.

Next, we state the chores version of Theorem 14.14. The proof is analogous
and we omit it.



14E. The Situation Without Absolute Continuity 409

Theorem 14.15 Fix n > 2. For each of the following conditions, there exists

a cake C and measures my, mo, ..., m, on C such that the given condition is
satisfied:

Number of Strongly Pareto Number of Pareto Minimal Points

Minimal Points That Are Not Strongly Pareto Minimal
a. Arbitrarily large finite Uncountably infinite
b. Countably infinite Uncountably infinite
c.  Uncountably infinite 0
d. Uncountably infinite Uncountably infinite

Also, this list is complete in the sense that any other combination of
numbers for the two given types of points is impossible, with one exception.
We do not know whether, in general, for a given (finite) number k there exists a
cake and corresponding measures such that there are exactly k strongly Pareto
minimal points (and thus an uncountably infinite number of Pareto minimal
points that are not strongly Pareto minimal).

We close this section by noting a connection between the standard context
and the chores context. As we discussed earlier in this chapter (see the discussion
following the proof of Corollary 14.5), there exists a Pareto maximal point that
is not strongly Pareto maximal if and only if the RNS is concentrated. (We used
this in the proof for situation c of Theorem 14.14.) It is also true that there
exists a Pareto minimal point that is not strongly Pareto minimal if and only if
the RNS is concentrated. Hence, there exists a Pareto maximal point that is not
strongly Pareto maximal if and only if there exists a Pareto minimal point that
is not strongly Pareto minimal.

14E. The Situation Without Absolute Continuity

In this section, we reconsider the results of the previous sections of this chapter,
no longer assuming that the measures are absolutely continuous with respect
to each other. Theorem 14.4 gave various characterizations of strong Pareto
maximality, Corollary 14.5 gave various characterizations of Pareto maxi-
mality with the failure of strong Pareto maximality, and Theorem 14.8 and
Corollary 14.9 gave analogous results in the chores context. These results hold in
the absence of absolute continuity. Some minor revisions are necessary in some
definitions and terminology, and in the proof. (For example, “cyclic boundary
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condition with respect to @” and “non-trivial collection of transfers” must be
redefined to refer to specific measures instead of referring to “positive mea-
sure,” and Lemma 8.17 and Theorem 8.24 must be used instead of Lemma 8.3
and Theorem 8.9, respectively.) We omit the details.

Next, we consider Theorem 14.10, which told us the possible numbers
of strongly Pareto maximal points versus Pareto maximal points that are not
strongly Pareto maximal, when there are two players. Obviously, each of the
four situations named in the theorem is still possible if we no longer assume
absolute continuity. (We are not assuming that absolute continuity fails; hence,
the same examples work in our present setting.) However, this list is not com-
plete. By Theorem 5.40, we see that it is possible to have only one Pareto
maximal point. Hence, there is a situation that is possible in our present setting
that was not possible when we assumed that the two measures were absolutely
continuous with respect to each other.

Our adjusted version of Theorem 14.10 is the following.

Theorem 14.16 For each of the following conditions, there exists a cake C
and measures my and my on C such that the given condition is satisfied:

Number of Strongly Number of Pareto Maximal Points
Pareto Maximal Points That Are Not Strongly Pareto Maximal
a 1 0
b. Any finite k > 2 Uncountably infinite
c.  Countably infinite Uncountably infinite
d.  Uncountably infinite 0
e. Uncountably infinite Uncountably infinite

Also, this list is complete in the sense that any other combination of numbers
for the two given types of points is impossible.

Proof: For situation a, we must show that, for some cake C and measures m; and
my on C, the corresponding IPS has exactly one strongly Pareto maximal point
and no Pareto maximal points that are not strongly Pareto maximal. Choose
any cake C and measures m and m, on C that concentrate on disjoint sets. By
Theorem 5.40, the corresponding IPS has exactly one Pareto maximal point,
and this point s (1, 1). Since the IPS is a subset of the unit square, it is clear that
(1, 1) is not an interior point of a line segment contained in the IPS. It follows
from the equivalence of parts a and f of Theorem 14.4 that (1, 1) is a strongly
Pareto maximal point. Hence, (1, 1) is the only strongly Pareto maximal point
and there are no Pareto maximal points that are not strongly Pareto maximal.
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As discussed earlier, Theorem 14.10 implies that all of the other situations
given in the theorem are possible. To see that the list is complete, we note that if
the measures concentrate on disjoint sets then, by Theorem 5.40, there is exactly
one Pareto maximal point, (1, 1), and as discussed in the preceding paragraph
this point is strongly Pareto maximal. Thus, situation a is the only possibility
in this case. If the measures do not concentrate on disjoint sets, then it is easy
to see that the number of Pareto maximal points in uncountably infinite. (By
Theorem 5.40, the number of Pareto maximal points is infinite. Since the outer
Pareto boundary is certainly connected, it follows that the number of such points
is uncountably infinite.) In this case, the proof that situations b, c, d, and e are
the only possibilities is as in the proof of Theorem 14.10. O

The chores version of Theorem 14.16 is the following. The proof is analogous
and we omit it.

Theorem 14.17 For each of the following conditions, there exists a cake C
and measures my and my on C such that the given condition is satisfied:

Number of Strongly Number of Pareto Minimal Points
Pareto Minimal Points That Are Not Strongly Pareto Minimal
a 1 0
b.  Any finite k > 2 Uncountably infinite
c.  Countably infinite Uncountably infinite
d.  Uncountably infinite 0
e.  Uncountably infinite Uncountably infinite

Also, this list is complete in the sense that any other combination of numbers
for the two given types of points is impossible.

Theorem 14.13 told us that a p-class consists of a single s-class if and only
if it is either strongly Pareto maximal or strongly Pareto minimal. The reverse
direction of this result holds regardless of any absolute continuity assumptions.
Concerning the forward direction, consider the points (1, 0) and (0, 1). These
are points in the IPS and, since the IPS is a subset of the unit square, it follows
that neither of these points lies in the interior of a line segment contained in the
IPS. Therefore, by (the equivalence class version of ) Theorem 2.6, the p-class
corresponding to each of these points consists of a single s-class. Suppose now
that neither measure is absolutely continuous with respect to the other. Then,
by Lemma 3.29, neither (1, 0) nor (0, 1) is Pareto maximal or Pareto minimal
and, hence, neither is strongly Pareto maximal or strongly Pareto minimal.
Therefore, in this situation, the forward direction of Theorem 14.13 fails. It is
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not hard to see that this is the only possible violation of this result. In particular,
if one of the measures is absolutely continuous with respect to the other, then
Theorem 14.13 holds since, in this case, one of (1, 0) and (0, 1) will be strongly
Pareto maximal and the other will be strongly Pareto minimal.

Next, we consider Theorem 14.14, which concerns the possible numbers
of strongly Pareto maximal points versus Pareto maximal points that are not
strongly Pareto maximal when there are more than two players. Certainly, the
examples constructed in the proof of Theorem 14.14 show that each of the four
given situations is possible in our present context. However, precisely as in the
two-player context, Theorem 5.40 tells us that when the measures concentrate
on disjoint sets then there is exactly one strongly Pareto maximal point and no
Pareto maximal points that are not strongly Pareto maximal. Thus, our adjusted
version of Theorem 14.14 is the following.

Theorem 14.18 Fix n > 2. For each of the following conditions, there exists

a cake C and measures my, ms, ..., m, on C such that the given condition is
satisfied:
Number of Strongly Number of Pareto Maximal Points
Pareto Maximal Points That Are Not Strongly Pareto Maximal
a 1 0
b.  Arbitrarily large finite Uncountably infinite
c.  Countably infinite uncountably infinite
d.  Uncountably infinite 0
e.  Uncountably infinite Uncountably infinite

Also, this list is complete in the sense that any other combination of
numbers for the two given types of points is impossible, with one exception. We
do not know whether, in general, for a given (finite) number k, there exists a
cake and corresponding measures such that there are exactly k strongly Pareto
maximal points (and thus an uncountably infinite number of Pareto maximal
points that are not strongly Pareto maximal).

It is possible to be slightly more specific about the possibilities for finitely
many strongly Pareto maximal points. We shall not establish a general result,
but shall instead present an example to illustrate the idea. Assume that there
are three players, that Player 1 and Player 2 have identical measures, and that
these two measures on the one hand, and Player 3’s measure on the other hand,
concentrate on disjoint sets. The corresponding RNS and IPS are shown in
Figures 14.5a and 14.5b, respectively. In this case, the Pareto maximal points
are the points on the closed line segment in Figure 14.5b between the points p
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0,0,1)

(1,0,0) 0,1,0)

(@ (b)
Figure 14.5

and q. Then the equivalence of parts a and f of Theorem 14.4 implies that p and ¢
are the only strongly Pareto maximal points. This is in contrast with the situation
when the measures are absolutely continuous with respect to each other. In that
case, we saw (see the paragraph preceding the statement of Theorem 14.14) that
when there are n players there are always at least n strongly Pareto maximal
partitions. For more than three players, it is possible to generalize this idea to
obtain IPSs that have various numbers of Pareto maximal points that are strictly
between one and 7.

We conclude this section by stating the chores version of Theorem 14.18.
The proof is analogous and we omit it. Whereas situation a of Theorem 14.18
corresponds to the measures concentrating on disjoint sets, situation a of The-
orem 14.19 corresponds to the measures concentrating on the complements of
disjoint sets.

Theorem 14.19 Fix n > 2. For each of the following conditions, there exists

a cake C and measures my, mo, ..., m, on C such that the given condition is
satisfied:
Number of Strongly Number of Pareto Minimal Points
Pareto Minimal Points That Are Not Strongly Pareto Minimal
a. 1 0
b.  Arbitrarily large finite Uncountably infinite
c.  Countably infinite Uncountably infinite
d.  Uncountably infinite 0
e.  Uncountably infinite Uncountably infinite
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Also, this list is complete in the sense that any other combination of
numbers for the two given types of points is impossible, with one exception. We
do not know whether, in general, for a given (finite) number k, there exists a
cake and corresponding measures such that there are exactly k strongly Pareto
minimal points (and thus an uncountably infinite number of Pareto minimal
points that are not strongly Pareto minimal).

14F. Fairness and Efficiency Together: Part 3

In this section, we revisit Section 12E. We make no assumptions about absolute
continuity.

We recall the main theorem of that section, Theorem 12.32: There exists
a partition that is envy-free and Pareto maximal. After we proved this result,
we considered a strengthening. We showed (see Lemma 12.35) that if P is
the envy-free and Pareto maximal partition from the proof of Theorem 12.32
and m(P) is not on a line segment on the outer Pareto boundary of the IPS,
then P is strongly envy-free. This result, combined with Theorem 12.14, told
us (see Theorem 12.36) that if no two players are in relative agreement on any
set that has positive measure to each of these two players (or, equivalently,
if the RNS is not concentrated), then there exists a partition that is strongly
envy-free and Pareto maximal. We are now in a position to show that, with this
same assumption, there exists a partition that is strongly envy-free and strongly
Pareto maximal.

Theorem 14.20 Ifno two players are in relative agreement on any set that has
positive measure to each of these two players (or, equivalently, if the RNS is
not concentrated), then there exists a partition that is strongly envy-free and
strongly Pareto maximal.

Proof: Let P be the partition obtained as in the proof of Theorem 12.32. Then
P is Pareto maximal and envy-free. Assume that no two players are in relative
agreement on any set that has positive measure to each of these two players
and, hence, that the RNS is not concentrated. We claim that P is strongly Pareto
maximal and strongly envy-free.

Since the RNS is not concentrated, Theorem 12.14 tells us that there are no
line segments on the outer Pareto boundary of the IPS. Then certainly m(P),
which is a point on the outer Pareto boundary, does not lie on a line segment
on the outer Pareto boundary. It follows from Lemma 12.35 that P is strongly
envy-free. (This part of the proof is a repeat of the proof of Theorem 12.36.)
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To show that P is strongly Pareto maximal, we observe that since there are
no line segments on the outer Pareto boundary of the IPS, and m(P) is a point
on the outer Pareto boundary, m(P) obviously does not lie in the interior of a
line segment contained in the IPS. It follows from the equivalence of parts a
and f of Theorem 14.4 that P is strongly Pareto maximal. O

The chores version of Theorem 14.20 is the following. The proof is similar
and we omit it.

Theorem 14.21 If no two players are in relative agreement on any set that has
positive measure to each of these two players (or, equivalently, if the RNS is
not concentrated), then there exists a partition that is strongly c-envy-free and
strongly Pareto minimal.
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Characterizing Pareto Optimality Using
Hyperreal Numbers

In this chapter, we show how the use of hyperreal numbers can simplify our
previous characterizations of Pareto optimality. In particular, we shall see that
this approach will allow us to avoid the iterative procedures using partition
sequence pairs, which involved a-maximization and b-maximization of convex
combinations of measures in Chapter 7, and w-association in Chapter 10. Our
new approach will also allow us to avoid the assumption (which we needed at
times in Chapters 7 and 10 ) that each player receives a piece of cake that he or
she believes to be of positive measure.

In Section 15A, we give the necessary background on hyperreals. In Section
15B, we illustrate the use of hyperreals by considering a two-player example.
In Section 15C, we do the same for a three-player example. In Section 15D,
we state and prove our new characterization. We make no general assumptions
about absolute continuity in this chapter (although our examples in Sections
15B and 15C involve the failure of absolute continuity).

15A. Introduction

Although the foundations of calculus evolved over many years, Isaac Newton
(1642-1727) and Gottfried Leibniz (1646—1716) are generally considered to
be the inventors of modern calculus. Their work involved two different but
related notions, limits and infinitesimals. Limits were eventually formalized
using what has become known as the ¢~ method and is now the standard
approach to calculus and mathematical analysis. Infinitesimals are simpler than
limits, but defied efforts at formalization and so fell out of favor.
Infinitesimals were finally formalized in the early 1960s by A. Robinson
[37] under the name of “non-standard analysis.” His work led to applications
of infinitesimals in a wide variety of areas, such as physics and economics

416
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(see [2, 12]). There are also modern calculus books that use infinitesimals
rather than the limit approach (see [27, 29]).

An infinitesimal is a number that is different from zero, but is closer to
zero than is any real number. Thus, an infinitesimal is not a real number. The
hyperreal number system is the number system obtained by extending the usual
real number system to include an infinitesimal and any other numbers that need
to be added so that any “formula” that is true of the real numbers will be true of
the hyperreal numbers. (We comment more on this idea later.) We shall not go
into complete detail. For our purposes, we shall need only the following facts:

a. The hyperreal number system, which we denote by Ry, is an extension of
the real number system R. Every real number is a hyperreal number.

b. Ry contains an infinitesimal. If ¢ is a positive infinitesimal, then 0 < ¢ < r
for every positive real number r. If ¢ is a negative infinitesimal, then 0 >
e > r for every negative real number r.

c. All of the usual formulas that hold for the real number system hold for the
hyperreal number system.

There are two standard methods for creating a hyperreal number system. One
uses the notion of ultraproducts and the other uses the compactness theorem
of mathematical logic (see, for example, [12, 37]). There are many hyperreal
number systems. For our purposes, any hyperreal number system will suffice,
and we shall simply refer to “the” hyperreal number system.

What do we mean by “formula” in statement c? As examples, we mean
statements such as the following:

* For any two distinct numbers, there is a number between these two numbers.

* There is no biggest number.

¢ For any two numbers, there is a number that is equal to the product of these
two numbers.

Formalizing this idea requires the methods of mathematical logic. An ap-
propriate language is defined, which includes relevant constants (such as names
for numbers), functions (such as addition and multiplication), relations (such
as the “less than” relation), and the standard logical symbols (such as connec-
tives, quantifiers, parentheses, and variable symbols). In this language, we can
express the basic facts about the real numbers, including facts about arithmetic
and the standard ordering of the real numbers, including the three preceding
statements.

By statement b, the hyperreal number system Ry includes an infinitesi-
mal ¢. Notice if ¢ > 0 then —¢ < 0, and if ¢ < 0 then —e > 0. This tells us
that Ry contains both positive and negative infinitesimals. Let ¢ be a positive
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infinitesimal. It is not hard to see that, for any non-zero integer k, ke is an
infinitesimal. Hence, there are infinitely many infinitesimals.

Consider the statement “given any numbers « and A with A # 0, there is a
number that is equal to 7
language and is true of the real numbers. Therefore, it is true of the hyperreal
numbers and so, for any positive infinitesimal ¢, there is a hyperreal number
that is equal to é Since ¢ < r for every positive real number r, it follows that
é < } for every positive real number r. This tells us that % is bigger than every
real number. We shall refer to a hyperreal that is either bigger than every real
number or smaller than every real number as an infinite hyperreal.

Notice that if r is a real number and ¢ is an infinitesimal, then r + ¢ is
neither real nor infinitesimal. It is a hyperreal number whose difference from a
real number is infinitesimal. We say that r + ¢ is infinitesimally close to the real
number r. We write “[x] = r” to mean that the hyperreal number « is either
equal to or is infinitesimally close to the real number r.

We will allow the use of hyperreal numbers that are not real numbers in
certain settings but not in others. We continue to assume that all measures take
on only real number values and, thus, the IPS is defined exactly as before. Also,
our use of the Radon—Nikodym theorem in Chapter 9 to define the density
functions f; and the function f'is as before, and so our definition of the RNS,
which is the range of the function f, is unchanged.

We have also used real numbers for the coordinates of points in the simplex
that are to be used

.” This is a statement that can be formalized in our

* to provide the coefficients for families of parallel hyperplanes,

* to provide the coefficients for the maximization of convex combinations of
measures, or

* in the context of w-association.

(We recall that the first two of these uses are the same, and that these two
are connected to the third by the RD function.) In this chapter, we allow the
coordinates of these points to have hyperreal values that may or may not be
real.

Let Sy denote the hyperreal simplex and let S; denote its inte-

rior. Thus, Sy = {(k1, k2, ..., Kp) iK1, K2, ..., Kn € Rygiki, K2, ..., ky > 0;
and k1 + K+ ---+k, =1} and Sy = {(k1, k2, ..., Kp) S Ki, K2y .. Kp €
Ryiki, k2, ... ky > 0; and ky + k3 + -+ + k, = 1}. When choosing o =
(a1, a2, ..., a,) to provide coefficients either for families of parallel hyper-
planes or for convex combinations of measures, and when choosing w =
(w1, wy, ..., wy,) as in the context of w-association, we shall allow « € S;r,

and w € S}, rather than insisting that € ST and w € S™.
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(1,0) 0, 1)

(a) (b)
Figure 15.1

15B. A Two-Player Example

In this section, we introduce the use of hyperreals in the two-player context by
examining a specific example.

Example 15.1 Consider Figure 15.1. This figure shows an RNS and the corre-
sponding IPS for some cake C and measures m; and m, on C. In Figure 15.1a,
our intention is that

¢ the points (1,0) and (0,1) each correspond to a piece of cake of positive
measure and hence are in the RNS, and

¢ the remainder of the RNS is spread out over the open interval between (1,0)
and (0,1). (We introduced the notion of a “spread-out” RNS in Chapter 12;
see Example 12.6.)

These two facts, together with the ideas that we developed in Chapter 12, tell
us that

* neither measure is absolutely continuous with respect to the other, and hence,
the IPS in Figure 15.1b contains a vertical line segment going up from the
point (1, 0) and a horizontal line segment going to the right from the point
0, 1), and

¢ the outer Pareto boundary of the IPS contains no line segments and meets
the vertical and horizontal line segments smoothly (i.e., the outer boundary
of the IPS has a unique tangent line at the point p and at the point g).
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We have darkened the outer Pareto boundary of the IPS. The existence of C,
my, and m that yield the given IPS follows from Theorem 11.1.

Consider the RNS in Figure 15.1a. Recall that, for any w € ST, if P is a
partition obtained by giving each player all of the cake that is associated with
points of the RNS that are on that player’s side of @ (and dividing up any
cake associated with w arbitrarily), then P is said to be w-associated with w,
and any such partition is Pareto maximal. However, not every Pareto maximal
partition is obtained in this way. Let P be the partition that gives all of the
cake associated with the point (1, 0) of the RNS to Player 1 and gives the rest
of the cake to Player 2. (Notice that this is the minimum amount of cake that
Player 1 must receive in any Pareto maximal partition. This is the property of
non-wastefulness, given by Definition 6.5.) If P were w-associated with some
w € ST, then w would have to be to the right of the point (1, 0) but to the left of
any point in the interior of the simplex. Clearly this is impossible in our usual
setting, and this difficulty led us to our iterative approach, using the notion of
w-association with a partition sequence pair (see Definitions 7.11 and 10.26,
and Theorem 10.28). However, now that we have hyperreal numbers available,
we will see that choosing an appropriate w is quite easy and, thus, we have no
need for this iterative approach.

Fix any infinitesimal ¢ > O and letw = (1 — ¢, ¢). Then w € S;. The point
w 1s to the right of (1, 0) and, since every point in the RNS that is associated
with a piece of cake that goes to Player 2 is of the form (r, ), where r; and r;
are real numbers with r; < 1 and r, > 0, it follows that every such point is to
the right of w. Hence, P is w-associated with @. The same approach certainly
works for the partition that gives all cake associated with (0, 1) to Player 2 and
gives all of the rest of the cake to Player 1. Such a partition is w-associated
with the point w = (¢, 1 — €), where ¢ > 0 is infinitesimal. It follows from our
work in Chapter 10 that any partition besides these two is Pareto maximal if
and only if it is w-associated with some w € ST. Hence we see that, at least for
the situation depicted in Figure 15.1a,

a partition P is Pareto maximal
if and only if
for some w € S;, P is w-associated with w.

We have not presented a complete and general proof that this characteri-
zation works for all cakes and any two measures. This will follow from our
characterization for the general context of n players, given in Section 15D.

Next, we consider the IPS in Figure 15.1b. Recall that, if a partition P is
Pareto maximal, then, for some « € S, m(P) is a point of first contact with the
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IPS of the family of parallel lines with coefficients given by «. Let us focus
our attention on the Pareto maximal point p. This is the point in the IPS that
corresponds to the partition P discussed early. (P is the partition that gives
all of the cake asssociated with the point (1, 0) of the RNS to Player 1 and
gives the rest of the cake to Player 2.) Then m(P) = p. The only family of
parallel lines with coefficients from S that makes first contact with the IPS at
p is the family of horizontal lines, i.e., the family of the form Ox + 1y = c,
which is the family corresponding to the point (0, 1) € S. The problem is that
this family also makes first contact with the IPS at every point on the line
segment connecting the points (0, 1) and p, and p is the only point on this line
segment that is Pareto maximal. The best we were able to do with this sort of
direct approach in Chapter 7 was two different “if-then” statements, as given by
Theorem 7.10, rather than a genuine characterization. (Theorem 7.10 used the
notion of maximization of convex combinations of measures, rather than the
notion of points of first contact of families of parallel hyperplanes. These two
ideas are equivalent. Also, we recall that in the two-player context a hyperplane
is simply a line.)

In Section 7C, we solved this problem and obtained two closely related
characterizations, a-maximization and b-maximization of a partition sequence
pair, by developing an iterated approach (see Definitions 7.11, 7.12, and 7.17,
and Theorems 7.13 and 7.18). For the IPS in Figure 15.1b, we discussed this
iterative idea in Section 7C and illustrated it in Figure 7.5. We shall now see
that hyperreals allow us to avoid this iteration.

Consider Figure 15.2. We would like a family of parallel lines that makes
first contact with the IPS at p, but not at any other point on the line segment
between the points (0, 1) and p, since no other point along this line segment is
Pareto maximal. As we have seen, the horizontal family of parallel lines makes
first contact with the IPS at all points along this line segment. The line of first
contact is the line y = 1, and we have shown this line in the figure. It is easy
to see that any other family of parallel lines with coefficients from S that is
obtained by rotating slightly clockwise from horizontal will make first contact
with the IPS not at p, but at some point on the outer boundary that is to the lower
right of p. In the figure, the family of parallel lines of the form «;x + oy = ¢,
where (o], op) € S, makes first contact with the IPS at point ». We have shown
the line in this family that makes first contact with the IPS and have labeled it
“a1x + oy =k

We need to tilt the horizontal family of parallel lines some positive amount
clockwise (so that no point on the line segment between the points (0, 1) and p is
a point of first contact, except for p), but not so much that p is no longer a point of
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first contact. We do this by tilting this family an infinitesimal amount. Suppose
that ¢ > 0 is an infinitesimal. Then (e, 1 — &) € S}, and we may consider the
family of parallel lines of the form ex + (1 — e)y = c.

Claim The family of parallel lines of the form ex + (1 — )y = ¢ makes first
contact with the IPS in Figure 15.2 at the point p and at no other points.

Proof of Claim: Suppose p = (pi, 1) and let k; be such that the line in the given
family that makes first contact with the IPS is the line ex + (1 — &)y = k, as
indicated in the figure. Fix any other point s = (s, 52) on the outer boundary of
the IPS. It suffices to show that the given family of parallel lines makes contact
with p before it makes contact with s. Suppose, by way of contradiction, that
this is not the case. Then es; + (1 —&)sy > ep; + (1 —&)(1) = ep; + (1 — ¢).
We consider two cases.

Case 1: s is on the line segment between p and (0, 1). Then s, = 1 and
it follows that es; + (1 — &) > ¢p; + (1 — ¢) and, hence, s; > p;. But
since s is on the line segment between (0, 1) and p, and s # p, we know
that s; < p;. This is a contradiction.

Case 2: s is not on the line segment between (0, 1) and p. Then s, < 1. Since
es1 + (1 — &)sy > epy + (1 — ), it follows that -~ > 1= But T is

l—e — s1—p)
an infinitesimal divided by a positive hyperreal that is not infinitesimal



15B. A Two-Player Example 423

and, hence, this quantity is infinitesimal. On the other hand, since s, is a
real number less than one, and s; and p; are real numbers with p; < sy,
it follows that 1 — s, and s; — p; are each positive real numbers. Hence,

their quotient, s1, is a positive real number. This contradicts the fact

that ﬁ > sll:‘;zl , since an infinitesimal cannot be greater than or equal
to a positive real number, and completes the proof of the claim.

5
pi’

In a similar manner, it is not hard to see that the point ¢ in Figure 15.1b is
the point of first contact of the family of parallel lines that arise from the family
of vertical lines by an infinitesimal counter-clockwise tilt. Also, as we already
knew before the present chapter, any point on the outer Pareto boundary that is
strictly between p and ¢ is the point of first contact with the IPS of some family
of parallel lines with coefficients given by some & € S™. Finally, it is not hard
to see that no point that is not on the outer Pareto boundary is a point of first
contact with the IPS of family of parallel lines with coefficients given by some
o€ S,*,. Hence, we see that, at least for the situation depicted in Figure 15.1b,

a partition P is Pareto maximal

if and only if
for some (a1, ap) € Si,, the family of parallel lines of the form «;x + oy =
¢ makes first contact with the IPS at m(P).

Or, equivalently,

a partition P is Pareto maximal

if and only if
for some (o1, an) € S;, P maximizes the convex combination of measures
aymp + orny.

As before for the RNS and w-association, we note that we have not presented
a complete and general proof that our characterization works for all cakes and
any two measures. This will follow from our characterization for the general
context of n players, given in Section 15D.

Recall Theorem 10.6: For any partition P, and any w € ST and @ € S*
with « = RD(w), P is w-associated with w if and only if the family of parallel
hyperplanes with coefficients given by « makes first contact with the IPS at
m(P). (Theorem 10.6 refers to convex combinations of measures rather than
the equivalent notion of points of first contact with the IPS of families of parallel
hyperplanes. For the definition of the RD function, see Definition 10.5.) The
RD function, which we originally defined to be a function from S* to S+,
extends naturally to a function from S, to S};. Although we shall not do so,
it is straightforward to show that with this extended definition Theorem 10.6
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is true for any partition P, and any @ € S}, and @ € S}; with @ = RD(w). We
close this section by illustrating this for the @ and « that we considered in this
section.

Let C, m;, and m; be the cake and measures that yield the RNS and IPS
shown in Figure 15.1, and let P be the partition that gives all of the cake
associated with the point (1, 0) of the RNS to Player 1 and all of the rest of the
cake to Player 2. We found that, for any infinitesimal ¢ > 0, P is w-associated
with (1 — ¢, ). We compute RD(1 — ¢, ¢) as follows:

(0 LN\ _(@d=-o\( 1 1
RD(I_s’S)_<ﬁ+é)<1—8’8>_(8+1_8><1_8’8)

2(8(1_8)) <le> 2(871_8)
1—¢ ¢

Thus, the extension of Theorem 10.6 to allow @ and « to be chosen from S;
rather than ST implies that the family of parallel lines with coefficients given
by (e, 1 — ¢) makes first contact with the IPS at m(P). This is precisely what
we showed earlier in this section.

15C. Three-Player Examples

In this section, we shall examine two examples to illustrate the use of hyperreals
in characterizing Pareto maximality when there are three players. As we saw in
previous chapters, and shall review in this section, there are certain difficulties
that arise in the three-player context that do no arise in the two-player context.
Hyperreals provide a simple means of dealing with these difficulties.

Example 15.2 Consider Figure 15.3. Figure 15.3a shows an RNS for some
cake C and measures m, m,, and m3, and Figure 15.3b shows the correspond-
ing IPS. In the RNS picture, our intention is that each of the vertices of the
simplex corresponds to a piece of cake of positive measure, and that the RNS
corresponding to the rest of the cake is spread out throughout the interior of the
simplex. Thus, except for the three vertices, no zero or one-dimensional subset
of the simplex is associated with a piece of cake of positive measure. We also
note that the RNS is neither concentrated nor separable. (For the definitions
of concentrated and separable, see Definitions 12.9 and 12.15, respectively.) It
may seem that the RNS is concentrated, since there are three points that are
each associated with a piece of cake of positive measure. However, a careful
reading of Definition 12.9 shows that it is not concentrated, since these points
are vertices of the simplex. Another perspective on this issue is that the RNS
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is not concentrated since no two players are in relative agreement on any set
that has positive measure to each of these two players. (See Definition 12.11,
the discussion following this definition, and the discussion of this notion in the
absence of any assumptions about absolute continuity in Section 12D.)

The regions G, G, ..., G7 that we have labeled in Figure 15.3b are meant
to be closed regions on the outer boundary of the IPS. They therefore intersect
on any common boundaries.

Our work in Chapter 12 enables us to see the correspondence between
the RNS and the IPS. Let us begin by considering partitions of the form
P = (P, P,, P3) where m3(P3) = 0, i.e., partitions in which Player 3 thinks
that he or she gets no cake. The corresponding RNS is a subset of the one-
simplex consisting of the line segment between (1, 0, 0) and (0, 1, 0), and the
corresponding IPS is the intersection of the full IPS with the xy plane. We can
think of this new RNS as being obtained by projecting the full RNS along lines
from (0, 0, 1) to this line segment. (We discussed this idea in Example 10.10
and illustrated it in Figure 10.4. Note that it is not clear to which point (0, 0, 1)
should be projected. Since the cake associated with this point has measure zero
to Player 1 and to Player 2, this issue can be ignored.) In this case, this new
RNS is as in Figure 15.1a, which we discussed in the previous section. The
corresponding IPS is similar to the IPS in Figure 15.1b. (The IPSs need not
be the same, even though the RNSs are identical, since the precise amounts of
cake associated with different parts of the RNS are not reflected in the RNS,
but do affect the IPS.) Thus, we see that the intersection of the outer boundary
of the full IPS with the xy plane consists of a line segment perpendicular to
the x axis, a line segment perpendicular to the y axis, and a (non-straight line)
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curve between these line segments that meets each of them smoothly. This is
the bottom curve of the two darker curves in Figure 15.3b.

Consider the cake associated with the point (0, 0, 1) of the RNS, which is
Player 3’s vertex. In the partitions described in the preceding paragraph, none
of this cake was given to Player 3. If we now take this piece of cake away from
Player 1 and Player 2 and give it to Player 3, we do not lower Player 1’s or
Player 2’s evaluation of their own pieces, but Player 3 now believes that he
or she has a piece of cake of positive measure. The set of points in the IPS
corresponding to all partitions obtained in this way is the top curve of the two
darker curves in Figure 15.3b. This curve is directly above the curve discussed
in the previous paragraph. (It is a translation of the other curve by some fixed
amount in the z direction. This fixed amount is Player 3’s measure of the cake
associated with the point (0, 0, 1) of the RNS.) Hence, the regions G, G,, and
G3 on the outer boundary of the IPS are each perpendicular to the xy plane.
This tells us that no point in any of these three regions of the outer boundary is
on the outer Pareto boundary, with the possible exception of points on the top
boundary of these regions, which is the top curve of the two darkened curves
in the figure.

Notice that the RNS is symmetric with respect to x, y, and z. Thus, we may
apply the preceding analysis with the roles of the players permuted. We find
that the intersection of the outer boundary of the full IPS with the xz plane, and
also with the yz plane, consists of two line segments, one perpendicular to each
of the appropriate axes, and a (non-straight line) curve between these lines seg-
ments that meets each smoothly. Regions G, G4, and G7 on the outer boundary
are each perpendicular to the xz plane, and regions Gz, G¢, and G7 on the outer
boundary are each perpendicular to the yz plane. This, combined with our dis-
cussion in the previous paragraph, tells us that no point of G, G,, G3, G4, Gg,
or G7 is on the outer Pareto boundary, with the possible exception of points on
the boundary of Gs.

It is not hard to see that the outer Pareto boundary consists precisely of (the
closed) region Gs. Since the RNS is neither concentrated nor separable, we
know from Theorems 12.14 and 12.18, respectively, that G5 contains no line
segments and no edge points. Also, since the part of the RNS that is in the interior
of the simplex is spread out throughout the interior of the simplex, it follows
that Gs meets each of the other regions smoothly.

Recall one of the issues discussed in the previous section and illustrated
in Figure 15.1. We considered a partition that gave all of the cake associated
with (1, 0) to Player 1 and gave the rest of the cake to Player 2. Whereas our
previous characterizations using w-association and using points of first contact
of families of parallel lines with the IPS did not allow us to describe this
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partition, we found that we were able to do so if we allow the point w, in the
context of w-association, and the point «, which provided the coefficients for
a family of parallel hyperplanes, to be chosen from S, rather than S*. We
consider two analogous situations for our present example. First, we consider
the partition that gives each of two players only the cake associated with each
player’s vertex in the RNS and gives the rest of the cake to the third player. Next,
we consider partitions that give one player only the cake associated with that
player’s vertex, and divides the rest of the cake between the other two players.
We shall see that the first of these two situations is analogous to the situation
discussed in the previous section for two players, whereas the second situation
is not.

Returning to Figure 15.3, let P be the partition that gives all cake associated
with the point (1, 0, 0) of the RNS to Player 1, gives all cake associated with
(0, 1, 0) to Player 2, and gives the rest of the cake to Player 3. It is not hard
to see that this partition is Pareto maximal and m(P) = p, where p is as in
Figure 15.3b. (This is the minimum amount of cake that Player 1 and Player 2
must each receive in any Pareto maximal partition.) Our simple characteriza-
tions from previous chapters will not allow us to describe this situation (using
either w-association or points of first contact of families of parallel planes with
the IPS) and this is why we developed our iterated procedures in Sections 7C
and 10C. As in the previous section, we can now use our simple approach with
the aid of hyperreals.

First, consider the RNS. For any w that is in the interior of the simplex, any
partition that is w-associated with o will give the cake associated with each of
the three vertices of the simplex to the player corresponding to that vertex. We
wish to choose @ so that any such partition that is w-associated with @ will
give all cake associated with points in the interior of the simplex to Player 3.
The idea is to choose w sufficiently close to the line segment between (1, 0, 0)
and (0, 1, 0). This is clearly impossible if w € S*. However, this is easy if we
allow w € S;. Let ¢ > 0 be infinitesimal, fix positive real numbers w; and w;
such that w; + w>, = 1, and let w = (w1 — &, w>» — €, 2¢). Then w € S; and P
is w-associated with .

Next, consider the IPS. As noted earlier, m(P) = p and, thus, the goal is
to find a family of parallel planes with positive coefficients that makes first
contact with the IPS at p. Since all of the regions of the outer boundary of the
IPS that meet at p meet in a smooth manner, it is not hard to see that any family
of parallel hyperplanes with coefficients given by some («, o, 3) € ST will
make first contact with the IPS at some point other than p. However, if we
simply let o) and « be any positive infinitesimals, and let ¢3 = 1 — o] — «p,
then we obtain the desired family.
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We can also find the appropriate coefficients for a family of parallel planes
that makes first contact with the IPS at p by using the RD function and Theo-
rem 10.6. (As noted in the previous section, the RD function extends in a
natural way to a function from S; to S, and Theorem 10.6 holds for this
extended function.) As discussed earlier, for any infinitesimal & > 0 and pos-
itive real numbers w; and w, with w; + wy = 1, P is w-associated with w =
(w1 — &, wy — &, 2¢). We compute RD(w) as follows:

RD(w) = RD(w; — &, wy — &, 2¢)

B I 1 1o
B | + o4 ) \or—e @ —e 2

w]—E& wy—E€

B 1 1 1
C\lpatpasetet ot 2 g 2y

wy—¢ —& w;—¢

We consider each of these three coordinates. Recalling that ¢ is a
positive infinitesimal and ®; and w, are positive real numbers, we see
that £=% is a positive hyperreal and “5=* is an infinite positive hy-

perreal. It follows that 1+ =% 4+ “=£ is an infinite positive hyperreal,

and, hence, 1]_%1_ is a positive infinitesimal. Similarly, we find that

wy—e

= 1 ao—F i itive infinitesi . Fin , WE 1 = =

> +1+ -= 1s a positive infinitesimal. Finall e note that +1 o

¢ 2 wp—¢ T wy—¢

S S — (which, of course, must be the case since
o=+ o IR

RD(w) é S;}). This is in agreement with our choice of & = (a1, oz, o3).

Next we consider the second of the two situations mentioned earlier in this
section. Let P be a partition that gives all cake associated with (0, 0, 1) to
Player 3 and divides the rest of the cake between Player 1 and Player 2. Clearly,
there are many such partitions and not every one of these is Pareto maximal.
In particular, if P is to be Pareto maximal, then the portion of cake that is to
be divided between Player 1 and Player 2 must be divided in a Pareto maximal
way. We want to use the notion of w-association to characterize which partitions
of this form are Pareto maximal. If P is a partition that is w-associated with
some w € ST, then P gives some cake to Player 3 that is not associated with
the point (0, 0, 1) and, hence, such a P is not of the type that we are presently
considering. (This is analogous to the situation discussed in the previous section.
In that situation, we saw that if w is any point in the one-simplex of Figure 15.1a
that is to the right of the point (1, 0), then any partition that is w-associated with
o gives some cake to Player 1 that is associated with points in the interior of
the simplex.) In Section 10C we considered the possibility of not insisting that
w be in ST, but instead allowing w = (0, 0, 1). This led us to Theorem 10.23,
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which did not give us a characterization of Pareto maximality but instead gave
us two separate “if-then” statements. The problem with this approach, as we
saw in Example 10.24 and we now see in the present example, is that this w can
make no distinctions between the points of C that go to Player 1 and those that
go to Player 2. Thus, we see that we need a point that is closer to (0, 0, 1) than
is any point in St (and hence closer to (0, 0, 1) than any point in the RNS) but
has a meaningful ratio (as opposed to g) between its first two coordinates. Of
course, hyperreals provide precisely what we need.

Let us consider these types of partitions in terms of the IPS. As discussed
earlier in this section, if P is such a partition, then m(P) is on the top curve
of the two darkened curves in Figure 15.3b. Since the outer Pareto boundary
of the IPS consists precisely of region Gs, it follows that if P is a Pareto
maximal partition that gives all of the cake associated with the point (0, 0, 1)
of the RNS to Player 3 and divides the rest of the cake between Player 1 and
Player 2, then m(P) is on the bottom boundary of Gs. Since G5 meets G,
smoothly, we know that for no o € S* does the family of parallel planes with
coefficients given by « make first contact with the IPS at a point along the
lower boundary of Gs. What we need is a family of parallel planes that is not
perpendicular to the xy plane but is infinitesimally tilted from such a family.
In other words, we want a point o = (o, &z, @3) to provide the coefficients
of a family of parallel hyperplanes where «3 is positive but smaller than any
positive real number. Again, we see that hyperreals provide us with exactly what
we need.

We consider an example. Figure 15.4 shows the same RNS and the IPS as
in Figure 15.3. In the RNS shown in Figure 15.4a, we have drawn a dashed

0,0,1)

(1,0,0) (1/3,2/3,0) 0, 1,0)
(@) (b)
Figure 15.4
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line from (0, 0, 1) to the point (1, 2, 0). (The point (4, 2, 0) is not in the RNS.)
Our intention is that H; includes all points of the RNS that are to the left of the
dashed line and H, includes all points of the RNS that are to the right of the
dashed line. The points of the dashed line, except for the point (0, 0, 1), can be
assigned arbitrarily to either H; or H,, since this set of points is associated with
a piece of cake of measure zero. Let Q be the partition that gives to Player 1
all cake associated with Hj, gives to Player 2 all cake associated with H,, and
gives to Player 3 all cake associated with (0, 0, 1). Then Q is the type of partition
just described. We found that if Q is w-associated with some point w, in the
interior of the simplex, then @ must be closer to (0, 0, 1) than is any point in
S* and must have the appropriate ratio between its first two coordinates. If we
allow w to be chosen from S;, instead of only from S, then we can easily find
such an w so that Q is w-associated with w. Fix an infinitesimal & > 0 and let
w=1(g2¢e,1—3¢). Thenw € S;, and Q is w-associated with w.

Next, consider the IPS in Figure 15.4b. In this figure, we have labeled the
point ¢, where ¢ = m(Q). To find a point whose coefficients yield a family of
parallel planes that makes first contact with the IPS at ¢, we need a point « =
(o1, a0z, 3) such that o3 is positive but smaller than any positive real number.
Thus, we may simply let a3 be any positive infinitesimal. For any such «, the
corresponding family of parallel planes will make first contact with the IPS
somewhere along the top curve of the two darkened curves in Figure 15.4b. The
proper choice for «; and «, will guarantee that ¢ is the point of first contact.
Notice that o} and « are both positive hyperreals that are neither infinitesimal
nor infinite.

We can be precise about the point . Since the partition Q is w-associated
o = (&, 2¢, 1 — 3¢),itfollows that the family of parallel planes with coefficients
given by RD(w) makes first contact with the IPS at g. We compute RD(w) as
follows:

RD(w) = RD(e, 2¢, 1 — 3¢)
~ 1 111
- %4-%4-1_132 e 2’ 1—3¢

1 1 1
_(1+%+]f35’2+1+1328’ ”8+%+1>

&

B ( 2 1 1 )
- 2 2’ 1-3¢ 1-3¢
3+ 1-3¢ 3+ 1-3¢ + 2¢ +1

&

. . . 1 .
The third coordinate is of the form (mfinite hyperreal) - (mfimite hyperreal) ¥ 1 and is

therefore infinitesimal. This is consistent with our preceding discussion. We
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also note that the ratio of the first coordinate to the second coordinate is two.
This is what we would expect when applying the RD function to w, since the
ratio of the first coordinate to the second coordinate of w is %

The two situations examined in this section illustrate that, for the cake and

measures corresponding to the RNS of Figures 15.3a and 15.4a,

* a partition that gives each of two players only the cake associated with that
player’s vertex in the RNS and gives the rest of the cake to the third player
is Pareto maximal and is w-associated with some » € S, and

* a partition that gives some player only the cake associated with that player’s
vertex in the RNS and divides the rest of the cake between the other two
players is Pareto maximal if and only if it is w-associated with some w € S ;;

Our work in Chapter 10 tells us that any partition that is not of one of these
two types is Pareto maximal if and only if it is w-associated with some w € S™.
Hence we see that, at least for the situation depicted in Figures 15.3a and 15.4a,

a partition P is Pareto maximal
if and only if
for some w € S}, P is w-associated with w.

Similarly, based on our discussion of the points p and ¢ in Figures 15.3b and
15.4b, respectively, we find that any point on the boundary of region G5 is a
point of first contact of a family of parallel planes with coefficients given by
some o € S};, and we know from our work in Chapter 7 that any interior point
of G5 is a point of first contact of a family of parallel planes with coefficients
given by some o € ST. Also, a point of the IPS that is not in G5 is not a point
of first contact with the IPS of any family of parallel planes with coefficients
given by any o € S;. Then, since G5 is the outer Pareto boundary, it follows
that, at least for the situation depicted in Figures 15.3b and 15.4b,

a partition P is Pareto maximal

if and only if
for some & € S};, the family of parallel planes with coefficients given by o
makes first contact with the IPS at m(P).

Or, equivalently,

a partition P is Pareto maximal

if and only if
for some o € S;;, P maximizes the convex combination of the measures
corresponding to «.
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We have not presented a complete and general proof that our characterization
works for all cakes and any three measures. This will follow from our general
n-player characterization in the next section.

Next, we present an example that is similar to the one we have just considered,
but is different in a significant way.

Example 15.3 The RNS and IPS in Figure 15.5 are obviously similar to the
RNS and IPS in Figures 15.3 and 15.4. The difference in the RNSs is that in
Figure 15.5a we have darkened the three open line segments on the boundary
of the RNS. These line segments are not darkened in Figures 15.3a and 15.4a.
This indicates that for the situation depicted in Figure 15.5a there is a piece of
cake of positive measure that is associated with each of these line segments,
and the associated points of the RNS are spread out along each of these line
segments. We assume, as in Figures 15.3a and 15.4a, that there is a piece of
cake of positive measure associated with each vertex of the simplex. Then each
of the line segments making up the boundary of the RNS is as in the two-player
example illustrated in Figure 15.1a. We also assume, again as in Figures 15.3a
and 15.4a, that there is a piece of cake of positive measure whose associated
subset of the RNS is spread out over the entire interior of the simplex.

The effect of this change in the IPS can be seen by comparing Figure 15.5b
with Figure 15.3b or 15.4b. As an example, we focus on region G7 in each
figure. In both situations, this region corresponds to giving to Player 3 all bits
of cake that have any value to him or her and dividing the rest of the cake
between Player 1 and Player 2. In other words, any cake not associated with
points of the RNS that are on the closed line segment between (1, 0, 0) and
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(0, 1, 0) is given to Player 3, and any cake that is associated with points on
this line segment is divided between Player 1 and Player 2. We can see from
Figures 15.3a and 15.4a that, in this case, some of the cake that is to be divided
between Player 1 and Player 2 is associated with the point (1, 0, 0), some with
the point (0, 1, 0), and none is associated with any point in the interior of the
line segment between these two points. This tells us that on this piece of cake
the measures of Player 1 and of Player 2 concentrate on disjoint sets. Hence, the
associated part of the IPS in Figures 15.3b and 15.4b is a rectangular region, G7.
On the other hand, in the IPS of Figure 15.5a, there is a positive-measure piece
of cake associated with the open line segment between (1, 0, 0) and (0, 1, 0), in
addition to cake of positive measure that is associated with each of these points.
As noted earlier, this is as in Figure 15.1a. Hence, the IPS corresponding to this
division of cake between Player 1 and Player 2 is as in Figure 15.1b. This yields
the curved part of G7 in Figure 15.5b. Since the RNS is symmetric with respect
to the three players, this analysis also explains the curved parts of regions G
and G3. As was the case for the situation depicted in Figures 15.3b and 15.4b,
we see that the outer Pareto boundary of the IPS is (the closed) region Gs.
Also, since the part of the RNS that is in the interior of the simplex is spread
out throughout the interior of the simplex, it follows that G5 meets each of the
other regions smoothly.

Using the RNS of Figure 15.5a, let R = (R;, R», R3) be the partition where

* R, is the set of all bits of cake associated with the point (1, 0, 0), or with
points on the open line segment between (1, 0, 0) and (0, 1, 0);

* R, is the set of all bits of cake associated with the point (0, 1, 0); and

* Rjis the set of all bits of cake associated with the point (0, 0, 1), with points
on the open line segment between (0, 0, 1) and (1, 0, 0), with points on the
open line segment between (0, 0, 1) and (0, 1, 0), or with any interior point
of the simplex.

We claim that R is Pareto maximal. We establish this using partition ratios. We
compute the partition ratios as follows. (For the relevant definition and notation,
see Definition 8.20 and Notation 8.21.)

my(A) | . *
prj, = sup : A C Ry and either m(A) > 0 or my(A) > 0y = oo
mi(A)
mi(A) .
pry; = sup : A C R, and either m(A) > 0 or my(A) >0 =0
ma(A)
my(A) .
priz = sup m : A C Ry and either m(A) > 0O orm3(A) >0 =0
1
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A
pry; = sup m : A C R3 and either m(A) > 0 or m3(A) > 0} = oo*
; m3(A)
my(A) .
pry; = sup : A C R, and either m»(A) > 0 or mz(A) >0 =0
; ma(A)
ma(A) . *
pry, = sup (A - A C R3 and either m»(A) > 0 or m3(A) > 0 = 00
3

Next, we compute all cyclic products. (For the relevant arithmetic rules, see
Definition 8.22.)

Prippry; = Pri3pry; = pryzpra; = (00*)(0) = 0
Pri,Prysprs; = (00*)(0)(00™) = 0
Pr3;praypri; = (00*)(0)(0) =0

Since each cyclic product is less than one, it follows from Theorem 8.24 that R
is Pareto maximal. (We could also have also established the Pareto maximality
of R using Theorem 6.4 with y = ({3}, {1}, {2}).)

The point m(R) = r of the IPS is as shown in Figure 15.5b. It is the point of
intersection of regions G4, Gs, and G7. If we wish to characterize the Pareto
maximal points as in our example in the section, then we must find w € S, and
« € S}; such that R is w-associated with w, and the family of parallel planes
with coefficients given by o makes first contact with the IPS at r. (Of course,
this is one problem, not two, since RD(w) = «.) We shall do so in the next
section. For now, we simply observe that finding such an w and « is harder than
for the previous example in this section. We consider the IPS and the problem
of finding «. The issues concerning the RNS and w are similar.

Recall our discussion concerning the point p in Figure 15.3b and the point g
in Figure 15.4b. For the point p in Figure 15.3b, we found that if we let «; and
a, be any positive infinitesimals and let o3 = 1 — | — «,, then the family of
parallel planes with coefficients given by (o, o, a3) makes first contact with
this IPS at p. And, for the point ¢ in Figure 15.4b, we found that if we let 3 be
any positive infinitesimal, then there are positive hyperreals «; and «, that are
neither infinitesimal nor infinite and are such that the family of parallel planes
with coefficients given by (o, oy, @3) makes first contact with this IPS at g.
The present situation is different. Suppose that (a1, a2, 3) € S, is such that
the family of parallel planes with coefficients given by («, oz, @3) makes first
contact with this IPS at r. In order that this family not make contact with an
interior point of region G4, Gs, or G4 before it makes contact with r, it must be
that o3 = 1 — & for some positive infinitesimal €. Then &} + o, = ¢ and, hence,
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a1 and o, are each infinitesimal. But if this family is to make first contact with
r and not with some other point along the boundary between Gs and G, then,
in some sense, o, must be infinitesimal compared to ;. We shall make sense
of this using the notion of “higher-order hyperreals” in the next section.

15D. The Characterization

We illustrated our characterization theorem in the case of two and three players
in Examples 15.1 and 15.2, respectively. In this section, we consider the general
case of n players. We assume that m;, m,, ..., m, are measures on some cake
C that may or may not be absolutely continuous with respect to each other.
As in previous chapters, the term “almost every” refers to the measure p =
my + my + - - - + m, unless otherwise stated. We will have occasion to use the
term “almost every” in one other sense. If § C {1, 2, ..., n} then, as in Chapter
10, we let u® = Y, s m;. When we mean “almost every” with respect to this
measure, we shall explicitly say so. If both uses of “almost every” occur in the
same context, then we shall always specify to which measure this refers.

Our characterization involves the notion of a partition P being w-associated
with some @ € S};. After presenting this result, we shall obtain, as an easy
corollary, a characterization involving maximization of convex combinations of
measures (which, as we have seen, is equivalent to a characterization involving
points of first contact of families of parallel hyperplanes with the IPS).

We need not give the definition of w-associated, since it is precisely the
same as in Definition 10.4. We shall need to evaluate the truth of inequalities
]f:’ E“)) > 0 as in part a of the definition. In Chapter 10, we adopted
various conventions regardmg this inequality. (For example, we declared that
the expression “% > 07 is always false.) We continue to follow these same
conventions in this section. However, we do need to extend these conventions
because of the presence of hyperreal numbers that are not real. We recall that,
foreachi =1,2,...,nanda € C, f;(a) is a non-negative real number. Thus,
as was the case in Chapter 10, each % is a non-negative real number divided
by a non-negative real number and, hence, is equal to zero, a positive real
number, oo, or else is of the form 9 However, foreach i =1,2,...,n, w;
is a non-negative hyperreal and, hence each 2 is equal to zero, a posmve
infinitesimal, a positive hyperreal that is nelther infinitesimal nor infinite, an
infinite hyperreal, 0o, or else is of the form 2 o+ (We consider the quotient of any
positive hyperreal, infinitesimal or not, with zero to be c0.)

The truth or falsity of most of the new inequalities involving hyperreals fol-
lows from the basic facts on hyperreals given in Section 15A. The following are

of the form
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natural extensions of our previous conventions in Chapter 10. For any positive
hyperreal « (infinitesimal, infinite, or neither),

* 00 > k is always true and

. g >  is always false.

Our characterization theorem is the following.

Theorem 15.4 A partition P is Pareto maximal if and only if it is w-associated
with o for some w € S;.

This result takes the place of Theorem 10.28, which characterized Pareto
maximality using the notion of w-association with a partition sequence pair.
The present result is obviously simpler than that result. In particular, it is not
an iterated approach, as was Theorem 10.28. Theorem 15.4 will easily yield a
corollary that will take the place of Theorems 7.13 and 7.18, which characterized
Pareto maximality using the notions of a-maximization of a partition sequence
pair and b-maximization of a partition sequence pair, respectively. Our choice
of which previous result to replace by proving a simpler theorem, and which to
replace by an easy corollary to that theorem, was arbitrary.

Before proving Theorem 15.4, we state and discuss a definition, give an infor-
mal description of the idea behind the theorem, and then return to Example 15.3,
which we introduced at the end of the previous section.

Definition 15.5 For hyperreals x, A > 0, « is a higher-order hyperreal than A
if and only if % is infinitesimal. If neither « nor A is higher order than the other,
then we shall say that « and A have the same order.

(The notion of higher-order hyperreal certainly makes sense for negative
hyperreals. We chose to insist that ¥ and A be positive in Definition 15.5 since
we shall only need to apply this notion to positive hyperreals and because it
will simplify our presentation slightly.)

Notice that, if ¥ and X are positive hyperreals and « is a higher-order hyperreal
than X, then k < A. Hence, higher-order hyperreals are closer to zero. We also
observe that if « has the same order as A, then f is neither infinitesimal nor
infinite and, hence, is either equal to or is infinitesimally close to a positive real
number.

“Having the same order” is an equivalence relation on the set of all positive
hyperreals. For any two of the induced equivalence classes, every hyperreal in
one of the classes is less than every hyperreal in the other. Hence, the usual
ordering of the hyperreals induces an ordering of the associated equivalence

classes.
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It is easy to see that there are infinitely many equivalence classes since, for

any infinitesimal ¢ > 0, the hyperreals 1, ¢, g2 &3, ..., areall positive and, for

any non-negative integers m and n with m < n, ;—,:, = ¢&"7" is infinitesimal.
Hence, &" is of higher order than &™.

Next, we give an informal perspective on Theorem 15.4. Suppose that parti-
tion P is Pareto maximal. By Theorem 10.28, P is w-associated with some par-
tition sequence pair (@, y). Setw = (w1, w2, ..., w,)and y = (Y1, V2, .-, Vi)
(For the definitions of partition sequence pair and of w-association with a par-
tition sequence pair, see Definitions 7.11 and 10.26. In particular, we assume
that P and (w, y) satisfy condition bi of Definition 10.26.) We recall that in
Chapter 10 we developed an iterative perspective on this notion. We imagine
that at the first stage cake is given out to players named by y;, at the second
stage cake is given out to the players named by y», etc. By condition bi of
Definition 10.26, we know that each player receiving cake at any given stage
of this process believes that the cake given out at previous stages has measure
zero. Using our “social hierarchy” terminology (see the discussion following
the proof of Theorem 7.13), we may say that players named by later y;s have
higher social status than players named by earlier y;s, since each player believes
that the only bits of cake given out at earlier stages of the process are bits of cake
that he or she does not care about. The different stages in the iteration corre-
spond to different levels in the social hierarchy. We shall now see that by using
hyperreals we no longer need to use an iterative approach. We can distinguish
between different levels in this hierarchy by using different orders of hyperre-
als. This is not reflected in the statement of Theorem 15.4, but will be central
to the proof. Suppose that the partition P = (P, P», ..., P,) is w-associated
with w = (w1, wa, ..., w,) € SIJ;. Foranyi, j =1,2,...,n,if w; is a higher-
order hyperreal than w;, then “ is infinitesimal. Therefore, for any a € C, if
fi(a) > 0, then f’(”) > ‘“’ regar]dless of the value of f;(a). This tells us that no
player receives a plece of cake that has positive value to some other player whose
associated component in  is of higher order. In other words, players as-
sociated with higher-order hyperreals have higher social status than players
associated with lower-order hyperreals.

Finally, before proving Theorem 15.4, we return to Example 15.3, which we
considered at the end of the previous section. We discussed the Pareto maximal
point r in the IPS of Figure 15.5b. We found that if some family of parallel
hyperplanes with coefficients given by (¢, a2, @3) is to make first contact with
the IPS at r, then we must have a3 = 1 — ¢ for some positive infinitesimal &.
This implies that &y + o, = 1 and, hence, that «; and «; are each infinitesimal.
We also saw that “a; must be infinitesimal compared to «¢;.” In the last section,
this was meant to be an informal notion. Now we can be precise. We simply insist
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that «, be a higher-order hyperreal than ;. Fix any positive infinitesimal ¢ and
setaz = 1 — ¢. Since o) + oy = ¢, we can simply letay = efanda; = ¢ — 2.
(Since ¢ is a positive infinitesimal, &% < & and, therefore, o) = ¢ — &2 > 0.)
Then o) + ay = ¢ and "‘2 = % = 7= Since 1 — ¢ is a positive hyperreal
that is not infinitesimal, 1t follows that 1'3: is infinitesimal and, hence, > is a
higher-order hyperreal than «;. The family of parallel planes with coefficients
givenby o = (ay, az, a3) = (¢ — €2, €2, 1 — &) makes first contact with the IPS
of Figure 15.5b at the point 7.

How about the corresponding RNS in Figure 15.5a? Let R be a partition such
that m(R) = r, and suppose that R is w-associated with w = (w;, w2, w3) €
S} Since all bits of cake associated with interior points of the line segment
connecting the points (1, 0, 0) and (0, 1, 0) are given to Player 1, Z—; must be
infinitesimal and, hence, w; is a higher-order hyperreal than w,. And, since all
bits of cake associated with interior points of the simplex or with points on the
open line segment between the points (0, 0, 1) and (1, 0, 0) are given to Player 3,
Z’TT must be infinitesimal; hence, w3 is a higher-order hyperreal than w;. We now
apply the RD function and Theorem 10.6 to the o from the previous paragraph
to obtain an @ with which R is w-associated, and then we compare the result
of this computation with what we have just discovered about .

By the extension of the RD function and of Theorem 10.6 to the hyperreal
setting, which we discussed previously, we know that R is w-associated with
the point RD(«). Set w = (w1, w2, w3) = RD(«). We compute the coordinates
of w as follows:

® = (w1, w2, w3) = RD(@) = RD (& — &%, &%, 1 —¢)

_( 1 )( 111 )
= 1 1 1 2020
=t ot e—¢g” g l—e¢

_( 1 1 1 )
= 2 20 2 20 1e | le
I+5+ 7= S+ l+7 =t 2

—&

B 1 1 1
I+ 4 1427 T4

We consider each of the three coordinates. We first observe that —£ 1 —¢ and 3£ 1 £ are

positive hyperreal that is not infinitesimal
each of the form posmve infinitesimal

hyperreals. Therefore 1 4+ =2
hyperreals. It follows that a)1

and, hence, are 1nﬁn1te p0s1t1ve

and w3 = ﬁ are each positive
B £2

1
1+ 14e
infinitesimals.
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Next, we consider w, = ﬁ Note that = and ;= are each of the
el - -
1-¢ 1-¢
ositive infinitesimal .. . . .
fo posiiveh ypp vl that 15 not infimesim and, hence, are each positive infinitesimals.

It follows that ;= + 1 + % is a hyperreal that is infinitesimally larger than
one. This implies that w, = L: is a hyperreal that is infinitesimally

[ 1+ﬁ

smaller than one.
Finally, we compute the ratio “:
]

1
w3 <%+L—i+1) 1+ 124
o (;) o lplegy

1+1£;,‘9+£ €

Since ¢ is infinitesimal, this implies that w3 is a higher-order hyperreal than w;.
Since w is infinitesimal and w; is a positive hyperreal that is not infinitesimal,
it follows that w; is a higher-order hyperreal than w,. Thus, ® = (@, @, w3)
is in agreement with our preceding discussion.

Proof of Theorem 15.4: Fix a partition P. For the forward direction, we assume
that P is Pareto maximal. By Theorem 10.28, P is w-associated with some

partition sequence pair («”, y). Suppose that o” = (], &}, ..., ),y =
(Y1, V25 - - - » V1), and letus assume that P and (0", y) satisfy condition bi of Def-

inition 10.26. (We may assume this, without loss of generality, since, if P and
(", vy ) instead satisfy condition bii of the definition, then P and the partition
sequence pair (@”, ') satisfy condition bi, where y' = (v, ¥Vi—1, ..., 1)-)

Recall that »” is a sequence of positive real numbers and y is a partition
of {1,2,...,n}. We shall use o to define w € S,Jf, so that P is w-associated
with . We first define a sequence of positive hyperreals (o}, 5, ..., @,). Fix
any positive infinitesimal . Foreach i = 1,2, ..., n, let 0, = skw;’, where k
is such thati € y4.

As we shall see, the sequence (@], w5, . .., @),) has the desired ratios between
terms, but we must divide by the sum of the terms to obtain a pointin 7. Let A =
o] +wy+ -+ o, and set w = (01, W, ..., w,) = (1/M) (@], @), ..., w)).
Then w € S;.

We claim that P is w-associated with w. We must show that, for all distinct
, Jf; ((Z)) > 2“7; for almost every a € P;. Fix such ani and j and
assume that i € y; and j € y. We consider three cases.

i, j=12,...,n

Case 1: k < k’. By condition bi of Definition 10.26, f;(a) = 0 for almost

every a € P;. Hence, for almost every such a, JJZEZ)) = %““mber = 00
J

fi(a) Wi
’ fj(a) 2 ;"

and, hence
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Case 2: k = k'. By condition a of Definition 10.26, f/i“)) > 2 for almost

every (with respect tou™)a € P;.Sincei € yg, this 1mphes thatm i({a €
P; : jff‘ ((‘;)) }) = 0. By the Pareto maximality of P, it follows that P is

non- wasteful and hence, u({a € P; : J; EZ; “" }) = 0. This tells us that

Jf’ ((‘;; > "” for almost every (with respect to pL) acPb.
J

/ _ /e’ ol e k—k'\ @i .
Case 3: k > k Then = Woy = of = Ty = (¢ )w;” . Since k >

k', it follows that 8k K is infinitesimal, and since o] and a)//-’ are both

positive real numbers, we know that ‘”— is a positive real number. Hence,
wi __
@j
a € P;. If this were not the case, then there would exist some A C P; such
that m;(A) = 0 but A has positive measure to some other player. This
violates the fact that P is Pareto maximal and, hence, is non-wasteful.

Therefore, for almost every a € P;, fi(a) > 0, and thus jf:((”; is either

equal to a positive real number or else is equal to infinity. Since %t is
@j

= (k¥ ) Py 1s infinitesimal. We clalm that f;(a) > O for almost every

infinitesimal, it follows in either case that Jf((‘;)) > Zj/

This establishes that P is w-associated with @ and, hence, completes the
proof of the forward direction of the theorem.

For the reverse direction, we assume that w = (w;, w,, ..., w,) € S;; and
that P is w-associated with w. For i, j = 1,2, ..., n, we shall write w; ~ w,
to denote the fact that w; and w, have the same order. The relation “~” is an
equivalence relation on the set {w;, wy, ..., ,}, and the usual ordering of the
hyperreals induces an ordering of the associated equivalence classes.

We shall again use Theorem 10.28. We wish to define a partition sequence
pair (0”, y) with which P is w-associated. Let y = (y1, y2, ..., }) be the
partition of {1, 2, ..., n} satisfying that

a. foreach k =1,2,...,¢, {w; : i € ¥} is one of the equivalence classes in-
duced by the relation “~"" and
b. for each k, k' = 1,2, ..., ¢t with k < k’, every element of the equivalence

class associated with y, is a higher-order hyperreal and, hence, is smaller
than every element of the equivalence class associated with ;.

For each k=1,2,...,t,if w;, w; € y then, as discussed earlier in this
section, ~* is either equal to or is infinitesimally close to a positive real number.
This 1mp11es that £ is infinitesimally close to a positive real number, where A, =
> ey @i We recall that ["" ] denotes the real number to which this hyperreal is
equal or is infinitesimally Close Thus, [$* ] is a positive real number. For each
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i=1,2,...,n,define ® as follows:

w
o = |:)\—’i| , wherei € v

k
Set " = (0], @}, ..., ). Then each w is a positive real number and it is
straightforward to verify that, foreachk = 1,2, ...,1, Zi n ;" = 1. Hence,

(", y)isapartition sequence pair. We claim that P is w-associated with (o”, y).
We must show that P and (0", y ) satisfy the conditions of Definition 10.26.
We first consider condition a of Definition 10.26. Fix some k = 1,2,...,¢
and distinct i, j € yx. We must show that ]f;i”)) > a‘f/, for almost every (w1th
respect to u”) a € P;. Since P is w- assomated w1th w, we know that, for al-

most every (with respectto u) a € P;, ]’:/ E‘;)) > “" -, This implies that, for almost
Jila)

[@) > o
@ 2 For each such a, since 7@
positive real number and - is equal to or is mﬁmtemmally close to a positive
J

: fi(a) _ rwi/M)y o [wi/A)] w_
real number, it follows that @ 2 > [ ] But[ = [(w /m] = [(w Tl =

Hence, for almost every (with respect to u”*) a € P;, j:((‘;; e —_. This estab—
lishes condition a of Definition 10.26.

Finally, we show that P and (", y) satisfy condition bi of Definition 10.26.
Fix some k =1, 2, ..., n. We must show that

every (with respect to u”*) a € P; isa

(*) for almost every a € C, a € Uiem P; if and only if
a ¢ Uy Uiy, Piv fi(@) > 0 forsome j € y;, and fj(a) = O forall j* € yp with
K=k+1,k+2,...,1

For the forward direction of (*), let

A={aeC:ael,, P andeithera € U, P: or fj(a) =0 for all
Jj €yeor fi(a) > 0forsome j' € yp withk' =k + 1, k+2,...,¢}

and assume, by way of contradiction, that A has positive measure. Clearly, ifa €
Uiey, Pirthena ¢ Uy Uie,,, Pi- It follows that either By = {a € U,,, Pi
fi(a) =0forall j € yx}or By = {a € U,.,, Pi : fir(a) > 0 for some j" € yp
with k" =k + 1,k + 2, ..., t} has positive measure.

Suppose first that By has positive measure. Then, for some i € y;, D =
{a € P; : fi(a) =0forall j € y} has positive measure. Then, for some i’ ¢ yx
and some positive-measure £ C D, fi(a) = 0 and f;(a) > Oforeverya € E.

For each such a, £ = (. But “L js the ratio of positive hyperreals and, hence,

> fir(a)
is a positive hyperreal. It follows that for every a € E, lf((‘;)) < :)’— Therefore,
since E € P; and E has positive measure, it is not true that for almost every
aePb ff ((‘;)) > "’f This contradicts the fact that P is w-associated with w.
Next, we suppose that B, has positive measure. Then, for some k' = k + 1,

k+2,...t and some i €y and j €y, D ={a € P;: fy(a) > 0} has
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fi(a)
> fi(a)
. This is the ratio of positive

is either zero

positive measure. For every a € D, fj(a) > 0, and, hence

Wi

or a positive real number. Consider the term -

hyperreals. Since k < k', we know that w: is a higher-order infinitesimal than

(Ui

;. L is an infinite hyper-
real. It follows that, for every a € D, f((?) Therefore since D C P; and
D has positive measure, it is not true that for almost everya € P;, Jf ((‘2) > :)’ .

This contradicts the fact that P is w-associated with w.
Finally, we must establish the reverse direction of (*). Let

={aeC:a¢Uyq, Pi.a ¢t UvuUse, P fila) > Ofor some j € y;, and
fr(a) =0forallj’ € yo withk' =k + 1,k +2,....1}

and assume, by way of contradiction, that A has positive measure. Since P
is a partition of C, any a € C must be in some P;. Hence, A={a € C :a €
Uk ok Uieyk/ P;, fi(a) > Oforsome j € yi,and fj(a) = Oforall j' € yp with
k' =k+1,k+2,...,t}. This implies that, for some k' =k + 1,k +2, ...t
andsomei € ypand j € y, B={a € P; : fj(a) > 0and f;(a) = 0} has pos-
itive measure. For any a € B Ji@) — (). We know that @ is the ratio of pos-

? fita)
itive hyperreals and, hence, is a positive hyperreal. It follows that, for every

a € B, {((Z; < 3 Thus, since B has positive measure, it is not true that, for al-
most every a € P;, ;EZ)) = . This contradicts the fact that P is w-associated

with @ and, hence, estabhshes that P is w-associated with the partition se-
quence pair («”, y). By Theorem 10.28, it follows that P is Pareto maximal.
This completes the proof of the theorem. O

Corollary 15.6 A partition P is Pareto maximal if and only if it maximizes the
convex combination of measures corresponding to some o € S;.

Proof: The corollary follows immediately from Theorem 10.6 (which, as we
have already discussed, extends to our present setting). O

The corollary takes the place of Theorems 7.13 and 7.18, which characterized
Pareto maximality using the notions of a-maximization of a partition sequence
pair and b-maximization of a partition sequence pair,respectively.

By the correspondence between maximization of convex combinations of
measures and points of first contact with the IPS of families of parallel hyper-
planes, the corollary implies the following:

A partition P is Pareto maximal

if and only if
for some a € S}, m(P) is a point of first contact with the IPS of the family
of parallel hyperplanes with coefficients given by «.
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The chores versions of Theorem 15.4 and Corollary 15.6 are the following.
The proofs are similar and we omit them.

Theorem 15.7 A partition P is Pareto minimal if and only if it is chores
w-associated with o for some w € S;.

Corollary 15.8 A partition P is Pareto minimal if and only if it minimizes the
convex combination of measures corresponding to some o € S;.



16
Geometric Object # 1d

The Multicake Individual Pieces Set (MIPS)
Symmetry Restored

By Lemma 2.3, the IPS is always symmetric about the point (%, %) when there

are two players. In particular, given any point in the IPS, we obtain the reflection
of that point about (%, %) by simply having the two players trade pieces. This
provides a one-to-one correspondence between the set of Pareto maximal points
and the set of Pareto minimal points. However, we have seen that there is no
analogous symmetry when there are more than two players. (See the discussion
following Corollary 4.6, the concluding comments in Chapter 7, Theorem 11.5,
and the discussion before and after Theorem 11.5. Corollary 4.9 revealed a
type of symmetry, but not a precise symmetry about a particular point.) In
this chapter, we show that the IPS can be viewed as part of a larger and more
general structure, the Multicake Individual Pieces Set, or MIPS. The MIPS has
nice symmetry properties that are not generally present in the IPS when there
are more than two players.

In Section 16A, we consider the MIPS for three players. (At the end of that
section, we comment on why the two-player situation is trivial and uninterest-
ing.) In Section 16B, we consider the general case of n players. We make no
general assumptions about absolute continuity in this chapter.

16A. The MIPS for Three Players

We assume throughout this section that there are three players, Player 1, Player 2,
and Player 3, with corresponding measures m, m,, and mj3, respectively. We
recall that in contrast with the two-player situation the IPS need not be sym-
metric about any point. One way to see this is to consider two extremes. If the
measures are identical, then the IPS is equal to the two-simplex and, hence, is
symmetric about the point (%, %, %) and no other point. If the measures con-
centrate on disjoint sets, then the IPS is the unit cube and, hence, is symmetric
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about the point (%, %, %) and no other point. It follows that there is no one point
about which the IPS is always symmetric.

We now define a more general structure of which the IPS is a part. By way
of motivation, notice that if we choose to specify the size of the piece of cake
that a player does not get, then we have conveyed the same information as if
we instead specify the size of the piece of cake that a player does get. We recall
that Part denotes the set of all partitions of C.

Definition 16.1

a. IPS(3,1) = {(m1(P1), ma(P2), m3(P3)) : (P1, P2, P3) € Part}.

b. IPS(3,2) = {(m(P>» U P3), ma(Py U P3), m3(Py U Py)) : (P, P», P3) €
Part}.

c. The Multicake Individual Pieces Set, or MIPS, is the union of IPS(3, 1) and
IPS(3, 2).

IPS(3, 1) is another name for the three-player IPS. Notice that IPS(3, 2) =
{(m1(C\Py), my(C\ Pp), m3(C\ P3)) : (P1, P>, P3) € Part}. Thus, we may view
each point in IPS(3, 2) as corresponding to a particular partition, where each
player’s coordinate corresponds to that player’s evaluation of the size of the
piece of cake that this player does not receive. We will discuss the reason for
the names “IPS(3, 1),” “IPS(3, 2),” and “MIPS,” in the next section.

Claim IPS(3, 1) and IPS(3, 2) are reflections of each other about the point
(3. 3. 3.

Proof of Claim: For any point (py, p2, p3),

(p1. P2, p3) € IPS(3, 1)

if and only if
for some partition ( Py, P>, P3), m(Py) = p1, ma(P2) = pa, and m3(P3) =
P3

if and only if
for some partition (P, P», P3), m(C\P;) =1 — p;,my(C\P>) =1 — py,
and m3(C\P3) =1 — p3

if and only if
(I =p1, 1= p2, 1= p3) € IPS(3,2).

Since (1 — py, 1 — p2, 1 — p3) is the reflection of (p;, p», p3) about the point
(%, % %), this establishes the claim.

The claim implies that the MIPS is symmetric about the point (%, % %).
Let us reconsider the two extreme examples that we considered earlier. If the
measures are identical, then IPS(3, 1), our usual IPS, is equal to the simplex,
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Figure 16.1

which is the triangle with vertices (1, 0, 0), (0, 1, 0), and (0, 0, 1), together with
its interior. In this case, IPS(3, 2) is equal to the triangle with vertices (0, 1, 1),
(1,0, 1), and (1, 1, 0), together with its interior. Notice that, for example, the
points (1, 0, 0) and (0, 1, 1) from IPS(3, 1) and IPS(3, 2), respectively, corre-
spond to the same partition, namely (C, @, ), the partition that gives all of
the cake to Player 1. This is so since (m(C), my(¥), m3(?)) = (1,0, 0) and
(m(C\C), ma(C\Y), m3(C\V)) = (m (), ma(C), m3(C)) = (0,1, 1). The
MIPS in this situation, which is the union of these two triangles, is shown in
Figure 16.1. In the figure, we have drawn the unit cube and have drawn IPS(3, 1)
lighter and IPS(3, 2) darker. Clearly, this MIPS is symmetric about the point
(33 7)

The other extreme case that we considered earlier is when the measures
concentrate on disjoint sets. In this case, both IPS(3, 1) and IPS(3, 2) consist
of the entire unit cube and, hence, so does the MIPS. Therefore, this MIPS is
symmetric about the point (%, % %).

Let us now refer to the outer Pareto boundary and the inner Pareto boundary
as the (3,1)-outer Pareto boundary and the (3,1)-inner Pareto boundary, re-
spectively. Of course, these are each part of the boundary of IPS(3, 1), the usual
IPS. We shall denote the corresponding notions for IPS(3, 2) as the (3,2)-outer
Pareto boundary and the (3,2)-inner Pareto boundary, respectively. It is not
hard to see that a point is on the (3, 1)-outer Pareto boundary if and only if its
reflection about the point (%, % %) is on the (3, 2)-inner Pareto boundary, and
a point is on the (3, 1)-inner Pareto boundary if and only if its reflection about
the point (%, % %) is on the (3, 2)-outer Pareto boundary. There is a natural per-
spective on this correspondence that involves partitions of C. In the standard
setting, each player wants to get as much cake as possible. This is the same as
saying that each player wants the cake received by the other players to be as
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small as possible. Thus, asking for a “big” point in IPS(3, 1) is equivalent to
asking for a “small” point in IPS(3, 2). The same holds for the chores setting,
where we see that asking for a “small” point in IPS(3, 1) is equivalent to asking
for a “big” point in IPS(3, 2).

In this section, we have found that by broadening our perspective to see the
IPS as a part of a larger structure, the MIPS, the symmetry that was lost in going
from the two-player setting to the three-player setting is restored. We shall see
in the next section that although this is true when there are more than three
players, there is additional structure that arises in a natural way.

In concluding this section, we comment on why we chose to begin by
considering three players instead of two. For two players, we have IPS =
{(m(Py), my(Py) : (Py, Py) € Part}. If we define a “new” set in the style of
Definition 16.1, it would be the set {(m{(P5), mo(Py)) : (Py, P>) € Part}, and
it is easy to see that this is the same as the IPS. Thus, this perspective yields
nothing new when there are only two players.

16B. The MIPS for the General n-Player Context

We begin by considering the four-player context. We assume that there are
four players, Player 1, Player 2, Player 3, and Player 4, with corresponding
measures m1, my, ms, and my, respectively. The definitions of the sets IPS(3, 1)
and IPS(3, 2), given in Definition 16.1, generalize in a natural way to this setting
(although the reasons for our choice of names for these sets is not yet clear).
We let

IPS(4, 1) = {(m(P1), ma(P>), m3(P3), ma(Py)) : (P, P, P3, P4) € Part}
and

IPS(4, 3) = {(m (P, U P3 U Py), ma(Py U P3 U Py), m3(Py U P, U Py),
m4(PrU P, U P3)) : (P1, P, P3, Py) € Part}.

The relationship between these two sets is as in the three-player context. In
particular,

¢ each of these sets is the reflection of the other about the point (% , % , % %) and,

¢ apoint is on the (4, 1)-outer Pareto boundary if and only if its reflection about
the point (%, % % %) is on the (4, 3)-inner Pareto boundary, and a point is on
the (4, 1)-inner Pareto boundary if and only if its reflection about the point
(%, %, %, %) is on the (4, 3)-outer Pareto boundary (with the obvious defini-
tions of (4, 1)-outer Pareto boundary, (4, 3)-inner Pareto boundary, etc.).



448 16. Geometric Object # 1d

However, we are not going to define the MIPS for the four-player context to
be the union of these two sets. Let us return to the three-player setting and see
that there is another natural way to define this MIPS that agrees with Definition
16.1 for three players, but gives additional structure beyond the union of the sets
IPS(4, 1) and IPS(4, 3) when there are four players. (Of course, our notation
suggests that there is something that we will call “IPS(4, 2).”) Then, we shall
present a general definition of the MIPS for any number of players.
Recall that

IPS(3, 1) = {(m1(P1), ma(P2), m3(P3)) : (P1, P2, P3) € Part}
and

IPS(3,2) = {(m (P, U P3), my(Py U P3), m3(P; U Py)) : (Py, P, P3) € Part}
= {(m1(C\ P1), ma(C\ Pp), m3(C\ P3)) : (P, P, P3) € Part}.

We observe that (P;, P», P3) is a partition of C if and only if P, P,, s € C
and every a € C is in exactly one of the P;. Hence, we may write IPS(3, 1) =
{(m1(Py), my(P>), m3(Ps3)) : P, P,, P3 C C and every a € C is in exactly one
of these sets}. For any partition (P, P>, P3) of C, every a € C is in ex-
actly two of the sets P U P,, Py U P, P, U P;. On the other hand, given
any Q1, 0>, O3 C C, if every a € C is in exactly two of these sets, then
(C\Q1, C\Q», C\Q3) is a partition of C. This tells us that IPS(3,2) =
{(m1(Q1), m2(Q2), m3(03)) : Q1, Q2, O3 € C and every a € C is in exactly
two of these sets}.

Next, we apply this alternative approach to the four-player context. We may
write

* IPS(4, 1) = {(m1(R1), ma(Rz), m3(R3), ma(R4)) : R, Ry, R3, Ry € C
and every a € C is in exactly one of these sets} and

* IPS(4, 3) = {(m1(R1), ma(R>), m3(R3), ma(R4)) : Ry, Ro, R3, Ry € C
and every a € C is in exactly three of these sets}.

It is easy to see that these definitions are equivalent to the previous definitions of
IPS(4, 1) and IPS(4, 3). Our reasons for this notation (i.e., IPS(3, 1), IPS(3, 2),
IPS(4, 1), and IPS(4, 3)) should now be clear. Also, it is clear that there is another
set whose definition follows in a natural way from this approach. This is the
set IPS(4, 2) = {(m1(Ry), ma(R2), m3(R3), ma(R4)) : Ry, Ry, R3, Ry € C and
every a € C is in exactly two of these sets}. We define the MIPS for four players
to be the union of the three sets IPS(4, 1), IPS(4, 2), and IPS(4, 3). We formalize
this for the general n-player setting as follows.
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Definition 16.2

a. Foreachk=1,2,...,n — 1, (R}, Ry, ..., R,) is a k-partition of C if and
onlyif Rj, Ry, ..., R, C Candforeverya € C,|{i <n:a € R;}| =k.

b. Foreachk =1,2,...,n — 1,IPS(n, k) = {(m(Ry), my(Ry), ..., m,(Ry)) :
(R1, Ry, ..., Ry) is a k-partition of C}.

c. MIPS = | J}Z} IPS(n, k).

Notice that (R;, Ry, ..., R,) is apartition of C if and only ifitis a 1-partition
of C. It is easy to see that our previous definitions of IPS(3, 1), IPS(3, 2),
IPS(4, 1), and IPS(4, 3) are consistent with Definition 16.2.

The following claim generalizes the claim from the previous section.

Claim For each k =1,2,...,n — 1, IPS(n, k) and IPS(n, n — k) are reflec-
tions of each other about the point (%, %, R %) e R".

Proof of Claim: Fix any k = 1,2, ...,n — 1. For any point (r{, 72, ...,1,) €
R",

(ri,ra, ..., ry) € IPS(n, k)

if and only if
for some Ry, Ry,..., R, € C,(Ry, Ry, ..., R,) is a k-partition of C and
mi(Ry) =r;,ma(Ry) =712, ..., mu(R,) =1,

if and only if
for some Ry, Ry,..., R, € C,(C\R|,C\R,,...,C\R,) is an (n — k)-
partition of C and m(C\R))=1—r;,my(C\R)=1—rp,...,m,
(C\R) =1-r,

if and only if
for some Sy, S5, ..., S, € C, (S}, $2, ..., Sy) is an (n — k)-partition of C
andml(Sl) =1 —rl,l’l/lz(Sz) =1 — I, ... ,mn(Sn) =1- Iy

if and only if
l=r,1—=ry....,1—r,) €ePS(n,n — k).

Since (1 —ry,1 —rp, ..., 1 —r,) is the reflection of (r(, r», ..., r,) about the
point (%, % R %), this establishes the claim.

It follows from the claim that the MIPS is symmetric about the point
(%, % e, %). Notice that, if n is odd, then n — 1 is even and the n — 1 sets
IPS(n, 1), IPS(n, 2), ..., IPS(n, n — 1) come in pairs that are reflections of each
other about the point (%, % el %). On the other hand, if n is even, then there
are an odd number of such sets. All of these sets except for IPS(n, 5) come
in pairs that are reflections of each other about the point (%, % el %). The
claim tells us that IPS(n, %) is its own reflection about the point (%, %, el %).

In other words, IPS(n, %) is symmetric about this point. (When n = 2, this is
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simply Lemma 2.3, which tells us that in this case the IPS is symmetric about
the point (%, %).) Thus, we see that the MIPS is a natural structure of which our
usual IPS is a part, and which has nice symmetry properties.

We conclude by giving a different perspective on IPS(n, k). This perspective,
which we shall not formalize but will present informally, explains the use of
the term “multicake.” Fix some k = 1,2, ..., n — 1. We imagine k copies of
the cake C, and we let D; be the disjoint union of these copies. (We can
make these copies disjoint by, for example, changing each element of C to
an ordered pair, with first coordinate the original element of C, and second
coordinate 1 for the first copy of C, 2 for the second copy, etc.) We can view
the measures as being measures on Dy in the obvious way. Then, for each
i=1,2,...,n,m;(Dy) =k. Call a partition P = (P, P»,..., P,) of Dy a
proper partition if and only if, for each a € C, each P; contains at most one
copy of a. As usual, we let m(P) = (m(Py), ma(Pa), ..., m,(P,)). Then it is
not hard to see that IPS(n, k) = {m(P) : P is a proper partition of D;}. Hence,
we can view IPS(n, k) as arising from a collection of copies of the original cake
C. This explains the use of the term multicake in the “Multicake Individual
Pieces Set,” which is the union of the IPS(n, k).
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strongly Pareto minimal point; strong
Pareto optimality
characterizations, 393-394
without absolute continuity, 409-410
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